


B. Recall of known results for a C" - diffeomorphism fin R®, k>1

We consider new invariant sets in our case ofCX- diffeomorphism fin R®, k! 1:
linearizationfunctions andinvariant functions. These functions, quite reciprocal easthers, defindnvariant
curves and are well known. They were studied by Steint{@];. With Steinberg’s series, e neighbourhood
of O, we can defined linearization C* _functions ¢, " f(a) = A, ¢, (a), ! =1,..,d, under conditions of no
resonance. Under the same conditions, we admit that we sdhee fainctional equation
a(!t)= f(a(t)),t" ! ¢ with the Steinberg’s series. Then, we get invariant functions a(t):
a(lt)y="f(a(®) ! =1..,.d.More,! and a are unique for a unit Jacobian matrixCat

1. The linearization functions ! ﬁ(a)!

If |! | | <1, then we obtain asymptotically ,(a) = O by iteration of f . We have a manifold defined
by these equations. These results are not very useful here.

2. Invariant functions a(t) and the fluctuation’s parameter t
Here, we pay a special attention ta(t)constructed Wwh Steinberg’s series defined in the

neighbourhood of0. Let! >0 be the radius of convergence af(t). Then, takingf : |t| <", we

extenda(! "t)" C for Vp € Z with sequential iterations for t " R*. This unique solution will be useful.

When we iterate off(l’)with p! , as the coordinates df for |l| <ltend to 0, we are only imested by

the ¢ eigenvaluesA € ! "||A| > 1 and the correspondinhe ! ™. ¢ is calledfluctuation’s parameter.

3. Remarks
If we start from an arbitrary poiré, | C and we itera indefinitely this point, the set obtained, called

sometimes orbit, doesn't verify E except &, = a(t,,t';). In this case, iteration verifies asymptotically

equation E by continuity. But, we have for each pointFif(f,) curves and invariant measures: we have a

« mille-feuilles » of solutions with a welknown very hard complexity. So, if uniqueness of the fixed point
0inC is not sure, or if it is not well isolated, wencaeet many difficulties. Solutions found here are local.

C. The problem: find the solutions of the equation E : a(Af) = f(a(¢))|A >1,¢e! .

The mean idea of this paper is the followiktpder HO, the adherence of the iteration #ralinvariant
function a(¢)is compact. So, the image @(t) is relatively compact. Then, we can apply the Bohr’s results

about the almost periodic functions and repre&éh) in an almost periodic series. But,uedgion E implies

many conditions on the almost period (a.p;) and on the Fourier’s coefficients. Then, we can solve in general the
problem in terms of Weierstrasdgandelbrot functions and obtain a solution. But, as we have say about

Fix(f,), if start from an arbitrary point ifC , it is very difficult to describe the convergence to one or to an
another set ofFix(f.).

Here, we search only the unique solution of E (invariant curves corresponding to ! >1)in the set
of the almost periodic functions (A.P.). We shall see that the solution is also auto similar (A.S.).
2. Bohr’s almost periodic functions in a Banach [1] with application to iterations

LetA.P. be the set of the almost periodic functions bound&{'inLeta(t),t! ! *9,q" d.

A. Bochner’s definition (recall [2] »[3]
A function a(t) € AP.in the Bohr’s sense, if and only if, the set of the translated functions by all
C { a(t + c) |c AN +q} is relatively compact for the uniform convergence’s topology.
Now, we have an arsenal of results near of the Fourier’s {s’ﬁriél‘she following theorem 1 is proved in

Banach'’s spaces. Here we use it only inf .



B. Theorem 1 (recall of the Bohr’s approximation [1] )

Let a trigonometric function: P, (t) = EQZlcke'“kt el Ywhere u,teR® ¢ !'! d and Lt is
scalar product. If a(t) € A.P., we have a sequence of P (t) such as for ! " >0:
SU|3||a(t) -P(t)|<e.
te!

T :
re(u)=F,(a)= lllm ##T a(t)e®™ ™ dt is the vector of Fourier-Bohr’s coefficients,

1
" (2ry
then! (a) = {‘LL " R,c(u)# 0} is the set of the almost period (a.p.); | is countable. @(t) is uniformly
continuous with Fourier’s series: a(t) ! EA c(u)e™ . This representation is unique.

We have the mean-square convergence and the Perceval’s equality.
It is the same to study relative compactness either (ith ¢),¢, or(tC)where Cc,t! ! ™ because we can
writet+c=c't,! t" O.

C. Theorem 2
Under HO), {a(t),t! ! +q} and a(ct) for all Care relatively compact and a(t)! AP.

Lett = g(u) a Codiﬁfeomorphism of ! Yin 1 % a g(u) has again an almost periodic parameterization.

Let A, ={(a(! Ol A p” N}. Its closuré is closed and contained i€ bounded, so is
compact. The image ofi(t) is relatively compact. We &anslatest with ¢ : Ctsuch asa(ct)! C. Letnbe
sufficiently large in order to havec=oA"with |/ || <land|ot|<|t|<p,, ct=!¢"". Asf s
invertible, f' Ma(ct) = a(” t)with|! t|" #, such asA, has adherendd . So at)e AP..1f t=g(u) a

C’ diffeomorphism of! “in R?, we have again an almost periodic parameterization.
Example: g = (exp(#,,....exp(u,)) defines the transformatiotl = logt and ! =log"” where

t,Ae! "9 we can write a(/t) = a! exp(log/t)) = a! exp(" +u)and we have an almost periodic

parameterization.

3. Solution of the equation E: a(!¢)= f(a(¢)),t" ! " in A.P.
As a(t) € AP., we search an asymptotically auto similar sohutio

Definition of an auto similar function
A function W(t) is auto similar if: W(At) = r_j\N(t) where T <lfor | >1and te! ™9,
The Weierstras#andelorot (WM) function [8] w,t)=2,_, r@- ei’lk’) is auto similar where
r=1°"?%<1 istheratio and >1 the almost period (a.p.) Wandte! *.
A. Theorem of linearization 3
Under HO, the a.p. |Usolutions of E are L = m/! k| k"1.m
ait)=%x, _.a,(t)
with: a, ()= =, c(ml)1—e™")
rm=1 a@)=",., c(#)Y1$ ei#kt) is a series of W-M functions g- dimensional:
a(t)=""Je,w. (t,)

and a(t) is written:

Where:
- €, is eigen vector of]c '(O)C =1Ic for the eigen value ﬂ! >1,



11 - n2

k
A Y with 1}t =2

- W, (), is the one-dimensional W-M function: W, (t) =! kI’!k(l "
But, we denote that a,(t) is not asolution of E.

The Taylor’s formula off in dimensiord is written: f(a)="! - f"(0)a" / n!.
Replacinga with a(t) € A.P. in the monomials, the equation E implies:

* for the exponents and the almost period a.p.;
b (mu™ #1u)=0  where the integer&;m; <n, (n,degree off ) and(u', i) are a.p. If

M e A(@)is an a.p. ofa(t), on the one hand! 1" # (@) is an ap., on the other handn, 1 € A(a). As f is
invertible, all the a.p. aret’ = A € A(@)| ke! . multiple integers ofmu € A(a)jme! . Then, all the
a.p. are:

p=ml*=""m!"#$)| k,#7Z

But, as f is polynomial of N, degree, the equality on the a.p. contains less that 1 termsand a
finite conditionC can be written:

Lm " #m " =0.

Then, asa(t)is almost periodic and continue at the origin, we can write:

at)y=! ., (I ..c(m#)1$ "))
We observe also that all the integer exponents must be integer multiples of the exponents of the
polynomials f .

* for the Fourier’s coefficients:
The Fourier's coefficients ofa(¢) are obtained Fourier’s transformation aft) for each a.p.m/ “
So, we apply the Fourier’s transformaticﬁ)n,k to the equatin E:

c(m! 1! = F . (a(t)) with: |A| =T1132,
We can see thaf’ . (a(f)) is not easy to compute. We order the computation according to the

increasingm ! !

* First, we consider m =1.
The theorem 4 will extend the computation to Al in particular situations. 1fm =1, conditionC

becomes:ijj?Lj —A¥=0.1Ifthe eigenvalues|l| > 1 are real posite transcendental, all the coefficients of
C must be null: m, :O|j ' kK except m =1 As fis polynomial, we study only the transformation
F ( fM(0)(a ()" (& ()™ / n!m!) (for the a.p.A*) of a monomial of 2 arbitrary coordinates aft) : a, ()
and a,(t) . We note:it; = A" .The multinomial formula gives:

(BN =00 (G ()P R )

(@, ()" =mit 0 " (e (uy) e gt

=l u g,=0
The general ternGT of the product is:

TG(a (1)) (a,(O)" =17 e (e, ()" ol () e

So, all monomials of degree two or more are null except fp i, +! g u, =, /" . Then:

i=1orj=1with g =p [ Alor'u, = u, | A.Allthe other coefficients are null. So:

F (£ (0)a, ()" (a,(0)" [ ntml) =1 1_, £ (O)e, (1)

If m=1 and if we notea, () the solution of E in this case, the previous result means:



c(! I = f(0)c(! )
And, (! *)is eigenvector of f'(0) for theeigenvalues ! >1. We can write for aeigenvalue !,
and aneigenvector G, :

c,(mA*) =a,(mA")c,.
Then: o, (MA) /|2 = A0, (MA")
The solution of this recurrence is: !, ("*) =1 1 with r;'=|A|4, .
Then, a coordinaté, , (t) of a,(t)is: a,,(t) =c,(! . ,#,($)(1%e '$’))
a,)=c/ w. ()

5 J=q 4k
with w, (t) =2,/ (1- ™)

We must verify the continuity ofz, (¢) at the origin: ift; = 0[j! !, we observe thaF,, (a(At))is
now: F. @ t)=clm! )| |1]!].
To keep the continuity when, ! 0! }jﬁ"fti must be reduced td,t, and 7} —| /| ="2

So, the Fourier’s transform is reduced to thealone: W, () =w, (t,).
a(t)=Z¢ Wi, ()
We denote that,(f) is not a solution of E: If a(t) is soluton of E, we have:
a(!ty=r"a(t)= f(a(t)) withr <1. By iteration, we havea, (t)=0.

Remarks:

-If! is algebraic, the solution is not linear. This case, of null measure, is more difficult because the relations
on the coefficients are not linear.

- When we have many eigen values A greater than the unit, so many r <1, we must take o= min I, express

all 1, = I'O! | I <1, then the process of identification used is quite the same as in the following theorem, but

more complicate to present.

We have found a solutiam (£) ! AS.A.P.. Now, we construct the general solutiat) € ASA.P.
verifying E: We present here the process of identification wiehave only one eigen value / >1, and one
ratio [ <1l. We note=r" anda, (A "t)=r""a (t)=¢€"a,(t). So, we write a priori
a(! Pty =#%a(t). Let g.(f,AM))=! 2" f"(0)A, (Dand A, . (H is polynomial in
(a,(t)a,(t)..a, ,(t)) such as A  (/t)= "mAnym(t). We proceed by identification gradually. If the
process converges, the gap becomes asymptotically null.

B. Theorem of recurrence 4
Under HO, if we have only one eigen valueAd>1, the unique solution of E:
a(t) = Xa (t) € AS.A.P. is obtained with a finite sequence of linear relations with @ (t) :

' f'Oa, () =g, (f,A®)+ f"(0)a,@®" Im! 2! m! n,,
(r'1 £10)a,(t) = g.(f,A) if ny+1! m! ng,

We take advantage of the functioml(t) , by observing that the invariant functions are asymptotically
tangential to theigenvectors at0 and @, (1) are these asymptotes.
with I = r?, equation E is:
a(A ") = f(a(A Pty = r H(Zn0eMa, (1) = f(Zrema, (1)



We orderf(! ""a, (t)) according to the power of: f(ZM-l'eMa (1))=Z"""eMg (,a(t)) with a
finte N becausd is polyromial. We identify tall the coefficients of E. the recurrence begins with
('l £ 0)at)=0 where a, (f)=a,(t)belongs to ASAP. Then, we have easily
(r'*! £'(0)a,(t) = f"(0)a,(t)* | 2! which verifies the recurrence. And so on. We observe @jatare
polynomials in(a, (t)a, (t)...a,_;(t)) such asA, , (/t)=""A,  (t). Degree of f being n,, the process of
identification stop forN = n,.

So, the knowldge of & (t) corresponding tol > 1 determines completelw(?).

C. Corollary 2

Under the previous hypothesis, if | >1, D=0 and if ! <"1, D=1,25.1f g = f(p) and if
Mg)>1 rP=A""P ana D=2 1/p! 1/ p*.

Now, we calculate the dimensioB of each coordinate of the asymptotic solution. The dgivers
formula (with the box method3 for WM (D =2 + 10g|r0| / 10g|2,| )
If A>1, then rt=2% and D= 0, we have points only. # <0 , iterating f twice times, we get
g=f'f. If g has the eigen values [ >1  then r'?= nJr="2 0 s
D=2+logA™¥* /logA=2-0,75et D=1,25.

If g = £ and ifghas theeigenvalues/, >1, f has theeigenvalues1,’?, and the a.p. off is AP . If 1,is

the ratio of f , 1" is the ratio ofg . The recurrence(u! '")/ 17 = I ¢(u) of g impliest,' P"/ VP =" .
D. Consequences
1. Mathematical
~1f 1 ="e%with! =2k" [ p, iterating T, 1P ="P>1 we meet the same conditions of tge

cordlary and the dimension isD =2! (p+1)/ p>. We are leading to same situation as for cycles of

orderp. g = f(”) leaves invariant each point of the cycle. Invariant curves are tied to each point ohgycle
previously. The solution is cyclic

- More generally, if theigenvalues are complexed, = "€, we can approximaté with Dirichlet
by I 1 2k" / p, but we must verify the continuity of the atibn with 6 .

- We can replace polynomial§ by analytical functionsFavarc{ 7]) without changes of results: if

is diffeomorphism C' , interior of a disk de convergenchal|</,, fis uniformly approximated by

polynomial. Then, taking sufficiently small, we keep the results.
-Many problems remain when we have many fixed points.

2. Methodological

We give a mathematical justification of thethneds used by physicists

- As the almost periodic function tends asymptotically to a WM'’s function, the use of the auto similarity
is justified, with the methods of fractal dimension. We can use also auto correlation(s function.

- The sensitivity to inital conditions does not modify the global shape of the curves. Tiix chaos
results from the WM'’s functions.

- If we can give the global shape of the curve, we are unable to situate exactly a point on the curve at
any time.

A fixed point seems to defé the solution. But, if we have fixed many pointsGn we have observed
possibilities of passage from a domain near a fixed point to an another.

Example : case of bounded Hénon
This iteration is defined ifR? by






If € =—1, we have a resonance, then: a,(t,0)=a (! "'*"'t,0)
More generally, if I 1" =1 with|).1| <1 and |.’ | >1,Ae!  wehave a(t,00=a( "'t,0).

If €=+1, we have for the coordinatés, z,) corresponding t{/ ,/,):

W!’!p/q(Z"tl): (q/p)W:: (t9t1): (q/p)" k#! rk(l$ei! (Htl)): (q/P)WI (t+t1):w!p/q(t+tl)-
If €= —1, we have a resonance.

We can take any!' " S, very near to ! such as /' ! #1, with ! =plq'" plgand
p.q''V|plq'™" plq.As(A,A') isnotresaant, by iteratingf , we get asymptotically

a,,. (1,0)= tlli“nga.,”, .(t,1,) fortheap.! .Then:a, , (t,0)= -’&'“T#SJ a, . (t,0). we have:

W, |- o (t,tl) =(q/ p)W! !,,1(t,t1) =(q/ p)#k$! I’k(l" ei(!kt+,/"kt1)) = #k$! I’k(l" ei(!kp/qt+!"kt1))
= Wlp/qﬁ(ttl)

Iterating f indefinitely, the asymptotic is alsg, (t,0) = lima,(t,t",) for the a.p./ P'.
! 0

lterating f one time the equation E, we haug(/t,0) = a,(! *%,0) . Then:a,(t,0) = a,(! "'*"'t,0).

If 1PI" =L with|! |<1and|/|>1,7 "1 9, a(t) verifies:

at/!.t'/!")=1(0a(tt). Let |n||g=TIInTIZ 0. We can multiply the equation by
Inl|al:|n||d] a, . (t/ At //l'):|n||q|f'(O)aM(t,t'). That means that we chanfein A" andA' in
!'a, @0 11)= f(0)a,, . (8¢). Uniqueness impliesa(t,0) = a,(/ "'t,0).

5. Conclusion
This study is based on the fact thAtis biunivoque. In other cases, the probabilistic methods previously used

[5] must be applied to the iterations with multiple irses.
But, if the numbem of inverses off is finite, we can randomly draw each inverse branch with a probability

1/ m.Then, the WM’s functions can be easily randomised.
Besides, lte set of the WM’s functions contains some stochastic processes.
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Appendix 1. Application to partial differential equations

We consider the differential equation:

dalox =F(a).

The unknown functions are a vectoae R®. The variable isxe! . F(a) is a matrixd,d)of



polynomials ofa! R%inIR?. with no lake ofgeneralitywe can take equal so many coordinateskofis we
want. If all coordinatesare equalwith onex, we have an ODE. See Arnc{ﬂ:i]. First, we translate this
differential equation in words of iteran.

1. Generalities

1. Notations
We call differential iteration f(a,! ) of ! din 1 @ the function defined as:

a, = f(a,! )=a+! F(a), with | " # =R $ {I % %0} .

As usual, we link! to X with 8=x1n, neN, x € R®. We note XF = x K | I =1,...d.

IFFE( ) =0, ! is a fixed point of the iteration f(a,!); ! doesn’t depend on! " # . If! is an eigen value
of F'(1'), then 2 =1 + Xp / Nis eigen value of f(a,!).

For all smalld £ 6,, f(a,0)is invertible in a neighbourhood of the fixed pot then, f(a,d)is a

C' diffeomorphism. The iteration can be written in the basis okigenvectors of! F(")/!a. In this basis,
we write: f,(a,/)=(1+!,")a, +! G,(a), £=1,..,d where G,(a)is polynomial with a term of lowest

degree! 2.
We study the differential iteration only fan =1 as intheorem 3. We rewrite HO:

2. Hypothesis 1
Forall I " #, f(&,!) applies a bounded set C of RY in itself. We have (| transcendental eigen
values !, >0, all the others are negative. Then: I, =1+X,", /n>1.

With the Steinberg series.endefined invariant functions a(u) with the equatiork:
a (W)= f (a(u),0) '=1..,d
By iteration f”(a,8), we extend, beyond the disk of convergence, the definitiorf (afU),d) for

u! R*.ue! ‘s called the fluctuation’s paramete

2. Proposition 4

Under HI, the equation E: a(! u) =f(a(u),”) of the differential iteration has an asymptotic almost
periodic solution.
The a.p. are 1 =m(1+ 5p)k| kel ,me" . Wecan write

aw)=" ..a,(u)
with a (u)=! . c(m#)1$ ")
For m=1, u, = A, the coefficients ¢(LL,) verify:
¢ (@+!"))=@+!,") ¢
where C, be the eigen vector of ! F(" )/ I a for the eigen values ! e 0.
WhenN — oo - a (u) = ¢! ,.,#**(1$ ei#k") =cw, (u) and A, =e""".
where W, (U, ) is the WM’s functions with A, = exp(X,p,) and t, | = (A,)7 = exp(-2X,p,)-

Let Sso be the adherence ¢t (a(u),! )for all / " # when p! " . Sso is closed and bounded,

so &50 is compact. f(a(u),d) is uniformly continue for ald € A. When p— o, all the coordinates of

U corresponding to/ , < O utend to 0 . We denoté the vector corresponding to thigen values p, > 0. this
variable is called fluctuation.






