


B. Recall of known results for a Ck - diffeomorphism f in  !d , k !1 

We consider new invariant sets in our case of a Ck - diffeomorphism f in  !d , k ! 1: 
linearization functions and invariant functions. These functions, quite reciprocal each-others, define invariant 
curves and are well known. They were studied by Steinberg 9[ ] . With Steinberg’s series, in the neighbourhood 

of 0 , we can define d  linearization Ck
-functions  ! ! " f (a) = "!! ! (a),!  ! = 1,..,d , under conditions of no 

resonance.  Under the same conditions, we admit that we solve the functional equation 

 a(! t) = f (a(t)), t " ! d  with the Steinberg’s series. Then, we get d  invariant functions a(t) :  

 a! (! t) = f! (a(t)  ! = 1,..,d . More, !  and a  are unique for a unit Jacobian matrix at 0 .  
 
1. The linearization functions  ! !(a)!  

If  ! ! <1 , then we obtain asymptotically  ! !(a) = 0  by iteration of f . We have a manifold defined 
by these equations. These results are not very useful here. 
 
2. Invariant functions a(t)  and the fluctuation’s parameter t  

Here, we pay a special attention to a(t)constructed with Steinberg’s series defined in the 

neighbourhood of 0 . Let ! > 0  be the radius of convergence of a(t) . Then, taking t : t ! " 0 < " , we 

extend a(! pt) " C  for !p"Z  with sequential iterations for  ! t " !+d . This unique solution will be useful. 

When we iterate of f ( p) with p ! " , as the coordinates of t  for ! <1tend to 0, we are only interested by 

the q  eigen values  ! "! +q ! > 1  and the corresponding  t !! +q . t  is called fluctuation’s parameter. 
 
3. Remarks 

If we start from an arbitrary point a0 ! C  and we iterate indefinitely this point, the set obtained, called 

sometimes orbit, doesn’t verify E except if a0 = a(t0 , t'0 ) .  In this case, iteration verifies asymptotically 

equation E by continuity. But, we have for each point of Fix( f• )   curves and invariant measures: we have a 
« mille-feuilles » of solutions with a well-known very hard complexity. So, if uniqueness of the fixed point 
0 in C  is not sure, or if it is not well isolated, we can meet many difficulties. Solutions found here are local. 
 
C. The problem: find the solutions of the equation E : a(!t) = f (a(t)) ! >1, t "! +q . 

The mean idea of this paper is the following: Under H0, the adherence of the iteration and the invariant 
function a(t) is compact. So, the image of a(t)  is relatively compact. Then, we can apply the Bohr’s results 
about the almost periodic functions and representa(t)  in an almost periodic series. But, equation E implies 
many conditions on the almost period (a.p;) and on the Fourier’s coefficients. Then, we can solve in general the 
problem in terms of Weierstrass-Mandelbrot functions and obtain a solution. But, as we have say about 
Fix( f• ) , if start from an arbitrary point in C , it is very difficult to describe the convergence to one or to an 

another set of Fix( f• ) . 

Here, we search only the unique solution of E (invariant curves corresponding to ! >1) in the set 
of the almost periodic functions (A.P.). We shall see that the solution is also auto similar (A.S.). 
 
2. Bohr’s almost periodic functions in a Banach 1[ ]  with application to iterations 

Let A.P. be the set of the almost periodic functions bounded in !d . Let a(t),t ! ! +q,q " d . 
 
A. Bochner’s definition (recall 2[ ] , 3[ ] ) 

A function a(t)!A.P. in the Bohr’s sense, if and only if, the set of the translated functions by all 

c  a(t + c) c,t ! ! +q{ }  is relatively compact for the uniform convergence’s topology.  

Now, we have an arsenal of results near of the Fourier’s series1[ ] . The following theorem 1 is proved in 

Banach’s spaces. Here we use it only in  ! d .  



 
B. Theorem 1 (recall of the Bohr’s approximation 1[ ] ) 

Let a trigonometric function: Pn(t) = !k=1
n cke

iµk t "! d where  µk,t !!
q   ck ! ! d  andµkt  is 

scalar product. If a(t)!A.P. , we have a sequence of Pn (t)  such as for ! " > 0 : 

 
sup
t!! q

a(t) " Pn(t) < # . 

If c(µ) = Fµ (a) = lim
T ! "

1
(2T )q

..# a(t)e$iµt dt
$T

T

#  is the vector of Fourier-Bohr’s coefficients, 

then ! (a) = µ " !,c(µ) # 0{ }  is the set of the almost period (a.p.); !  is countable. a(t)  is uniformly 

continuous with Fourier’s series:
 
a(t) ! !

µ"#
c(µ)eiµt .  This representation is unique. 

We have the mean-square convergence and the Perceval’s equality. 
It is the same to study relative compactness either with (t + c), t , or(tc)where  c, t ! ! +q  because we can 

write t + c = c't, ! t " 0 . 
 
C. Theorem 2 

Under H0,  a(t), t ! ! +q{ }  and a(ct) for all care relatively compact and a(t) ! A.P.  

Let t = g(u)  a C0 diffeomorphism   of  ! q in  ! q .  a ! g(u)  has again an almost periodic parameterization. 
 
Let AN = (a(! pt); t " #0, p " N{ } . Its closure A!  is closed and contained in C  bounded, so is 

compact. The image of a(t) is relatively compact. We « translate»t  with c  : ct such as a(ct) ! C . Letn be 

sufficiently large in order to have c =!"n with  ! <1and !t < t < "0 , ct = ! t" n . As f  is 

invertible, f ! (n)a(ct) = a(" t)with ! t " #0  such as AN has adherence A! . So a(t)!A.P. . If t = g(u)  a 

C 0 diffeomorphism   of  ! q in  !q , we have again an almost periodic parameterization. 
Example: g = (exp(u1,...,exp(uq))  defines the transformation u = logt  and ! = log "  where 

 t,! "! +q . We can write  a(! t) = a ! exp(log! t)) = a ! exp(" + u) and we have an almost periodic 
parameterization. 
 
3. Solution of the equation E:  a(! t) = f (a(t)), t " ! +q  in A.P.  

As a(t)!A.P., we search an asymptotically auto similar solution. 
 
Definition of an auto similar function 

A function w(t)  is auto similar if:  w(!t) = r"1w(t) where r <1for ! >1and  t !! +q .  

The Weierstrass-Mandelbrot (W-M) function 8[ ]   w! (t) = "k#! r k(1$ ei!k t )  is auto similar where 

r = ! D " 2 <1  is the ratio and ! >1 the almost period (a.p.) of w and  t !! + .  
 
A. Theorem of linearization 3  

Under H0, the a.p. µ solutions of E are µ = m! k k " ! ,m " " and a(t)  is written: 

 a(t) = !m"!am (t)  

with:         am(t) = !k"! c(m# k )(1$ eim#k t )  

If m = 1 ,  a1(t) = ! k " ! c(# k )(1$ ei#
k t ) is a series of W-M functions q- dimensional: 

     a1(t) = ! !=1
!=qc!w" !

(t! )  
Where: 

-  c!  is eigen vector of f '(0)c = ! c  for the eigen value !! >1, 



-  w! (t) , is the one-dimensional W-M function:  w! (t) = ! kr!
k(1 " ei#!

k t! )with  r!
! 1 = " !

2 . 
But, we denote that a1(t)  is not a solution of  E.  
 

The Taylor’s formula of f in dimensiond is written: f (a) = ! n=0
n=n0 f n(0)an / n! . 

Replacing a  with a(t)!A.P.  in the monomials, the equation E implies:  
* for the exponents and the almost period a.p.; 
  ! jµ ' (mjµ '" #µ) = 0   where the integers ! j mj " n0  (n0 degree off ) and(µ ',µ)  are a.p.   If 

µ !"(a) is an a.p. of a(t) , on the one hand, ! µ " # (a) is an a.p., on the other hand, mj µ !"(a) . As f is 

invertible, all the a.p. are:  µ ' = µ! k "#(a) k "! . multiple integers of  mµ !"(a) m!! . Then, all the 
a.p. are:  

 µ = m! k = " jmj!
kj # $ (a) kj # !  

But, as f is polynomial of n0  degree, the equality on the a.p. contains less than n0 +1  terms and a 
finite condition C can be written: 

! j mj"
j # m" k = 0 . 

Then, as a(t) is almost periodic and continue at the origin, we can write:  

 a(t) = ! m" ! (! k " " c(m# k )(1$ eim#k t ))  
We observe also that all the integer exponents must be integer multiples of the exponents of the 

polynomials f . 
 
* for the Fourier’s coefficients: 

The Fourier’s coefficients of a(t)  are obtained Fourier’s transformation of a(t) for each a.p. m! k . 

So,  we apply the Fourier’s transformation F
m! k  to the equation E: 

c(m! k " 1) / ! = F
m! k (a(t))  with: ! = " j =1

j =q! j  

We can see that Fm!k (a(t))  is not easy to compute. We order the computation according to the 

increasing  m ! ! . 
 

* First, we consider m = 1 .  
The theorem 4 will extend the computation to all m  in particular situations. If m = 1 , condition C 

becomes: ! j mj"
j # " k = 0 . If the eigen values ! >1are real positive transcendental, all the coefficients of 

C must be null: mj = 0 j ! k  except mk = 1 As f is polynomial, we study only the transformation 

Fk f n+m(0)(ai (t))
n(aj (t)

m / n!m!( )  (for the a.p. ! k ) of a monomial of 2 arbitrary coordinates of a(t)  :ai (t)  

and aj (t) . We note: µi = ! si .The multinomial formula gives: 

(ai (t))
n = n! ! r =1

d ! µ" pr =1
n (ci (µi )

pr ei ( ! pr µi )t / pr !  

(aj (t)
m = m! ! r=1

d ! µ '" qs =0
n (cj (µ j )

qs ei( ! qsµ j )t / qs ! .  

The general term GT of the product is: 

TG(ai (t))
n (aj (t))

m = ! " pr =1
n cte(ci (µi )

pr " qs =0
n (cj (µ j )

qs ei( ! prµi + ! qsµ j )t
. 

 
So, all monomials of degree two or more are null except if : ! prµi + ! qsµ j = µk / " . Then: 

 i = ! !or ! j = !  with µi = µk / ! !!or !µ j = µk / ! . All the other coefficients are null. So: 

 
Fk f n+m (0)(ai (t))

n (aj (t)
m / n!m!( ) = ! != i

j f '(0)c!(µk ) . 
 

If m =1  and if we note a1(t) the solution of E in this case, the previous result means: 



   c(! k" 1) / ! = f '(0)c(! k )  

And, c(! k ) is eigen vector of f '(0) for the eigen values ! >1. We can write for an eigen value  ! !  

and an eigen vector  c! : 

              c!(m!
k ) =" !(m!

k )c! .  
Then:                  ! ! (m" k#1) / " = "!! ! (m" k )  

The solution of this recurrence is:       ! ! ("
k ) = ! ! r!

k  with  r
!1
! = " "! .  

Then, a coordinate  a1!(t) of a1(t) is:   a1!(t) = c!(! k" "# !($
k )(1%ei$k t ))   

 a1! (t) = c!! ! w" !
(t)  

with  w!!
(t) = "k#"r!

k (1$ ei" j=1
j=q! j

k t j )  
We must verify the continuity of a1(t) at the origin: if  t j = 0 j ! ! , we observe that F!k (a(!t)) is 

now:     F! k (a(! t)) = c(m! k " 1) ! j / ! .  

To keep the continuity when t j ! 0 , ! j =1
j =q" j

kt j  must be reduced to  ! !
kt!  and  r

! 1
! = " ! " ! = " !

2 . 

So, the Fourier’s transform is reduced to the  t!  alone:  w!!
(t) = w!!

(t! ) . 

 a1(t) = ! ! c!w"!
(t! )  

We denote thata1(t)  is not a solution of  E: If a1(t)  is solution of E, we have: 

a1(! t) = r " 1a1(t) = f (a1(t))with r <1. By iteration, we have: a1(t) = 0 .   
 
Remarks: 
- If !  is algebraic, the solution is not linear. This case, of null measure, is more difficult because the relations 
on the coefficients are not linear. 
- When we have many eigen values ! greater than the unit, so many r <1, we must take  r0 = minr! , express 

all  r! = r0
! ! <1 , then the process of identification used is quite the same as in the following theorem, but 

more complicate to present.  
 

We have found a solutiona1(t) ! A.S.A.P. . Now, we construct the general solution a(t)!A.S.A.P.  

verifying E: We present here the process of identification when we have only one eigen value ! >1, and one 
ratio r <1. We note! = r p  andam(!" pt) = r pmam(t) = #mam(t) . So, we write a priori 

a(! " pt) = #$kak(t) . Let gm( f ,A(t)) = ! n=2
n=m" 1 f n(0)An,m(t) and An,m(t)  is polynomial in 

(a1(t)a2(t)...am!1(t))  such as   An,m(! t) = " mAn,m(t) . We proceed by identification gradually. If the 
process converges, the gap becomes asymptotically null.  
 
B. Theorem of recurrence 4 

Under H0, if we have only one eigen value! >1, the unique solution of E: 
a(t) = !am(t)" A.S.A.P.  is obtained with a finite sequence of linear relations with a1(t) : 

(r ! 1 ! f '(0)am (t) = gm ( f ,A(t)) + f m (0)a1(t)
m / m!   if 2 ! m ! n0 , 

(r ! 1 ! f '(0)am(t) = gm( f ,A(t))                   if  n0 +1 ! m ! n0
2 , 

 
We take advantage of the function a1(t) , by observing that the invariant functions are asymptotically 

tangential to the eigen vectors at 0 and a! (t)  are these asymptotes. 

With ! = r p , equation E is:  

a(!" p+1t) = f (a(!" pt) = r "1(#m=1
m=N$mam(t)) = f (#m=1

m=N$mam(t)) . 



We orderf (! " mam (t))  according to  the power of ! : f (!m=1
m=N"mam(t)) = !m=1

m=Nn0"mgm(,a(t))  with a 

finite N  becausef is polynomial. We identify tall the coefficients of E. the recurrence begins with 

(r ! 1 ! f '(0 ))a1(t) = 0  where a! (t) = a1(t) belongs to A.S.A.P.  Then, we have easily 

(r ! 1 ! f '(0)a2(t) = f "(0)a1(t)
2 / 2! which verifies the recurrence. And so on. We observe that gk  are 

polynomials in(a1(t)a2(t)...ak!1(t))  such as An,m (! t) = " mAn,m (t) . Degree of f being n0 , the process of 

identification stop for N = n0 . 

So, the knowledge of a1(t)  corresponding to ! >1 determines completely a(t) . 
 
C. Corollary 2 

Under the previous hypothesis, if ! >1 , D = 0  and if ! < " 1 , D =1,25 . If g = f ( p)  and if 

!(g) >1,  r!
! p = "!

1+1/ p  and D = 2 ! 1 / p ! 1 / p2 . 
 

Now, we calculate the dimension D  of each coordinate of the asymptotic solution. The dimension’s 
formula (with the box method) is for  WM (D = 2 + log r0 / log ! ,) . 

If ! >1, then r!1 = "2  and D = 0 , we have points only. if! < 0  , iterating f  twice times, we get 

 g = f ! f . If g  has the eigen values ! >1, then r ! 2 = " " = " 3/2 . So: 

D = 2 + log!"3/4 / log! = 2" 0,75et D = 1,25. 

If g = f ( p) and ifghas the eigen values  ! ! >1, f  has the eigen values  !!
1/ p , and the a.p. of f is !!

1/ p . If  r! is 

the ratio of f ,  r!
p  is the ratio of g . The recurrence  c(µ! !

1/ p ) / ! !
1/ p = ! !c(µ)  of g  implies  r!

! p" !
! 1/ p = " ! . 

 
D. Consequences 
1. Mathematical 

- If ! = " ei# with ! = 2k" / p , iterating f ( p) , ! p = " p >1 , we meet the same conditions of tge 

corollary and the dimension is: D = 2 ! (p +1) / p2 . We are leading to same situation as for cycles of 

orderp . g = f ( p) leaves invariant each point of the cycle. Invariant curves are tied to each point of cycle as 
previously. The solution is cyclic 

- More generally, if the eigen values are complexes, ! = " ei# , we can approximate !  with Dirichlet 

by  ! ! 2k" / p , but we must verify the continuity of the solution with ! . 

- We can replace polynomials f by analytical functions (Favard 7[ ] ) without changes of results: if f  

is diffeomorphism C! , interior of a disk de convergence a < ! 1 , f is uniformly approximated by 

polynomial. Then, takingt  sufficiently  small, we keep the results. 
-Many problems remain when we have many fixed points. 

 
2. Methodological  

We give a mathematical justification of the methods used by physicists : 
- As the almost periodic function tends asymptotically to a WM’s function, the use of the auto similarity 

is justified, with the methods of fractal dimension. We can use also auto correlation(s function. 
- The sensitivity to initial conditions does not modify the global shape of the curves. The « thru» chaos 

results from the WM’s functions. 
- If we can give the global shape of the curve, we are unable to situate exactly a point on the curve at 

any time. 
A fixed point seems to define the solution. But, if we have fixed many points in C , we have observed 

possibilities of passage from a domain near a fixed point to an another.  
 
 Example : case of bounded Hénon   

This iteration is defined in  !2 by 





If ! = "1 , we have a resonance, then: a1(t,0) = a1(!
p /q" 1t,0)  

More generally, if ! 1
p! n = 1  with !1 <1 and ! > 1 , ! "! q , we have a1(t,0) = a1(!

n" 1t,0) . 
 
If ! = +1 , we have for the coordinates (t,t1) corresponding to (! ,! 1) : 

 
w

! ,! p/q (t,t1) = (q / p)w! ,! (t,t1) = (q / p)" k#! r
k (1$ ei!

k (t +t1 ) ) = (q / p)w! (t + t1) = w! p/q (t + t1) . 

If ! = "1, we have a resonance. 

We can take any ! '1 " S!  very near to ! 1 such as ! '1
" ! # 1, with ! = p '/ q ' " p / q and   

 p ',q ' ! ! p '/ q ' " p / q . As (!,! '1)  is not resonant, by iteratingf , we get asymptotically :  

a! ,! '1
(t,0) = lim

t1 " 0
a! ,! '1

(t,t1)   for the a.p. ! . Then: a! ,! 1
(t,0) = lim

! '1 " ! 1 #S!

a! ,! '1
(t,0) . We have: 

 
w

! ,! " p/q (t,t1) = (q / p)w
! ,! " 1 (t,t1) = (q / p)# k$! r k(1" ei (! k t +! " k t1 ) ) = # k$! r k(1" ei (! kp/qt +! " k t1 ) )  

        = w
! p/q ,!

(t,t1)  

Iterating f indefinitely, the asymptotic is also a1(t,0) = lim
t1 ! 0

a1(t,t '1)  for the a.p. ! p/q . 

Iterating f  one time the equation E, we have a1(! t,0) = a1(!
p/qt,0) . Then: a1(t,0) = a1(!

p /q" 1t,0) . 

If ! 1
p! n = 1 with ! 1 <1  and ! >1, ! " ! q , a1(t)  verifies: 

a(t / ! , t' / ! ') = f '(0)a(t, t') . Let n q = ! j =1
j =qnj! j =q+1

j =d qj . We can multiply the equation by 

n q : n q a! ,! ' (t / !, t' / ! ') = n q f '(0)a! ,! ' (t, t') . That means that we change!  in !n  and! '  in 

! 'q : a! n ,! 'q
(t / ! n ,t' / ! 'q ) = f '(0)a

! n ,! 'q
(t,t') . Uniqueness implies : a1(t,0) = a1(!

n" 1t,0) . 

 
5. Conclusion 
This study is based on the fact that f is biunivoque. In other cases, the probabilistic methods previously used 

5[ ] must be applied to the iterations with multiple inverses.  

But, if the numberm  of inverses of f  is finite, we can randomly draw each inverse branch with a  probability 
1/ m.Then, the WM’s functions can be easily randomised.  
Besides, the set of the WM’s functions contains some stochastic processes.  
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Appendix 1. Application to partial differential equations  
 
 We consider the differential equation:  

!a / !x = F(a) . 

The unknown functions are a vector  a!!d . The variable is  x !! d+ . F(a) is a matrix(d,d) of 



polynomials of  a ! !d in !
d . With no lake of generality, we can take equal so many coordinates of x  as we 

want. If all coordinates are equal with one x, we have an ODE. See Arnold1[ ] . First, we translate this 
differential equation in words of iteration. 
 
1. Generalities 
 
1. Notations 
 We call differential iteration f (a,! )  of  ! d in  ! d the function defined as: 

a1 =  f (a,! )=a+! F(a) , with  ! " # = !d+ $ ! 0 %! %0{ } .  

As usual, we link !  to x  with  ! = x / n, n"!, x ""d . We note  xF = x!F! ! = 1,..,d.   
If F(! ) = 0 , ! is a fixed point of the iteration f (a,! ) ; ! doesn’t depend on ! " # .   If ! is an eigen value 
of F '(! ) , then ! =1+ x" / n is eigen value of f (a,! ) .  
 

For all small ! " !0 , f (a,! ) is invertible in a neighbourhood of the fixed point 0 ; then, f (a,! ) is a 

C! diffeomorphism. The iteration can be written in the basis of the eigen vectors of ! F(" ) / ! a . In this basis, 

we write:   f!(a,! )=(1+! !" ! )a! + ! !G!(a), ! = 1,..,d  where  G!(a) is polynomial with a term of lowest 
degree ! 2 .  
We study the differential iteration only for m = 1  as in theorem 3. We rewrite H0: 
 
2. Hypothesis 1 

For all ! " # , f (a,! )  applies a bounded set C of  !d  in itself. We have q  transcendental  eigen 
values  ! ! > 0 , all the others are negative. Then:  ! ! =1+ x! " ! / n >1 . 
 
With the Steinberg series. we define d  invariant functions a(u)  with the equation E:  

 a! (!u) = f! (a(u)," )   ! = 1,..,d  

By iteration f ( p) (a,! ) , we extend, beyond the disk of convergence, the definition of f (a(u),! ) for 

 u ! !d . u !! q  is called the fluctuation’s parameter . 
 
2. Proposition 4 

Under H1, the equation E: a(! u) =f (a(u)," )  of the differential iteration has an asymptotic almost 
periodic solution. 
The a.p. are  µ = m(1+!")k k #! ,m#" . We can write 

 a(u) = ! m" !am(u)  

with        am (u) = ! k " ! c(m# k )(1$ eim#ku )  

For m =1 , µk = ! k , the coefficients c(µk )  verify: 

 c! ((1+ ! " )k ) = (1+ ! ! " ! )
#2k c!  

where  c!  be the eigen vector of ! F(" ) / ! a  for the eigen values ! ! > 0 .  

When n!" :  a1(u) = c! k " !#
$2k (1$ ei#

ku ) = cwr (u)    and  !! = ex!"! .  
where wr (u! ) is the WM’s functions with  !! = exp(x!"! )  and 

 rr0 ,!
= (!! )

"2 = exp("2x!#! ) .   
 

Let  S
!
!0 be the adherence off ( p) (a(u),! ) for all ! " # when p ! " .  S

!
!0  is closed and bounded, 

so  S
!
!0 is compact.  f (a(u),! )  is uniformly continue for all! "# . When p!" , all the coordinates of 

u corresponding to  ! ! < 0 u tend to 0 . We denoteu  the vector corresponding to the eigen values  !! > 0 . this 
variable is called fluctuation.  




