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Abstract: A non-invasive off-axis photodiode measurement of an atmospheric pressure
plasma jet interaction with aircraft grade composite is reported. The measurement
demonstrates a proof-of-concept that the jet nozzle-to-substrate distance can be estimated
from the photodiode data, along with the modes of plasma-surface interaction. Namely:
Free-space, plasma contact and spreading surface-plasma. A correlation between the
photodiode measurements and plasma parameters is found by the use of state-space
representation of the modes that employ an embedding delay element that is related to
the plasma power supply drive frequency. In addition Pearson r2 coefficient and third and
fourth moment analysis are used to reduce the datasets to a binary code that allows
machine control of the plasma process.
Keywords: Atmospheric plasma jet; photodiode measurement, height registration,
embedding delay element, moment analysis, machine control.

1. Introduction
This paper investigates the use of off-axis photodiode measurements as a tool
for monitoring an air atmospheric plasma jet. It is well known that when a
smooth square waveform, or a time pulse width modulated waveform, is
generated, that the time dependent voltage level alternates (within a finite
discontinuity) between two voltage levels around an average voltage (V/2). This
repeating waveform has symmetry both in time and around the average voltage
level. Under these smooth waveform conditions every other even harmonic is
suppressed. The even harmonics are missing because of the wave duty-cycle
(D), which has 50% of the waveform displaced above the zero value of the time
axis. Mathematically the duty-cycle may be expressed by equation (1) where T
is the pulse-on time and P is the total time of the wave period which is equal to
the reciprocal of the drive frequency (fo).

(1)
Without any incorporated signal noise, a simple X-Y orthogonal state-space
reconstruction of the one-dimensional (1D) array (t1, t2, t3...) of sampled the data
sequence will produce an attractor with ordered pairs at the maximum and
minimum values. This simple display couples directly into the human capability
to recognise visual images as well allows computer analysis of the 2D pattern.
Using these two forms of pattern recognition, it is noted that a sinusoidal
waveform would connect the ordered pairs with a line of data points ranging
from minimum to maximum. Embedding a delay element (t) on to one of the 1D
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array (tm, t1, t2, t3..., where the number (m) is the number of embedding points
and depends on the number of sampled points that makeup one period of the
waveform [1]. Thus the embedding element will alter the state-space
reconstruction of the 2 ordered pairs or add two additional ordered pairs. This is
dependent on the equivalent phase difference used: two ordered pairs for 0 or
180 degrees, or 4 ordered pairs when the equivalent phase difference is 90 and
270 degrees. In terms of a Pearson linear regression R-square fit the 0, 180 and
360 degree folded states will exhibit a fit close to 1 along with the unfolded 90
and 270 degree states. A drop in the fitting performance however will occur
when chaotic noise amplitude increases with respect to the square waveform
amplitude.
Experimentally the square waveform photodiode measurements will have a
noise component that is made from timing jitter of the rise and falling edges of
the waveform, pulse width modulation and stochastic noise. It is reasonable to
assume that under these conditions the number of ordered pairs increase to form
clusters. The pattern within each cluster is therefore determined by the
equivalent non 0, 90, 180 and 270 phases of the embedded element, and
additional noise components will introduce their own deterministic ordered pairs
around the clusters: thus the ideal state-space representation of the square
waveform is altered. Given this knowledge the deterministic noise may be
differentiated and characterised from the coherence of the pure square
waveform signal.
Applying this measurement approach to time sampled signals from atmospheric
pressure plasma jets is of interest as it is well documented that pulsed and pulse
width modulation plasma jets produce both acoustic and modulated polychromic
optical emission, both of which are synchronised to the voltage modulation [1, 2
and 3]. In the case of plasma jets operating in unobstructed free-space, the time
modulated optical emission is observed to fall in intensity with the gas kinetic
temperature along the plasma plume’s central axis and extinguishes beyond the
visible distal point of the plume [4].
To prevent plasma induced thermal damage [5, 6, and 7] of thermally sensitive
materials necessitate that the plasma jet is to be set to a maximum nozzle-tosurface distance that will achieve the required level of surface activation for a
given dwell time. Decreasing the nozzle-to-substrate distance will lead the
plasma plume to come into direct contact with the surface and untimely forms a
spreading surface-plasma. This will have both spatial and time varying optical
intensities due to the formation of irregular filamentary discharge within the
afterglow that spreads radially outwards from the plasma contact-point to form a
broadly circular reaction zone that is multiples of diameters of the original
plasma jet [7]. Thus the coherence of the optical signal emanating from the freespace plasma is deterministically altered as the plasma engages with a surface.
2. Experimental
Atmospheric pressure plasma jet
The atmospheric plasma treatment was carried out using the PlasmaTreat™
Open air atmospheric plasma system [2, 4, 6, and 7]. Figure 1a shows a
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photograph of the PlasmaTreat™ air plasma jet source used in these
experiments and its characteristic temperature regions (arc, flowing afterglow
and distal point). This jet system is an example of the blown arc type and uses
dry and filtered compressed air as the ionized working gas at a pressure 300
mbar (76.6 l.min-1) through a 5 mm diameter nozzle. The flow of gas produces a
force of approximately 6 Newton (6 kg.m.s-2). The plasma jets is electrically
driven using pulse width modulated power supply operating at 21 kHz with
80% of the output voltage and a plasma cycle time (PCT) of 80%.
Measurement
To measure the optical emission from the plasma-surface reaction zone, a fixed
45 degree off-axis photodiode measurement was employed. The measurement
comprises a collimating lens and optical fibre combination that is focused to a 2
mm volume at the plasma jet central-axis distal point. A Hamamatsu MPPC
photodiode with a rise time of 10 ns and spectral range of 320 -900 nm is used
to convert the optical signal into an analog signal. A digitizer (-3dB 100 MHz
bandwidth) is used to send the digital data at a sample rate of 2 MHz and timestamped record length of 1500 points to a computer containing a National
Instrument LabVIEW program that samples the digital signal.

Figure 1ab: Photograph of the PlasmaTreat plasma plume (a); schematic of the
off-axis photo diode measurement that is aligned to the distal point with three
nozzle-to-surface distances (b). X = distal point and Y is the spreading surfaceplasma region.
The purpose of the fixed off-axis position is to allow both the free-space plasma
and the surface-plasma to be viewed as the nozzle-to-substrate distance is varied
through the plasma jet distal point. Figure 1b shows a schematic of the off-axis
photodiode measurement that is focused to the distal point (annotated here as
‘X’), three nozzle-to-surface distances (10, 19 and 25 mm). The letter ‘Y’
denotes the spreading surface-plasma region at 10 mm nozzle-to-surface
distance.
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Material
The composite is a Hexply® 8552/5H aerospace grade prepreg that consists of
5-harness carbon fibre (AS4) weave pre-impregnated with a non-conductive
toughened epoxy resin. The cured composite laminate has a dry glass
temperature of Tg = 200oC [8]. A total of 15 composite test coupons (50 x 25 x 2
mm) were prepared for the plasma treatment. After cutting the edges of these
samples were de-burred and then washed in flowing water to remove loose
fibres, and finally washed in methanol followed by air jet drying. The coupons
are placed on a ceramic surface that is electrical grounded. As the carbon fibre
with the matrix of the composite have a typical volume conductivity of 3 x 10 -3
.cm and are electrical charged when the plasma jet comes into contact, and the
charged leaked to ground through the ceramic.
3. Photodiode measurements
Figure 2 (top) provides a triplet of images of the plasma jet engaging with
aerospace grade composite surfaces as a function of nozzle-to-surface distance
(19, 16 and 14 mm), The bottom graph in figure 2 shows 15 photodiode timetraces as the composite surface is moved through the fixed imaging volume.

Figure 2 (top) depicting plasma treatment images of the composite at 19, 16 and
14 mm. The bottom graph of figure 2 shows 15 PD time-traces as a function of
nozzle-to-substrate distances. The 19, 16 and 8 mm time-traces are highlighted
in bold to aid the reader’s eye. Distances below 8 mm are not shown as they
burn the surface.
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The first feature of note in the PD time traces in Figure 2 is that the free-space
distal point, plasma-contact and surface-plasma mode have very different timedependent morphologies. A more detailed polychromic emission analysis
reveals that the free-space distal point time-traces exhibit low frequency
oscillations, with a periodicity of the order of 0.1 to 0.2 x10 -3s (5 to 10 kHz),
with additional pulse timings of 18-21 kHz. As the plasma jet engages with the
composite surface from 18 to 12 mm, the 21 kHz, 80 % PCT pulse width
modulated drive frequency becomes established. Moving on to the 11 to 7 mm
photodiode time-traces that correspond to the spreading plasma-surface mode,
the signal become less coherent as some of the drive frequency pulses are
missing and replaced with chaotic timing pulses that have bandwidths of 1 to 2
x10-6s (5 to 10 MHz).
4. Time-series analysis
In this section time-traces that characteristic each of the plasma-surface reaction
modes are used. The plasma-contact time-trace is first analysed to establish the
second correlation time (τ) [9]: the first correlation time is not used as
environmental noise may obscure this this time period. This step is then
followed by third and fourth moment analysis. In the second stage the
established second correlation time is used to analysis the free-space distal point
and the spreading plasma data, followed by moment analysis.
Correlation time stage
The second correlation time step is used to calibrate and establish a standard
embedding delay element of the plasma-contact time-traces (12 to 18 mm), in
terms of consecutive time-stamped data points that correspond to two periods of
the PCT waveform. This standard is then used as a reference to the free-space
and spreading surface-plasma modes. For this process the 16 mm time-trace was
selected. In the time-domain, the record length (N = 1500) is cut into n-frames
to obtain the second correlation time. This produce enables each consecutive
frame to be overlaid and reveal each quasi-periodic structure to coincide with
each other. The sampled data points required to meet the second correlation time
is found to be tm = 96. Increasing the frame length further and thereby reducing
the number of frames, results in additional tm to be found: 144, 192, 240, 288,
338, 384, 431... These time sequences correspond to an average frame length of
48 ± 2 data points. As stated previously we use two periods of the plasma power
supply drive frequency. Figure 3 shows the 2 periods (tm = 96) where 9 frames
of the 96 data points are vertically separated for clarity.
The state-space representation [1, 5 and 10] of the plasma-contact mode is
shown in Figure 4a with the embedded data (tm = 96) plotted along the abscissa
and the raw data plotted on the ordinate. In this representation the Pearson linear
regression (r2) coefficient = 0.805. Figure 4b is the raw data histogram, where
the number of bins is determined using the standard √N criteria, where N = 96,
√N~11 thus the bin number is set to 11. The third and fourth order moment
around the mean analysis [11] of the datasets reveals a probability distribution
profile with a Skewness = 0.8, where a value of 0 represents a normal
distribution, and a Kurtosis component = 2.04 which indicates the distribution
profile has a peak near the mean value.
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Figure 3: 2 period calibration of correlation time for the plasma contact mode:
16 mm time trace and an embedding element tm = 96.
2.5

Raw data samples

2.0

2.5
a
R-square = 0.805

b

Raw data histogram: 11 Bins

2.0

1.5

1.5

1.0

1.0

0.5

0.5

0.0

0.0

-0.5

-0.5

-1.0

-1.0

-1.5

-1.5

-2.0

-2.0

-2.5

Skewness ~0.8
Kurtosis ~ 2.4

-2.5
-1

0

1

2

0

Embbeded samples

5

10

15

20

25

30

Raw data samples

Figure 4: Calibration for plasma-contact mode: 16 mm time-trace. State-space
representation with tm = 96 (a) and raw data histogram (b).
Second stage of embedding
The second stage of the embedding delay process now proceeds with the free-
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space and spreading plasma-surfaces 1D arrays for the same value of tm = 96.
The results are shown in figure 5 (Free-space distal point) and Figure 6 the
spreading surface-plasma. With this knowledge it is possible to compare the
cluster and trajectory of individual data points for all three plasma reactions
modes.
Figure 5a shows the Free-space state-space representation of free-space delay
pot along with the associated r2 value (0.395). In this case the display reveals a
single cluster of 96 data points positioned between 1.5 and -1.5 on the ordinate
scale (5 outliners are positioned beyond the 2.5 scale on the abscissa). The
probability distribution profile of the raw data in Figure 5b reveals a Skewness =
-0.28 and a Kurtosis component = 2, both of which indicate a broad, but non,
Gaussian distribution profile with a. The low value of r2 combined with broad
non-Gaussian profile indicates a complex structure within the data. Using this
form of descriptive analysis it is reasonable conjecture that this morphology is
the result the rapidly cooling plasma jet gas kinetic temperature that is free to
mix with the surrounding air. It should be noted that stepwise increasing the
number data points used in higher order tm embedding nodes does not alter the
cluster structure, only the geometric centre of the cluster is moved around the
zero value of abscissa and ordinate.
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Figure 5ab: Free-space distal point mode: 25 mm time-trace. State-space
representation with tm = 96 (a) and raw data histogram (b).
Moving on to the spreading surface-plasma mode (8 mm) the state-space
representation (Figure 6a) reveals a main cluster with what appears to be at least
two other clusters. The r2 coefficient for the complete dataset = 0.587 which
again is much lower than the plasma-contact mode. However caution in the use
of this test must be used due to the additional two clusters. A detailed
examination of the data reveals a multimodal distribution with a major cluster of
65 out of the 96 data points formed in the X-Y negative quadrant of the plot and
two trajectories. The first trajectory bisects the abscissa and ordinate with the
similar vector as the plasma-contact mode with a total of 17 data points, 7 of
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which are above scale value of 2 on the embedded axis. This number of data
points and trajectory can be mapped to features in the PCT waveform. The
second trajectory is perpendicular to the abscissa with 2 data points above the
scale value of 1 on the ordinate. Mapping back to the original dataset these
trajectory have the same chaotic time scales as the optical intense and irregular
filamentary formations within the surface plasma glow. The moment analysis of
the raw data (Figure 6b) reveals a bimodal distribution with a Skewness = 1.54
and a Kurtosis component = 5.97.
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Figure 6ab: Spreading surface-plasma mode: 8 mm time-trace State-space
representation with tm = 96 (a) and raw data histogram (b).
5. Moment analysis over extended values of frame length and tm
It must be stated the third order of moment around the mean (Skewness) needs
carful interpretation because zero Skewness does not mean to imply the mean is
equal to the median, as in the case of discrete distributions that are multimodal
or have a significant fourth order of moment (Kurtosis) around the mean. Given
this corollary, Skewness and Kurtosis may be used as supportive evidence when
used as a diagnostic tool, similar to the acoustic moment analysis reported in
reference [10]. Therefore in this section the frame length of the raw data
Skewness and Kurtosis (table 1) are compared with a limited range of
equivalent embedded values (table 2).
Table 1 shows the Skewness and Kurtosis values of the raw data (frame length =
96), for all three nozzle-to-surface distances. Here it can be seen that the
individual values exhibit a clear separation between each of the plasma modes.
When compared to the moment values for tm = 96, 144, 192, 240 and 288 in
table 2 there is a degree of overlap in the spread (minimum to maximum)
between the nozzle-to-surface distances 0f 16 and 25 mm datasets, which would
indicate a connection between the plasma modes; whereas there is no overlap
between the 8 and 26 mm datasets. This overlapping and non-overlapping
observation may provide a degree of classification usefulness when coupled
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with the r2 test.
Table 1: Skewness and Kurtosis values for raw data as a function of frame
length and nozzle-to-surface distance.
Frame length
Nozzle-to-surface distance
8 mm
16 mm
25 mm
96
1.9
0.80
-0.25
5.7
2.04
1.93
Table 2: Skewness and Kurtosis values as a function of m and nozzle-tosurface distance.
(tm)
Nozzle-to-surface distance
8 mm
16 mm
25 mm
96
1.92
0.78
-0.26
5.97
2.04
1.99
144
0.90
0.78
0.62
2.23
2.03
2.66
192
1.13
0.69
1.03
2.74
1.86
4.21
240
1.84
0.63
0.73
5.27
1.74
3.18
288
1.37
0.66
0.10
3.31
1.80
1.64
Minimum 0.9 to 1.92
0.63 to 0.78
-0.26 to 1.03
maximum
2.23 to 5.75
1.74 to 2.04
1.64 to 4.21
6. Machine control
In this section the transformation of the 2D state-space information to a binary
code is considered as a means of machine control [12]. The result of the r2 test
for a limited tm range (84 to 108) is shown in figure 7 for each plasma mode.
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Figure 7: r coefficient as a function of tm (84 to 108) for each plasma mode.
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In this figure it can be seen that the Free space mode exhibits little variation in:
r2 (0.35 to 0.4) due to near Gaussian distribution profile of the data points. As
the plasma engages with the composite surface electrical is made and the
photodiode time trace takes on a repeating quasi-square waveform structure. In
this plasma mode varying tm from 84 to 108 around the reference embedding
number of 96 yields a slow sinusoidal profile within the r 2 coefficient limits of
0.7 to 0.85 where the slow wave is due to the phase difference between the
quasi-square wave raw data and the embedded data. However as the plasma
engages further with the composite the r 2 coefficient undergoes a pronounced
change in trace profile, from r2 = 0.4 at tm = 84 to 0.8 at tm = 108. Under this
Spreading plasm mode varying tm conditions reveals the spatial-temporal nature
of the surface filaments. This last mode demonstrates then need to maintain tm
at, or at least very close to, a set number periods of the plasma power supply
drive frequency.
Given the PD measurements described here and the form of data analysis it is
possible to define a simple protocol for machine control of the plasmacomposite gap height. The limits for each mode are set out in table 3. In this
table the r2 coefficient for the spreading plasma was further investigated and
yielded a range of 0.55 to 0.65 for tm = 48, 96,144.1992, 240 and 288. Thus the
experimental define ranges for each test may be used to characterise the plasmasurface interaction mode.
Table 3: r2, Skewness and Kurtosis limits for each plasma mode.
Test
Free-space
Plasma contact
Spreading plasma
r2
0.35 to 0.4
0.7 to 0.85
0.55 to 0.65
Skewness
-0.26 to 1.03
0.63 to 0.8
0.9 to 1.92
Kurtosis
1.64 to 4.21
1.74 to 2.04
2.23 to 5.74
7. Summary and future work
A non-invasive off-axis photodiode measurement approach for monitoring the
interaction of an air atmospheric pressure plasma jet with a conducting
aerospace composite surface is presented. Probability distribution profiles of
raw data in conjunction with embedded state-space representation identifiers the
nozzle-to-surface distance and the associated plasma surface interaction mode
(free-space distal point, plasma-contact and spreading surface-plasma). In the
case of the spreading surface-plasma mode third and fourth order moment
analysis of the raw data does provide identification of the optically intense and
irregular filamentary formation, thereby providing an additional supportive
means to visual identification and classification of the mode.
Currently, the state-space reconstructions, R2 test and moment analysis are
performed off-line. In the future the combination of the measurements and tests
on real-time measurements may provide a means of machine control. As the
measurement is non-invasive (no electrical connection to the plasma system is
required) retrofitting to other plasma jet systems can be made.
Before this ultimate goal is achieved further study of the initial unfolding
process as tm → 0 is required to define region between a monitoring process and
a real-time control systems that does not produce false positive results. An
additional line of research would be to apply the measurements to rotating
plasma nozzles [13] and the delineation between different non conducting
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surfaces and conducting surfaces.
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Abstract. Non-relativistic and special-relativistic predictions for low-speed momentum
diffusion, which are calculated using the same parameter and the same initially localized
Gaussian ensemble of trajectories, are compared for a prototypical Hamiltonian system –
the periodically-delta-kicked particle. Contrary to expectation, we show that the
agreement between the two predictions can break down after some time.
Keywords: Relativistic Momentum Diffusion, Low Speed, Kicked Particle

1 Introduction
It is conventionally believed [1-3] that the special-relativistic dynamical
predictions for a low-speed system are always well-approximated by the
Newtonian predictions. However, contrary to conventional belief, numerical
study [4,5] of a prototypical Hamiltonian system – the periodically-delta-kicked
particle – showed that the Newtonian trajectory does not always agree with the
special-relativistic trajectory – the breakdown of agreement between the two
single-trajectory predictions is rapid if the trajectories are chaotic, but very slow
if the trajectories are non-chaotic. Similar rapid breakdown of agreement
between single-trajectory predictions was also found in a model dissipative
system [6] and a model scattering system [7]. Recently, we showed [8,9] that
the Newtonian and special-relativistic statistical dynamical predictions –
position and momentum means and standard deviations, dwell time,
transmission and reflection coefficients – for low-speed systems can also rapidly
breakdown in agreement.
However, a comparison of the Newtonian and special-relativistic
predictions for low-speed momentum diffusion has not been done to ascertain if
the special-relativistic prediction is always well-approximated by the Newtonian
prediction as conventionally expected. In this paper, we compare the low-speed
momentum diffusion predicted by the two theories based on the same parameter
and the same ensemble of initial conditions for the periodically-delta-kicked
particle. Details of the kicked particle and numerical calculation are presented
_________________
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next, followed by the results. The significance of our finding is discussed in the
final section.

2 Methods
The periodically-delta-kicked particle is a one-dimensional Hamiltonian
system where the delta kicks are due to a sinusoidal potential which is
periodically turned on for an instant. The Newtonian equations of motion for the
periodically-delta-kicked particle are easily integrated [10] to yield an exact
mapping, which is known as the standard map, of the dimensionless scaled
position X and dimensionless scaled momentum P from just before the (n-1)th
kick to just before the nth kick:
K
(1)
Pn  Pn1 
sin2X n1 
2
(2)
X n   X n1  Pn  mod 1
where n = 1,2,…, and K is a dimensionless positive parameter. The specialrelativistic equations of motion for the periodically-delta-kicked particle are also
easily integrated [11,12] to yield an exact mapping for the dimensionless scaled
position X and dimensionless scaled momentum P from just before the (n-1)th
kick to just before the nth kick:
K
(3)
Pn  Pn1 
sin2X n1 
2


Pn
 mod 1
X n   X n1 
(4)
2
2 

1


P
n


where n = 1,2,…. In addition to the parameter K, the relativistic standard map
[Eqs. (3) and (4)] has another dimensionless positive parameter, . Since
v
P

’
(5)
2
c
1  P 
βP << 1 implies v << c (i.e., low speed), where v is the particle speed and c is
the speed of light.
The statistical quantity that is typically used to study momentum diffusion
is [10,13,14] the mean square momentum displacement (MSMD)

P 

2

n

 Pn  P0  ,
2

(6)

where <…> is an average over an ensemble of trajectories. In previous studies
[10,13,14] of momentum diffusion in the Newtonian standard map, an initially
non-localized semi-uniform ensemble, where semi-uniform means that the
initial positions are uniformly distributed but the initial momentums are all the
same value, was used in the numerical calculation of the MSMD. These studies
[13,14] of the Newtonian standard map have shown that, for parameter K where
accelerator mode islands exist, the MSMD has a power law dependence on the
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kick n: Dn where 1 <  < 2. In this case, the diffusion is termed anomalous. In
contrast, for parameter K where there is no accelerator mode island, the
diffusion is normal, that is, the MSMD grows linearly [10,13,14].
In our calculations, we use an initially localized ensemble instead where
the initial positions and momentums are both Gaussian distributed

 X  X  2  P  P  2  
1
1
0
0
 
   (7)
  X , P, t  0  
exp  
   P  
 2   X
2 X  P


 


0

0

0

0

with means <X0> and <P0>, and standard deviations  X and  P . In each
theory, the MSMD is first calculated using 106 trajectories, where the numerical
accuracy is determined by comparing the 30-significant-figure calculation with
the 35-significant-figure (quadruple precision) calculation. For example, if the
former calculation yields 1.234… and the latter yields 1.235…, the 106calculation is accurate to 1.23 (3 significant figures). The MSMD is then
recalculated using 107 trajectories with the same accuracy determination.
Finally, the accuracy of the MSMD is determined by comparing the 106calculation with the 107-calculation. For example, if the 106-calculation is
accurate to 1.23 and the 107-calculation is accurate to 1.24, the MSMD is
accurate to 1.2 (2 significant figures).
0

0

3 Results
Here we will present a representative example to illustrate our findings. In
this example, the parameter  in the relativistic standard map [Eqs. (3) and (4)]
is small, 10-7, and so the mean particle speed is low, at most about 0.001% of
the speed of light. The parameter K is 6.9115, and the ensemble is initially
Gaussian localized in phase space with means <X0> = 0.5 and <P0> = 99.9, and
standard deviations  X =  P = 10-12.
0

0

Fig. 1 shows that the Newtonian and special-relativistic predictions for the
MSMD are very close and fluctuating for the first 16 kicks, but, from kick 17
onwards, the MSMD predicted by the two theories disagree with each other
completely. For example, at kick 17, the Newtonian and special-relativistic
MSMD are, respectively, 0.19505 (accurate to 5 significant figures) and
1.523049 (accurate to 7 significant figures), where the numerical accuracies
were determined using the method described in the previous section and so there
is no numerical artifact in the results.
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Fig. 1. Newtonian (squares) and special-relativistic (diamonds) MSMD for the
first 20 kicks (top) and from kick 20 to kick 50 (bottom). MSMD which cannot
be resolved in accuracy is not plotted.
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4 Conclusions
In summary, we have shown that the Newtonian and special-relativistic
predictions for low-speed momentum diffusion in a Hamiltonian system can
break down after some time. Which of the two different predictions is
empirically correct if a test were to be conducted? One would expect the
special-relativistic prediction to be empirically correct since special relativity
continues to be successfully verified [15-17]. If so, our finding shows that
Newtonian mechanics does not always yield empirically correct predictions for
low-speed momentum diffusion as would be expected conventionally.
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Abstract. We consider a low-dimensional model of hydromagnetic convection in a
horizontally magnetized layer of a viscous fluid heated from below, which is a generalization of the standard Lorenz model. We analyze the stability of the fluid influenced
by the induced magnetic field. By changing two control parameters related to the
temperature difference and the applied magnetic field strength, one can see various transitions from regular to irregular long-term behavior of the system through
intermittency scenario. We discuss bifurcations leading to both type I and III intermittency. We therefore hope that this model could shed new light on dynamics of
magnetohydrodynamic convection.
Keywords: Chaos, Intermittency, Convection, Magnetohydrodynamics, Turbulence.

1

Introduction

Dynamics of viscous fluids is still a challenging question in physics of fluids. For
example, a simple case of the Rayleigh-Bénard convection is known for hundred
years [6]. The important breakthrough happened fifty years ago, when starting
from complex basic hydrodynamic equations Lorenz obtained three simple but
nonlinear ordinary differential equations [7]. This seminal well-known paper has
revealed complexity of nonperiodic chaotic deterministic flow, including strange
attractors, bifurcations, and intermittency. Five years ago we have generalized
this model for convection in a horizontally magnetized fluid layer by adding
a new variable responsible for the magnetic field embedded in the fluid [8].
Solutions of this still simple four-dimensional nonlinear deterministic system
can exhibit rather complex nonperiodic behavior, but surprisingly the influence
of the applied magnetic field is not quite trivial. In particular, it appears that by
changing control parameters the system can easily go from equilibrium (fixed
point) or periodic to nonperiodic chaotic or even hyperchaotic behavior [9].
Naturally, besides of the transitions induced by the parameters changes, all
these types of behavior can be intertwined due to intermittent character of
dynamics.
8th CHAOS Conference Proceedings, 26-29 May 2015, Henri Poincaré Institute,
Paris, France
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Fig. 1. Schematic of geometry for Rayleigh-Bénard convection cells

Within the theory of dynamical systems transitions from fixed points to
periodic or nonperiodic flows often occur in a given system through intermittency scenario, where signals alternate between regular (laminar) phases and
irregular bursts. Based on various characteristic of dynamical systems, three
basic types of intermittency have been distinguished in the scientific literature.
Namely, types I, II, and III are related to saddle-node, Hopf, and inverse period
doubling bifurcations, correspondingly [13]. These basic types of intermittent
behavior can be verified experimentally by looking at their statistical properties. More recently other intermittency mechanisms have also been found,
including, e.g., on-off intermittency [12], eyelet intermittency [11], and ring intermittency [4]. In this paper we discuss in detail types I and III intermittency
identified in the generalized Lorenz model.

2

The generalized Lorenz model

The schematics of the standard Rayleigh-Bénard cells in two-dimensions [6] in
a horizontal (x axis) viscous fluid layer of height h and aspect ratio a is shown
in Fig. 1 (no variations in y direction), cf. e.g., Appendices to Refs. [1,14].
The external gravitational field f equal to a constant acceleration g acting
vertically (along z axis) on the fluid of mass density ρ results in the buoyancy
term in the equation of motion, f = ρg. The fluid is heated from below with
an initially applied vertical (z axis) temperature gradient, δT0 . As usual, using
a constant coefficient β, we take into account the volume expansion for f term,
ρ = ρ0 [1 − β(T − T0 )], but except that the fluid is treated as incompressible,
ρ = ρ0 (the Oberbeck-Boussinesq approximation) [10,3].
In the standard three-dimensional Lorenz model, besides a time-dependent
variable X proportional to the intensity of the convective motion, the other two
variables Y and Z describe the temperature profile, see Ref. [7]. In addition,
in the case of the magnetized fluid we have introduced a new time dependent
variable W describing the profile of the magnetic field induced in the convected
fluid. One can expect that in the case of a thin horizontal layer, the influence
of an external horizontal magnetic field should be important. Hence we apply
an initial magnetic field B0 along the x direction.
In this case, by using a reasonable approximation, (B · ∇)v ≈ (B0 · ∇)v
in magnetic advection equation, we have obtained from magnetohydrodynam-
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ics theory [5], described by partial differential equations consisting of NavierStockes equation of motion, magnetic advection-difusion equation, and heat
conduction equation, a generalized model described by four ordinary differential equations [8]:
Ẋ = −σX + σY − ω0 W,
(1)
Ẏ = −XZ + rX − Y,

(2)

Ż = XY − bZ,

(3)

Ẇ = ω0 X − σm W,

(4)
0

where dots denote derivatives with respect to the normalized time t = (1 +
a2 )κ(π/h)2 t, while σ = ν/κ is the Prandtl number (ratio of the kinematic viscosity and the thermal conductivity), and b = 4/(1 + a2 ) is the geometrical factor for a given fluid. As usual r = Ra /Rc is a control parameter of the dynamical system proportional to the temperature gradient δT0 , or a Rayleigh number
Ra = gβh3 δT0 /(νκ) normalized by a critical number Rc = (1 + a2 )3 (π 2 /a)2 .
In addition to the standard Lorenz system [7], we have introduced another
control parameter proportional to the initial magnetic field strength B0 applied
to the system, which is defined as a basic dimensionless magnetic frequency
ω0 = vA0 /v0 , with the Alfvén velocity vA0 = B0 /(µ0 ρ0 )1/2 (using the constant
magnetic permeability µ0 ) and v0 = 4πκ/(abh) [8,9]. The last term in Eq. (1)
comes from the anisotropic tension of the magnetic field (B · ∇)B/(µ0 ρ) in
the equation of motion. Naturally, besides the Prandtl number σ = ν/κ, the
properties of the magnetized fluid are characterized by an analogue parameter
σm = η/κ, where η denotes magnetic diffusive viscosity (resistivity), appearing
in Eq. (4) that results from the magnetic advection and diffusion terms in the
respective magnetohydrodynamics equations.

3

Intermittency

It is worth noting that still in a chaotic regime but in the proximity of the
boundary between chaotic and periodic region we have identified intermittent
behavior of the system illustrated in Fig. 2, where almost periodic oscillations
are interrupted by bursts of irregular behavior [8,9]. This phenomenon of intermittency can be observed as bursts of increased energy dissipation, defined
here as ν|v|2 + η|B|2 /(µ0 ρ). By analysis of a Poincaré map (constructed from
the values of Y variable taken for X = 0 plane crossings) we have identified this
intermittency as type I and III, see Ref. [13]. The intermittency of these types
displays characteristic behavior of the signal, distribution of lengths of laminar
intervals, and dependence of the mean length of laminar interval on bifurcation
parameter as described thoroughly, e.g., in Ref. [14]. In this context, analysis
of statistical properties (e.g. distributions or scaling in intermittency) of the
observed dynamical behavior can be more interesting from experimental point
of view; thus we discuss the statistics below.
Next, we determine the lengths of laminar phases and their distribution
using an algorithm, where pieces of a long numerical solution are compared
to a periodic (laminar) phase pattern in four-dimensional phase space. The
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Fig. 2. The intermittent behavior of the variable W for the generalized Lorenz model
as a function of normalized time identified here for (a) type I for with the control
parameters r = 256 and ω0 = 3.74, (b) type III with the parameters r = 28, ω0 = 4.8,
(σ =10, σm = 1, b = 8/3).

Fig. 3. Distribution of the lengths of laminar phases for (a) r = 256, ω0 = 3.74,
σm = 1. The distribution is characterized by U shape and finite value of maximum
length of laminar phase, which is characteristic for type I intermittency, Eq. (5), (b)
for type III intermittency for small τ → 0 is consistent with power-law dependence,
P (τ ) ∼ τ −3/2 , observed for fully developed turbulence, while for large τ → ∞ follows
exponential behavior, P (τ ) ∼ e−2ετ , predicted by self-organized criticality models,
taken from (Macek and Strumik, 2010, 2014).

piecewise numerical solution of Eqs. (1)–(4) is a set of points in the phase
space, thus based on the average distance between the points and their nearest
neighbors found in the laminar pattern we can identify laminar phases.
Here in Fig. 3 we show the probability distribution of the laminar time intervals τ for our model of Eqs. (1)-(4), where a nontrivial nonlinear dependence
is well approximated by the theoretical formulae for type I intermittency
P (τ ) =

n
o
o
εn
c
1/2
1 + tan2 arctan[
]
−
τ
(εu)
2c
(εu)1/2
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(5)

Fig. 4. Scaling of the mean length of the laminar phase with control parameter ε =
|ω0 − ω0c | (for the cases shown in Fig. 3 (a) and (b)), where ω0c is a critical value at
which intermittency appears: (a) for type I intermittency the dependence resulting
from computations (circles) can be approximated by ∝ ε−1/2 function (solid line),
(b) for type III intermittency ∝ ε−1 , cf. (Macek and Strumik, 2014)

where ε = |ω0 − ω0c | is the difference between the actual value of the control
parameter and its critical value for the onset of intermittency (c is the maximum
value of the variable in the laminar region, u is another fitting parameter) [14].
Similarly, type III intermittency is given also in Ref. [14]
P (τ ) ∼

ε3/2 e4ετ
.
− 1)3/2

(e4ετ

(6)

In Ref. [8] some solutions (for r = 28, ω0 = 4.8, σ = 10, σm = 1, b = 8/3) of
the dynamical system of Eqs. (1)-(4) have been discussed as examples of type
III intermittent behavior. It is well known that the classical Lorenz system
exhibits type I intermittency transition from periodic to chaotic dynamics for
the value of control parameter r ≈ 166.06. In fact, in the generalized Lorenz
model we have identified a branch of periodic-chaotic boundary originating from
this point for ω0 = 0 in the parameter plane. When the magnetic field is taken
into account, type I intermittency occurs along this branch, e.g., for r = 256,
ω0 ≈ 3.74, σm = 1, which is illustrated in Fig. 3 (a), showing characteristic
U-shape of the distribution of laminar phases [9]. For this type of intermittency
the maximum length of laminar phase has some finite value. Moreover, as is
shown in Fig. 4 (a) in this case we observe another characteristic attributes of
the type I intermittency, namely scaling of the mean length of laminar phase
with control parameter ∝ ε−1/2 . One should also note that this functional
dependence for type III intermittency as is shown in Fig. 3 (b) for small τ (τ →
0) is consistent with power-law dependence, P (τ ) ∼ τ −3/2 , observed for fully
developed turbulence [2]. However, for large τ (τ → ∞) follows exponential
behavior, P (τ ) ∼ e−2ετ , predicted by self-organized criticality models.

4

Conclusions

For some values of control parameters near the border between periodic and
chaotic solutions, but still in chaotic regime, we have observed types I and
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III intermittent behavior of the system, which provide mechanisms of release
of the bursts of kinetic and magnetic energy. We have discussed the types of
bifurcations leading to intermittency. Naturally, these transitions from regular
to irregular behavior result from nonlinearity. From the point of view of the
theory of dynamical systems, those phenomena are owing to the disappearance
of the fixed points or due to change in their their stability. It would be interesting to look for the remaining basic type II intermittency and the respective
Hopf bifurcation in our model of hydromagnetic convection.
Acknowledgments. This work was supported by the National Science Center,
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Abstract. A new approach is proposed to the analysis of generalized synchronization
of multidimensional chaotic systems. The approach is based on the symbolic analysis
of discrete sequences in the basis of a finite T-alphabet. In fact, the symbols of the
T-alphabet encode the shape (the geometric structure) of a trajectory of a dynamical
system. Investigation of symbolic sequences allows one to diagnose various regimes
of chaos synchronization, including generalized synchronization. The characteristics
introduced allow one to detect and study the restructuring and intermittency behavior
of attractors in systems (the time structure of synchronization). The measure of Tsynchronization proposed is generalized without restrictions to complex ensembles of
strongly nonstationary and nonidentical large-dimensional oscillators with arbitrary
configuration and network (lattice) topology. The main features of the method are
illustrated by an example.
Keywords: Chaotic systems, Generalized synchronization, Attractor’s structure,
Intermittency of synchronism, Symbolic CTQ-analysis.

1

Introduction

Synchronization is one of the fundamental concepts of the theory of nonlinear dynamics and chaos theory. This phenomenon is widespread in nature,
science, engineering, and society [1]. One of important manifestations of this
phenomenon is the synchronization of chaotic oscillations, which was experimentally observed in various physical applications (see [1–5] and references
therein) such as radio oscillators, mechanical systems, lasers, electrochemical
oscillators, plasma and gas discharge, and quantum systems. The study of this
phenomenon is also very important from the viewpoint of its application to
information transmission [6], cryptographic coding [7] with the use of deterministic chaotic oscillations, and quantum computation [3, 8].
There are several types of synchronization of chaotic oscillations [2]: generalized synchronization [9], complete synchronization [10], antisynchronization [11], lag synchronization [12], frequency synchronization [13], phase synchronization [14], time scale synchronization [15], and T-synchronization [16].
8th CHAOS Conference Proceedings, 26-29 May 2015, Henri Poicaré Institute,
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For each type, an appropriate analytic apparatus and diagnostic methods have
been developed. Nevertheless, intensive investigations are being continued that
are aimed, on the one hand, at the examination of different types of synchronization from unique positions and, on the other hand, at the search for new
types of synchronous behavior that do not fall under the above-mentioned
types. In spite of the long history of the study of synchronization of chaotic
oscillations, many important problems in this field remain unsolved.
These include generalized synchronization in the form


y(t) = F x(t), τ ,

(1)

where x and y are multidimensional synchronized systems, F is a function of
generalized link between the systems, and τ is a delay vector between the phase
variables of the systems x and y.
In this paper, we develop an original method for the diagnostics and quantitative measurement of the characteristics of generalized synchronization of
chaotic systems, which is aimed at the integrated study of the time structure
of synchronism through the analysis of the so-called T-synchronization [16, 17].
The method is based on the formalism of symbolic CTQ-analysis proposed
by the present author [18, 19] (the abbreviation CTQ stands for three alphabets with which the method operates: C, T, and Q). One should note that
symbolic dynamics, for all of its seeming external simplicity, is a very strongly
substantiated tool for the analysis of nonlinear dynamical systems [20–22].
This article is an expanded version of the report [23].

2

The Symbolic CTQ-analysis

Denote a discrete dynamical system as a mapping
sk+1 = f (sk , p)

(2)

with the following properties: s ∈ S ⊆ RN , k ∈ K ⊆ Z, p ∈ P ⊆ RM , n ∈ 1, N ,
m ∈ 1, M . In formula (2), s is a state variable of the system and p is a vector of
parameters. With mapping (2), we associate its trajectory in the space S × K,
which has the form of a semisequence {sk }K
k=1 , k ∈ 1, K.

2.1

T-alphabet

Define the initial mapping, which encodes (in terms of the final T-alphabet)
the shape of the n-th component of the sequence {sk }K
k=1 [18, 19]:
n
o
(n)
(n)
(n)
sk−1 , sk , sk+1 ⇒ Tkαϕ |n ,

Tkαϕ = [Tkαϕ |1 , . . . , Tkαϕ |n , . . . , Tkαϕ |N ] . (3)
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Strictly speaking, the mapping (3) is defined by the relations:
T0

∆s− = ∆s+ = 0,

T1

∆s− = ∆s+ < 0,

T2

∆s− = ∆s+ > 0,

T3N

∆s− < 0,

∆s+ < ∆s− ,

T3P

∆s− < 0,

∆s+ < 0,

T4N

∆s− > 0,

∆s+ = 0,

T4P

∆s− < 0,

∆s+ = 0,

T5N

∆s− > 0,

∆s+ > 0,

T5P

∆s− > 0,

∆s+ > ∆s− ,

T6S

∆s− > 0,

∆s+ < 0,

T6

∆s− = −∆s+ > 0,

T6L

∆s− > 0,

∆s+ < 0,

∆s+ < −∆s− ,

T7S

∆s− < 0,

∆s+ > 0,

∆s+ < −∆s− ,

T7

∆s− = −∆s+ < 0,

T7L

∆s− < 0,

∆s+ > 0,

T8N

∆s− = 0,

∆s+ < 0,

T8P

∆s− = 0,

∆s+ > 0.

(n)

(n)

(n)

∆s+ > ∆s− ,

∆s+ < ∆s− ,
,

(4)

∆s+ > −∆s− ,

∆s+ > −∆s− ,

(n)

Here ∆s− = sk − sk−1 and ∆s+ = sk+1 − sk .

1
k k

s

T7L T7
sk( n)1

(n)
k 1

T7S
T4P
T3P
T1
T3N
sk( n)1
T5P
sk( n )
T2
T5N
T4N
sk( n)1
T6L T6 T6S

sk( n )

sk( n )
sk( n)1

T8P
T0
sk( n)1
T8N

Fig. 1. Geometry of T-alphabet symbols.

T0
T1
T2
T3N
T3P
T4N
T4P
T5N
T5P
T6S
T6
T6L
T7S
T7
T7L
T8N
T8P

The graphic diagrams illustrating the geometry of the symbols T αϕ |n for
the k-th sample and the n-th phase variable are shown in Figure 1.

T0
T1
T2
T3N
T3P
T4N
T4P
T5N
T5P
T6S
T6
T6L
T7S
T7
T7L
T8N
T8P

Fig. 2. Transition matrix of T-alphabet
symbols.
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Thus, the T-alphabet includes the following set of symbols:
Tαϕ
o = {T0, T1, T2, T3N, T3P, T4N, T4P, T5N, T5P,
T6S, T6, T6L, T7S, T7, T7L, T8N, T8P}. (5)
One can see from (5) that the symbol Tkαϕ |n is encoded as T i, where i is
the right-hand side of the symbol codes of the alphabet Tαϕ
o . In turn, the
symbol Tkαϕ is encoded in terms of T i1 · · · in · · · iN , see (3). The full alphabet Tαϕ
o |N , which encodes the shape of the trajectory of the multidimensional
N
sequence {sk }K
symbols.
k=1 , consists of 17
2.2

Q-alphabet

In addition to the symbols Tkαϕ |n , we introduce the symbols Qαϕ
k |n :
αϕ
αϕ
Qαϕ
k |n ≡ Tk |n → Tk+1 |n ,

αϕ
αϕ
αϕ
Qαϕ
k = [Qk |1 , . . . , Qk |n , . . . , Qk |N ] .

(6)

All admissible transitions constitute a set of symbols of the alphabet Qαϕ
o 3
These transitions are shown in Figure 2.
The symbol Qαϕ
k |n is encoded as Q i j, where i and j are the right-hand sides
of the symbol codes of the alphabet Tαϕ
o for the states k and k +1, respectively.
In turn, the symbol Qαϕ
is
encoded
in
terms of Q i1 · · · in · · · iN j1 · · · jn · · · jN ,
k
|N
,
which
encodes the shape of the trajectory
see (6). The full alphabet Qαϕ
o
N
of the sequence {sk }K
,
consists
of
107
symbols
(see Figure 2).
k=1

Qαϕ
k |n .

2.3

Symbolic TQ-image of a dynamical system

Let us introduce a directed graph
Γ T Q = VΓ , EΓ ,

VΓ ⊆ Tαϕ
o |N,

EΓ ⊆ Qαϕ
o |N,

(7)

which is a complete symbolic TQ-image of the dynamical system (2). By
definition, VΓ is the vertex set and EΓ is the edge set of Γ T Q . According to
its topology, the graph Γ T Q has no multiple arcs but has loops.
By analogy with (7), introduce a directed graph
Γ T Q |n = VΓ |n , EΓ |n ,

VΓ |n ⊆ Tαϕ
o ,

EΓ |n ⊆ Qαϕ
o ,

(8)

which is a particular symbolic TQ-image of the dynamical system with respect
to its n-th phase variable. Denote the graph Γ T Q |n corresponding to the full
αϕ
TQ
alphabets Tαϕ
o and Qo by Γo .
A particular symbolic TQ-image (8) can be obtained from the graph Γ T Q
by the gluing (or identification) of its vertices, redirection of the edges incident
to these vertices, and the removal of the arising multiple edges.
Introduce the operation of gluing:


Γ T Q |n = RTQ Γ T Q , n .
(9)
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Let v ∈ VΓ , e ∈ VΓ , v 0 ∈ VΓ |n , and e0 ∈ VΓ |n . Then
v 0 ≡ T i,
0

e ≡ Q i j,

v ≡ T i1 · · · in · · · iN ,
e ≡ Q i1 · · · in · · · iN j1 · · · jn · · · jN .

(10)

The gluing of vertices and edges is formally expressed by the following conditions:
VΓ |n 3 T j : T i1 · · · in · · · iN ∈ VΓ , in = j,
EΓ |n 3 Q i j : Q k1 · · · kn · · · kN l1 · · · ln · · · lN ∈ EΓ , kn = i, ln = j.

(11)

The graph (8) can be weighted (on its vertices and edges) by the occurrence
(n)
frequency of characters ∗ in the sequence {sk }K
k=1 :
∆∗ | n =

|M∗ |n |
,
S ∗
M |n

0 6 ∆∗ |n 6 1,

(12)

∗

where | · | is the cardinality of the set and ∗ is a symbol of which the multiset M∗ |n consists:
∆T |n : M∗ |n 3 Tkαϕ |n : Tkαϕ |n \T = ∗, ∗ ∈ Tαϕ
o \T,

(13a)

αϕ
αϕ
∆Q |n : M∗ |n 3 Qαϕ
k |n : Qk |n \Q = ∗, ∗ ∈ Qo \Q.

(13b)

Similar characteristics ∆T and ∆Q are determined for the graph Γ T Q . Note
that the calculation of ∆T and ∆Q allows one to quantitatively assess various
properties of the trajectory of the sequence {sk }K
k=1 in the space S×K, including
the Markov characteristic of the sequence {Tkαϕ }K
k=1 [20, 22].

3

T-synchronization

Let us make a remark. For simplicity, but without loss of generality, suppose
that the time sequence {sk }K
k=1 of dimension N is formed by a combination
of the phase variables of N one-dimensional dynamical systems; i.e., suppose
(n)
that sk is the value of the phase variable of the nth system at the kth instant
of time.
3.1

Complete T-synchronization

Definition. Dynamical systems are synchronous at time instant k in the sense
of Complete T-synchronization [17] if the condition Jk = 1 is satisfied, where
(
1 Tkαϕ |1 = . . . = Tkαϕ |n = . . . = Tkαϕ |N ,
Jk =
.
(14)
0 otherwise.
Thus, {Jk }K
k=1 is the indicator sequence of T-synchronization.
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Taking into account possible antisynchronization [11] between the systems,
we should also consider all possible variants of inversion of their phase variables:
(n)
(n)
sk → −1 · sk . In this case, for the nth system, a change of symbols Tkαϕ |n
in the kth sample occurs according to the scheme
T0 ↔ T0,
T1 ↔ T2,

T3N ↔ T5P,

T3P ↔ T5N,

T4N ↔ T4P,

T6 ↔ T7,

T6L ↔ T7L,

T8N ↔ T8P.

T6S ↔ T7S,

(15)

Denote the variants of inversion by number m. The total number of variants
of inversion is M = 2N −1 .
Synchronization between systems can also be set in the lag regime [12]. To
detect this synchronization, one should move a little the phase trajectories of
the systems with respect to each other (the shifts are hn > 0):
 αϕ
αϕ
αϕ
αϕ
Tk |1 → Tk+h
|1 , . . . , Tkαϕ |n → Tk+h
|n , . . . , Tkαϕ |N → Tk+h
|N . (16)
1
n
N
The antisynchronization and lag synchronization regimes may coexist; therefore, when calculating a partial integral coefficient of synchronism, we take this
fact into consideration:
∗

s
δm,h
=

K
X
1
Jk | {m, h},
K ∗ + 1 − k∗
∗

(17)

k=k

where k ∗ = 1 + max (h1 , . . . , hN ), K ∗ = K + min (h1 , . . . , hN ), and K is the
length of the sequence {Tkαϕ }K
k=1 .
On the basis of the partial coefficient, we calculate the total integral coefficient of synchronism of the systems:
s
δ s = max max δm,h
,
m

h

0 6 δ s 6 1,

(18)

i.e., we take a combination of shifts between the trajectories of the systems and
a variant of inversion of their phase variables that, taken together, provide the
maximum number of samples k satisfying the condition Jk = 1.

4

Time structure of synchronization of chaotic systems

The quantity δ s introduced in (18) characterizes the synchronism of the systems
on average over a period of tK − t1 . As mentioned in the Introduction, most
investigations on the synchronization of chaos are usually restricted to this
situation. However, often a researcher may be interested in the time structure
of synchronization of systems. Recall that by this structure one means the
spikes in the synchronous behavior of the phase variables of the systems between
which the synchronism level is characterized by a small quantity, i.e., one means
intermittent behavior [24, 25].
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In [17], the present author introduced the concept of a synchronous domain SD – a set of samples of a time series that satisfy the condition (∨ is the
symbol of the logical operation OR)
SDr : {Jk0 = 1, Jk00 = 0 ∨ k 00 = 0, Jk000 = 0 ∨ k 000 = K + 1} ,
SD
k 0 ∈ bSD
r , br + Lr − 1,

k 00 = bSD
r − 1,

SD
k 000 = bSD
r + Lr ,

(19)

SD
where bSD
r , Lr , and r are the emergence time, the length, and the ordinal
number of a synchronous domain, respectively. In this case, the following conditions are satisfied: LSD
r 6 K, and the total number of synchronous domains
(in the original sequence) RSD 6 (K + 1) div 2.
To quantitatively describe the structure of synchronization of systems, the
author introduced in [17] the spectral density function of synchronous domains SD:
SD
R
X
SD
(20)
H [L] =
δ[LSD
L ∈ 1, K,
r , L],
r=1

where δ[·, ·] is the Kronecker delta.
To analyze the degree of degeneracy of the structure of synchronous domains, we additionally define a quantity E SD – the entropy of the structure of synchronous domains (according to Shannon) [16], which makes sense
for δ s > 0:
E SD = −

K
X

P SD [i] ln P SD [i],

i=1

P SD [L] =

H SD [L]
.
K
P
SD
H [i]

(21)

i=1

It follows from Shannons entropy properties that the entropy E SD is minimal
(E SD = 0) when the spectrum H SD [L] is degenerate (all synchronous domains
have the same length) and maximal (E SD = Ê SD ) in the case of a uniform
comb spectrum H SD [L] with the maximum number of different lengths of synSD
chronization domains equal to Ŵcmb
:
√



1 + 8 δs K − 1
SD
SD
Ŵcmb
= min
, K − δ s K + 1 , Ê SD = ln Ŵcmb
, (22)
2
where bac is the integer part of a.
On the basis of (21) and (22), we define the relative entropy of the structure
of synchronous domains:
E SD
.
(23)
∆SD
E =
Ê SD
It makes sense to apply the quantity ∆SD
E when the researcher should compare
synchronization cases with different values of δ s and/or K.
Nevertheless, for the full description of the intermittent behavior of chaotic
systems during synchronization, it is obviously insufficient to study only synchronous domains SD. To obtain a complete and closed idea of the time structure of synchronism of dynamical systems (a complete and closed representation
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of the intermittency structure), in [16] the present author introduced the concept of a desynchronous domain SD – a set of samples of a time series satisfying
the condition
SDr : {Jk0 = 0, Jk00 = 1 ∨ k 00 = 0, Jk000 = 1 ∨ k 000 = K + 1} ,
SD
SD
k 0 ∈ bSD
r , br + Lr − 1,

k 00 = bSD
r − 1,

(24)

SD
k 000 = bSD
r + Lr ,

SD
where bSD
r , Lr , and r are the emergence time, the length, and the ordinal
number of a desynchronous domain SD, respectively.
The meaning of the characteristics introduced in this section is demonstrated in Figure 3 (see [16] for additional information).

SD

SD

Jk  1

Jk  0

SD

SD

H4

H4

3
2
1

3
2
1

1 2 3 4 5 6

SD

L

1 2 3 4

SD

L

Fig. 3. Basic characteristics of the time structure of synchronism.

4.1

Generalized T-synchronization

It follows from the definition of the synchronization condition (14) that the analyzer proposed evaluates the complete synchronization level [10] and detects
antisynchronization [11] with lag synchronization [12] precisely in the alphabetic representation Tαϕ
o . However, according to the definition of the geometry
of the symbols of the T-alphabet (4), complete synchronization at the level
of the samples of Tkαϕ is a wider phenomenon compared with the complete
synchronization at the level of sk – the samples of the sequence itself. The Tsynchronism of dynamical systems (with respect to the set of phase variables s)
is considered from the viewpoint of the shape (geometric structure) of the trajectories of the systems in the extended phase space. By the shape (geometric
structure) of a trajectory of a dynamical system in the extended phase space
is meant its certain invariant under uniform translations and dilations of the
trajectory in the space of phase variables.
Thus, in a sense, the T-synchronization deals with the topological aspects
of synchronization of dynamical systems [20, 21]. Hence, this opens a possibility for the application of the analyzer proposed to the study of generalized
synchronization of chaos [9].
To this end, we introduce two additions that relax the requirements imposed
in Section 3.1 on the complete T-synchronization. The first is the rejection of
the equality of symbols in (14), and the second is the rejection of the maximization of δ s in (18).
The rejection of the equality of symbols in (14) allows one to proceed to
the following definition.
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Dynamical systems are
eralized T-synchronization
(
1
Jk =
0

synchronous at time instant k in the sense of Genif the condition Jk = 1 is satisfied, where
Tkαϕ ∈ MJT ,
,
otherwise.

MJT ⊆ Tαϕ
o |N.

(25)

The structure of the set MJT is not trivial. First, the cardinality of the set is
n
o
MJT = min VΓ |1 , . . . , VΓ |n , . . . , VΓ |N .
(26)
Second, the condition
MJT |in 6 1,

∀ T in ∈ VΓ |n ,

n ∈ 1, N ,

(27)

is always satisfied.
As a rule, conditions (26) and (27) correspond to different variants of constructing the set MJT . Let MJT 3 MJT j be the set of all admissible variants
of constructing the set MJT , where j is the number of a variant.
The number of variants of constructing the set MJT is
N̂ JT =

PY
−1
N −1 N
Y
i=0


V Γ |n − i ,

PN = VΓ |N .

(28)

n=1

Note that the indices n in (28) are rearranged as follows:
VΓ |1 > . . . > VΓ |n > . . . > VΓ |N .

(29)

If the condition
VΓ |1 = . . . = VΓ |n = . . . = VΓ |N ,
is valid, then
N̂

JT

=

PY
N −1
i=0


N −1
 N Γ N PN
,
PN − i
= PN
Γ 1 + PN

where Γ is the gamma function.
It should also be noted that, in the general case, N̂ JT represents an upper
estimate, because the matrix of ∆T may contain zero elements; i.e., not all
possible combinations of elementary symbols are realized.
Thus, complete T-synchronization is a special case of generalized T-synchronization.
Figure 4 illustrates the structure of the set MJT for N = 2 in two cases of complete T-synchronization, the direct synchronization and antisynchronization.
According to (28), in the case of generalized T-synchronization, the problem
arises of choosing a set MJT from among the family MJT that is optimal
with respect to some criterion. In the general case, this is a combinatorial
optimization problem. Let us introduce a generalized algorithm
n
o
JT
JT
MJT = MJT
→ max, ∀ MJT
,
(30)
i : F
i ∈M
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n1

2

T0
T1
T2
T3N
T3P
T4N
T4P
T5N
T5P
T6S
T6
T6L
T7S
T7
T7L
T8N
T8P

n
T0
T1
T2
T3N
T3P
T4N
T4P
T5N
T5P
T6S
T6
T6L
T7S
T7
T7L
T8N
T8P

Fig. 4. The structure of the set MJT for N = 2 in two cases of complete Tsynchronization: direct synchronization (green) and antisynchronization (orange).

where F JT is a objective function.
For the algorithm (30), we can consider the following basic objective functions.
Maximization of the integral coefficient of synchronism
F0JT =

K
1 X
i H SD [i] ≡ δ s .
K i=1

Maximization of the length of a synchronous domain



F1JT = max LSD H SD LSD ≥ 1, LSD ∈ 1, K .

(31)

(32)

Note that, if necessary, one can expand the set of objective functions. Moreover,
one can impose additional constraints on condition (30).
A naive implementation of the algorithm (30) leads to difficulties of computational character. They are associated with combinatorial explosion. Let
us illustrate this situation by an example of the full T-alphabet, |Tαϕ
o | = 17:
N = 2,

N̂ JT = 355 687 428 096 000,

N = 3,

N̂ JT = 126 513 546 505 547 170 185 216 000 000,

N  2, Curse of dimensionality!
Currently, the author has developed a suboptimal version of algorithm (30).
The main idea of the approach is as follows: the algorithm operates only with
those symbols from the set VΓ for which the elements of the matrix ∆T are close
to the maximum value. Thus, this algorithm is free of the need of complete
enumeration of the set MJT ; however, it does not guarantee the global optimum
of the function F JT . Note that this topic is the subject of our current research.
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5

Sample

Let us demonstrate the capabilities of the tools developed by an example of
the analysis of financial time series. The object of analysis is the time series
of exchange rates of some world currencies (US dollar [USD], Euro [EUR],
Japanese Yen [JPH], Swiss Franc [CHF], and British Pound [GBP] against
Russian ruble). The analyzed period is from 01.01.1999 to 31.12.2014.
Note that the analysis of the Generalized T-synchronization has applied
value in the context of research in macroeconomics and stochastic financial
mathematics. The original data are taken from the official web-site of the
Central Bank of Russia (Bank of Russia, exchange rates, www.cbr.ru/eng/).
The length of the time series is K = 3 985 samples. The initial time series
are shown in Figure 5. Note that these time series have also been studied
from the viewpoint of complete T-synchronization [26] (the analyzed period is
from 01.01.1999 to 31.03.2013) and TQ-complexity [27].
RUB

100

USD

80

EUR

JPH

CHF

GBP

60
40
20
0
2000

2005

2010

2015

Fig. 5. Currency exchange rates.

We carried out a detailed analysis of generalized T-synchronization for the
USD/EUR pair. For comparison, we also evaluated the characteristics of complete synchronization. The set MJT was constructed for the objective function F0JT . As a result, we obtained the following values of the integral coefficient
of synchronism:
δ s |C = 0.174492,
s

s

δ s |A = 0.219433,

s

δ s |G = 0.222948,

(33)

where δ |C, δ |A, and δ |G are complete, anti-, and generalized regimes of
synchronization, respectively.
The results (33) show that the regime of generalized T-synchronization is
characterized by the maximum value of the integral coefficient of synchronism.
At the same time, from the structural point of view, this mode is characterized
by the combination of direct- and anti-synchronism regimes (see Figure 6).
Taking account of the factor of generalized synchronization for the pair USD/EUR
modifies the time structure of its T-synchronism (see Figure 7).
Figure 7 shows that taking account of the factor of generalized synchronization significantly reduces the maximum length of desynchronous domains. In
this case, the mean length of synchronous domains also decreases.
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Fig. 6. Matrix ∆ ; grey cells are T-symbols included in the set MJT ; green and
orange squares demonstrate the structure of the set MJT in two cases of complete
T-synchronization (see Figure 4); green and orange ellipses are key T-symbols in the
set MJT .

6

Conclusion

We have proposed a new method to diagnose generalized synchronization in
nonlinear multidimensional chaotic systems. The method allows one to explore
and quantitatively evaluate the time structure of synchronization of chaotic
oscillations in the so-called T-synchronization regime [16, 17]. The approach is
based on the formalism of symbolic CTQ-analysis, which was proposed by the
author in [18, 19].
The method considered, which is based on the analysis of generalized Tsynchronization, can be successfully applied to the study of multidimensional
systems consisting of two or a greater number of coupled nonidentical oscillators, including multidimensional lattices of oscillators with arbitrary topology.
The approach described can be applied to the analysis of experimental data,
because it does not require any a priori knowledge of the system under study.
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Abstract: Large engineering constructions such as dams, bridges, high towers etc. are
complex structures which are characterized by nonlinear dynamic behavior. The safety of
these constructions depending on the extent of their stability which in its turn, is function
of loading. At present it becomes clear that the State of the art using of the modern
nonlinear data analysis methods is essential to understand features of the time behavior
of such constructions and decrease possible risks. In present research we continue
investigation of dynamical characteristics of the body of high Enguri dam. This 271m
high arch dam was built in west Georgia in seismically active region 30 years ago. The
high seismic and geodynamical activities together with a high population density of the
adjoining region has made the Enguri dam a potential source of a major threat. Together
with the other measures aimed at evaluation of dam stability, in the last years by M.
Nodia Institute of Geophysics was developed cost effective telemetric monitoring system
for dam tilts. Long and high quality data sets collected by this telemetric monitoring
system are carefully analyzed by modern data analysis tools including methods of
nonlinear time series analysis. In present report we present results of dynamical analysis
of Enguri dam body behavior. These preliminary results show interesting long-term and
short-term patterns of tilts of the dam foundation and body under influence of water level
variation in reservoir.

1. Introduction
Dams are man-made barriers, constructed on terrain in order to control or store
large amount of water in artificial reservoirs. They are highly important edifices
for the generation of electricity, flood protection, irrigation, providing drinking
water resources, etc. At the same time, dams are regarded as the source of high
potential environmental hazard; enormous water masses behind a large dam,
potentially contain threat to the human lives, economy, infrastructure, ecology,
etc. of adjoining regions downstream the barrage. Thus safety control of dams is
highly important practical problem.
Usually, the safety level of a dam is established at the design stage and is
depending on the extent of their stability. In its turn, the mechanical stability of
_________________
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construction depends on many factors (e.g. aging, quality of materials,
exploitation regime, etc.) but mainly it is function of loading [1]. Thus, the
essence of mentioned dam-related threat is the risk of the loss of their stability
under influence of many load factors and caused by them possible failure or
damage [1, 2]. As a rule, in the case of dam there are main pre-defined
operational load factors for which it has been designed. It is primarily the
horizontal force field caused by the stored water masses; the second main
category is the load of geophysical environmental processes such as tectonically
induced loading, pore pressure variations or fracture processes [1, 9]. Other
categories could be abnormal water influx, flood waves generated by landslides
or meteorological causes, thermo-elastic effect caused by air temperature
variation, mutual co-influence of the foundation and the dam, the transfer of
stresses between the various zones of the dam, etc. [1, 3].
At certain loading conditions, visco-elastic dam structure as a whole or its
separate elements may react to it through the time-dependent inelastic
deformations. There always are safe deformation limits of dam structure
allowed for mentioned above predefined operational loadings. At larger loading
values, extensive, beyond limit, deformations may occur which may cause a loss
of dam stability and as a result its damage and failure. In this research we focus
on the technical hazards connected with the state of the dam and its components.
Because of all above said it is clear that behavior of dams is complex. Indeed,
the majority of environmental processes presently are recognized as highdimensional (unpredictable from the linear point of view) [4, 5, 8]. Application
of modern methods of nonlinear dynamical pattern recognition and forecast
methods, created for analysis of high-dimensional complex dynamics, may help
to improve the situation and provide correct evaluation of dam future behavior.
Unfortunately, full scale monitoring, especially in the case of relatively old
dams (like built 30 years ago Enguri dam), is rarely achievable. So we should
derive characteristics of the whole unknown dynamics using few or even one
carefully selected and correctly measured (with the frequency desired)
continuous data sets [6, 7]. Indeed, having such continuously recorded high
quality sets of a few (or even one) dam geotechnical characteristics (scalar data),
modern methods of time series nonlinear analysis provide tools to accomplish
valuable reconstruction of the main dynamical features of the entire unknown
complex vector process (here - dam deformation) [6, 7, 8, 9, 10].
In this report we present preliminary results which demonstrate reliability and
importance of using modern data analysis methods for qualitative and
quantitative evaluation of dynamics of high dam behavior.

2. Used Data and Methods of Analysis
Used data have been recorded at the Enguri International Test Area (EDITA),
which was established by Council of Europe in 1996. More than 30 year ago, in
the 1970s, the 271 m high Enguri arch dam, the highest (in its class) dam in the
world, was built in the canyon of Enguri river in West Georgia. The dam is
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located in a zone of high seismicity what makes as a potential source of a major
technological catastrophe in Georgia, dam is located close to the Ingirishi active
fault system. From the very beginning in EDITA the unique geotechnical,
geodynamical and geophysical monitoring has been carried out [9]. So it is
possible to analyse dynamics of local Earth crust, dam foundation and dam body
behavior at different stages such as dam construction, reservoir ﬁlling and its
operation. The database of observations (tilts, strains, etc.) contains information
accumulated during more than 30 years of observation.
In addition to this, two years ago the cost-effective real time geotechnical
telemetric monitoring system of large dams (DAMWATCH) was developed.
This low-cost early warning system consists of network of sensors (tiltmeters).
The main purpose is the early detection of small incipient changes in order to
recognize possible approaching of future critical deviations from the modelpredicted dynamics of the behavior of the dam body under different natural
and/or human impacts.
In this work we analysed time series of tilt measurements. Earth tilts hourly time
series involved measurements before construction of dam, during construction
and in the period of operation. Such high quality data sets enabled us to
investigate behavior of dam foundation and dam body for different stages of
construction and dam operation: 1) long before the reservoir fill, 2) immediately
before and 3) just after starting the fill, 4) after the second, 5) third and 6) fourth
stage of reservoir fill and 7) long after the completion of the reservoir fill. In
addition to this data dam body tilt time series recorded for last two years also
have been investigated.
We used different data analysis methods both linear and nonlinear. Namely,
spectral and time frequency properties have been calculated, long-range
properties of datasets have been tested using detrended fluctuation analysis
(DFA). Also, recurrence quantitative analysis (RQA) and algorithmic (LempelZiv) complexity measurement calculation of tilt data series has been performed.

3. Results and discussions
We started from the analysis of measurements data sets of displacement of sides
of, mentioned above, Ingirishi fault.
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Fig.1. Variation of power of continuous wavelet transformation of daily
displacement data sets from 1974 to 2013. Frequency band of close to one year
periodicity cycles are considered.
Measurements have been carried out far before start of dam construction, so it
was quite expectable, that periodic water level variation related with functioning
of Enguri hydro power plant has influenced the displacement of fault sides.
Indeed in Fig. 1, we see that power of cyclic components, close to one year
periodicity, essentially increased when related with power plant operation
variation of water level became periodic.
Besides of changes in the displacement of fault sides, interesting dynamical
changes occurred in the variation of tilts of foundation of high dam.

Fig. 2. RQA determinism measure calculated for Earth tilt data series for
different stages of observation. Numbers in abscissa correspond to periods of
observation (see the methods section).
We see in Fig. 2, that RQA which is recognized as a suitable tool for both
qualitative and quantitative analysis of complex relatively short time series [10],
indicates changes at above mentioned 7 stages of observations.
Next we used LZ algorithmic complexity measure to quantify changes in
dynamics of earth tilts generation. Calculated values of LZ complexity for tilt
time series, shown in Fig. 3, also indicate a non-random character of the tilt
process ( LZ ≠ 1 ), which are characteristic for systems with close to a quasi
periodic type of behavior [8, 10, 11].
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Fig. 3. Lempel Ziv copmplexity measure calculated for tilt dam foundation data series for
different stages of observation.

Then in order to explore our data on the subject of long-range correlations, what
is characteristic for dynamics with quantifiable value of determinism and also to
avoid effects of non-stationarity in tilt time series, we performed DFA testing.
As we can see in Fig.4, DFA results show that calculated scaling exponents of
Earth tilt time series are mostly in the range of 1.2-1.4. Thus, the dynamics of
Earth tilts indeed should be close to the non random Brownian like process [11].
At the same time, for the time frame of the reservoir filling, the DFA exponent
decreases to persistent (close to 1/f type noise) values; revealing some effects of
specific human influence on the scaling properties of the tilt process.

Fig. 4. Variation of detrended fluctuation analysis (DFA) scaling exponents for
different time periods of observation. Numbers in abscissa correspond to periods
of observation.
After, we have analysed data sets of tilt measurements of dam body. These data
have been measured in consecutive 10 minutes throughout the year 2011.
Exactly, in Fig. 5, results of DFA calculation of increment series of tilt data,
along and transversely to the dam, are presented. We clearly see, that tilt process
transversely to the dam body undergoes seasonal quantifable changes (black
circles in Fig. 5).
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Fig. 5. DFA scaling exponent of dam body tilt increments data sets.
In March and April DFA exponents of increments variation was close to 0.5
indicating randomlike behavior. Contrary to this, in August, September
considered process become clearly antipersistent. Tilt process along dam body
do not indicates such clear changes (white circles in Fig. 5). These are results
for DFA , p=2. Calculation for DFA p=3, 4, 5 gives similar results and are not
shown in Fig. 5.
Thus, results of our analysis show, that methods of dynamic data analysis may
help to reveal unknown features of the high dam body behavior and can be
successfully used for the purposes of real time monitoring.

4. Conclusions
In present study we analysed data sets of Earth crust local tilts as well as Enguri
dam body tilts time series. It was found that tilt dynamics undergoes different
changes related with dam construction and operation. It was shown, that these
changes may be quantified by modern data analysis methods. This is important
conclusion because it provides a basis to advance in detecting and evaluating
supposedly high-dimensional changes in the Enguri dam behavior caused by
multitude of geotechnical processes which may be or may not be related to the
natural tilting of the Earth crust.
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Abstract. We consider a class of planar rational maps. These birational maps, are
general and may have first integral or have not first integral. First, in a simple view,
we investigate the stability and codimension one bifurcations. Then we investigate
relation between these maps and one dimensional rational maps with quadratic terms
and positive orbits. We investigate global period doubling bifurcations and also local
period doubling bifurcations of periodic points and rout to chaos phenomenon. Then
we study relation with S-unimodal maps and then we will see existence of periodic
points of any periods.
Keywords: Rational Map, Plane, Bifurcation, Center Manifold, Codimension 1,
Fold, Flip, Neimark-Sacker, Unimodal Map, Chaos.

1

Introduction

In physics and mathematics, many chaotic maps have introduced. To study the
chaotic behavior of, Lorenz system in 1976, Henon constructed the Henon map.
Holmes and Whitely, generalized a family of Henon maps. A piecewise Henon
type system introduced via Lozi. Ikeda map, Baker map, Kaplan-Yorke map,
Standard map, Kicked rotor, Tinkebell map, and Zaslavski map are also some
other well known maps containing complex dynamics on the real plane. On the
complex surface, quadratic maps and squaring maps are some one dimensional
with fractal nature. In other one, exponetial map is a two dimensional complex
map. There is an extensive literature on the rational complex maps. For
the rational maps with real variables, we can rarely see about the complex
dynamics. Also, in algebraic geometry view, there are an extensive literature
on the dynamics of birational maps such as Lyness’s maps. Quispel et al, in
1989, introduced a large 18-parameter class of integrable birational maps of the
plane. The advantages of these maps like existence of foliations, help to study
the dynamics of such maps. But, for general rational maps, our instruments
are limited.
8th CHAOS Conference Proceedings, 26-29 May 2015, Henri Poicaré Institute,
Paris France
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In this manuscript, we focus on the complex dynamics of planar rational
maps i.e. the iterated systems
(
1 yn +C1
xn+1 = Aα11xxnn+B
+β1 yn +γ1 ,
(1)
2 yn +C2
yn+1 = Aα22xxnn+B
+β2 yn +γ2 ,
where Ai , Bi , Ci , αi , βi , γi , are constant.

2

Stability and Bifurcations

Every equilibrium (xe , ye ) of the map, is the roots of the system of polynomials,
α1 x2 + β1 xy + (γ1 − A1 )x − B1 y − C1 = 0,
α2 xy + β2 y 2 − A2 x + (γ2 − B2 )y − C2 = 0.
Also, every equilibrium (xe , ye ) of the map, can be translated to origin. Thus,
generally we assume C1 = C2 = 0. It is convenient in what follows to define
the mapping f (x, y) = (f1 (x, y), f2 (x, y)), where
fi (x, y) =

Ai x + B i y
, i = 1, 2.
αi x + βi y + γi

The matrix of linearization of f at origin is


A1 B 1
A = Df (0, 0) =
.
A2 B 2
Therefore the characteristic equation of the Jacobian matrix A(x, y) of the
system (1) evaluated at the fixed point (0, 0) can be written as
λ2 − (A1 + B2 )λ + A1 B2 − A2 B1 = 0.
Therefore simply, we have the following lemma.
Lemma 1. Consider system (1).
(a) The origin is asymptotically stable iff |A1 + B2 | < A1 B2 − A2 B1 + 1 < 2.
(b) The origin is unstable iff A1 B2 − A2 B1 > 2.
(c) The origin is not hyperbolic if one of the following conditions holds:
(c1) |A1 + B2 | = A1 B2 − A2 B1 + 1, and A1 B2 − A2 B1 6= 0, 2;
(c2) |A1 + B2 | = 2, and A1 B2 − A2 B1 = 1.
(c3) (A1 + B2 )2 − 4(A1 B2 − A2 B1 ) < 0, and A1 B2 − A2 B1 = 1.
Let λ1 and λ2 be the eigenvalues of the jacobian matrix of system (1). By
Lemma 2, the generic codimesion one bifurcations arise under the following
conditions:
1. Fold bifurcation: λ1 = 1 and |λ2 | =
6 1 if and only if A1 + B2 = −(A1 B2 −
A2 B1 ) − 1, and A1 + B2 6= 0, −2;
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2. Flip bifurcation: λ1 = −1 and |λ2 | =
6 1 if and only if A1 + B2 = A1 B2 −
A2 B1 + 1, and A1 + B2 6= 0, 2;
3. Neimark-Sacker bifurcation: λ1 and λ2 are complex and |λ1 | = |λ2 | = 1 if
and only if (A1 + B2 )2 − 4(A1 B2 − A2 B1 ) < 0, and A1 B2 − A2 B1 = 1.
Let
Df old = {(A1 , A2 , B1 , B2 , α1 , α2 , β1 , β2 ) : A1 +B2 = −(A1 B2 −A2 B1 )−1, and A1 +B2 6= 0, −2},
Df lip = {(A1 , A2 , B1 , B2 , α1 , α2 , β1 , β2 ) : A1 +B2 = A1 +B2 = A1 B2 −A2 B1 +1, and A1 +B2 6= 0, 2},
DN S = {(A1 , A2 , B1 , B2 , α1 , α2 , β1 , β2 ) : (A1 +B2 )2 −4(A1 B2 −A2 B1 ) < 0, and A1 B2 −A2 B1 = 1}.
The origin can undergo fold bifurcation, when parameters vary in the small
neighborhood of Df old . Also the origin can undergo flip bifurcation, when
parameters vary in the small neighborhood of Df lip . Finally the origin can
undergo Neimark-Sacker bifurcation, when parameters vary in the small neighborhood of DN S .

3

Folding to Rational Maps Containing Quadratic Terms
with Positive Orbits and Global Period Doubling
Bifurcation

To study the chaotic behavior and periodic orbits, we fold the system (1),
into a second order equation. Solving the first equation respect to yn , and
substituting into second equation, and solving the equation respect to xn+2 ,
we have
G(xn , xn+1 )
.
(2)
xn+2 =
H(xn , xn+1 )
For some conditions, equation (2) is in the form of a rational map containing
quadratic terms,
rn+1 =

Arn2 + Brn + C
, n = 0, 1, . . . ,
αrn2 + βrn + γ

(3)

We will see period doubling bifurcation in equation (2), under some conditions, when the parameters are nonnegative and α+β +γ > 0. But period doubling bifurcations and route to chaos may be arisen for positive solutions when
some parameters are negative. In recent case, we assume α > 0, β 2 − 4αγ < 0
and parameters in numerator are positive such that these conditions guarantee
positivity of solutions with positive initial conditions. These results shows existence of globally and locally period doubling bifurcations and route to chaos
for main system (1)
First we recall the main results of Mazrooei-Sebdani for Eq. (3). It is
convenient in what follows to define the ratio mapping
g(r) =

Ar2 + Br + C
,
αr2 + βr + γ

so that equation (3) can be stated as rn+1 = g(rn ).
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Lemma 2. Assume that one of the following conditions holds:
h1. B ≥ γ, and also B + C > γ or A > β;
h2. B < γ, C > 0 and A ≤ β;
h3. B < γ, C = 0, (A − β)2 + 4α(B − γ) = 0 and A > β.
Then
(a) Eq. (3) has a unique fixed point r ∈ (0, ∞).
(b) r = 1 if and only if A + B + C = α + β + γ.
(c) For r =
6 1, (r −1)(A+B +C −α −β −γ) > 0; i.e., r < 1 (respectively r > 1)
if and only if A + B + C < α + β + γ (respectively, A + B + C > α + β + γ).
Lemma 3. (a) Let one of the following conditions holds:
h1. B ≥ γ, and B + C > γ;
h2. B < γ, C > 0 and A ≤ β;
Then the fixed point r of g is globally asymptotically stable on (0, ∞) if and
only if
p
Cα≤AB + Bβ + Aγ + βγ + 2 (A2 + Aβ + αγ)(AC + Bγ + Cγ). (4)
(b) Let one of the following conditions holds:
h1. B = γ, C = 0, and A > β;
h2. B < γ, C = 0, A > β and (A − β)2 + 4α(B − γ) = 0;
Then the positive fixed point r = (A − β)/α is globally asymptotically stable
on (0, ∞).
Lemma 4. The mapping g is decreasing on (0, ∞) if one of the following conditions holds,
(a) Aβ < Bα, Aγ < Cα, Bγ < Cβ, (one or two of these inequalities can be
equality),
(b) Aβ < Bα, (Aγ−Cα)2 −(Aβ−Bα)(Bγ−Cβ) < 0, (one of these inequalities
can be equality).
Lemma 5. Assume that C > 0. Then:
(a) g has a unique pair of distinct, positive, period-2 points
p
Cα − AB − Bβ − Aγ − βγ ± (Cα − AB − Bβ − Aγ − βγ)2 − 4(A2 + Aβ + αγ)(AC + Bγ + γ 2 )
ρ± =
,
2(A2 + Aβ + αγ)
(5)
if and only if
p
Cα > AB + Bβ + Aγ + βγ + 2 (A2 + Aβ + αγ)(AC + Bγ + γ 2 ). (6)
(b) ρ− < 1 < ρ+ if and only if
Cα > AB + Bβ + Aγ + βγ + (A2 + Aβ + αγ) + (AC + Bγ + γ 2 ).
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(7)

(c) The product of the period-2 points is given by
ρ− ρ+ =

AC + Bγ + γ 2
.
A2 + Aβ + αγ

(8)

Lemma 6. If (6) and one of the following conditions hold,
h1. Aβ < Bα, Aγ < Cα, Bγ < Cβ, (one or two of these inequalities can be
equality),
h2. Aβ < Bα, (Aγ−Cα)2 −(Aβ−Bα)(Bγ−Cβ) < 0, (one of these inequalities
can be equality),
then, the two-cycle {ρ− , ρ+ } attracts all orbits of g in (0, ∞) except for r.

4

Route to Chaos

Here chaos in the sense of Li-Yorke for rational system (3) is considered.
√
In Dehghan et al, we show that route to chaos for −2 < q ≤ − 3, in the
sense of Li-Yorke for
1
tn+1 = tn + q + .
(9)
tn
In fact the map f : (0, ∞) → (0, ∞), defined by
f (t) = t + q +

1
t

(10)

exhibits the usual bifurcations to higher periods that follow the Sharkovski
√
ordering as the parameter q continues to decrease further. If q = − 3, then
the function f has a unique set of positive period 3 points. In fact we recall
the following theorem of Dehghan et al.
Theorem.
Let q > −2. Consider the map (10).
√
(i) If q = − 3, then (10) has a 3−cycle
2
π
τ0 = √ (1 + cos ), τ1 = f (τ0 ), τ2 = f (τ1 ).
9
3
√
(ii) If −2 < q ≤ − 3,√then map (10) has periodic orbits of all possible periods.
(iii) For −2 < q < − 3, map (10) exhibit chaotic behavior in the sense of Li
and Yorke.
Also, observe that this map satisfied the conditions of Theorem ??. Therefore system
r2 + qrn + 1
rn+1 = n
,
(11)
rn
√
is chaotic in the sense of Li-Yorke when q = − 3, and in fact exhibits the
usual bifurcations to higher periods that follow the Sharkovski ordering as the
parameter q continues to decrease further. Therefore we can set the following
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theorem for (1). Consider system (9). By graphical view, this system is unimodal on (0, ∞). We are going to make a unimodal system on [0, 1], which is
conjugate to this system. (0, ∞) is an invariant set for (9). By the shifting
change of variable un = tn + 1, system (9), reduced to,
un+1 = un + q +

1
.
un − 1

(12)

Now by the change of variable vn = 1/un , system (12) is reduced to unimodal
system
vn (1 − vn )
.
(13)
vn+1 =
1 + (q − 1)vn + (1 − q)vn2
In fact [0, 1] is an invariant set for the maps hq , are defined by,
hq (v) =

v(1 − v)
,
1 + (q − 1)v + (1 − q)v 2

(14)

and satisfy hq (0) = hq (1) = 0. For some values of q, you can see plot of some
iterations of hq in Figure ??. Since, the Schwarzian derivative,
Shq (v) =

−6
,
(2v − 1)2

is negative, maps hq are S-unimodal maps. So the dynamics of hq are as
the S-unimodal maps. The topological dynamics of S-unimodal maps can be
classified by Kneading theory. In this case topological entropy, number of fixed
points and periodic points can be computed via Kneading theory. Specifically,
for some important references on the S-unimodal maps, we can refer to works
of Guckenheimer and others.
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Abstract. The occurrence of chaotic instabilities is investigated in the swing motion of
an inclined Furuta pendulum. The analysis is motivated and applied to predicting the
nonlinear bucket swing behaviour of a dragline. A dragline is a large, powerful, inclined
Furuta pendulum utilized in the mining industry for removal of overburden. A
representative model of the dynamical system with energy dissipation is first developed
and pertinent equilibrium states are identified and unperturbed phase space behaviour
determined. Fundamental insights into the effects of inclination angle on the equilibrium
behaviour are identified. Subsequently, analytical predictive criteria for the onset of
chaotic instability in the forced system are obtained in terms of critical system
parameters using Melnikov’s method. Numerical simulations under field measured
conditions are performed and show that the sufficient analytical criteria are useful
predictors of the onset of chaotic instability under steady and unsteady slewing
conditions. Results for both inclined (tight dragrope) and non-inclined (loose dragrope)
conditions are compared and discussed. The inclination is shown to critically change the
equilibrium behaviour of the system and delay the onset of chaotic instability primarily
due to centrifugal stiffening of the pendulum swing. In addition, conditions under which
chaotic instability is more likely to occur such as pendulum mass/bucket positions are
identified and discussed.
Keywords: chaotic motion, Furuta pendulum, dragline, Melnikov’s method.

1 Introduction
The analysis of the nonlinear dynamics of a pendulum on a rotating arm (Furuta
pendulum) has been the topic of much recent research. The system is a
fundamental rotating multibody system that may be used to provide insight into
the dynamic behaviour of a wide range of more complex systems including
satellites and mining draglines (see for examples Moon[1], Kapitaniak[2],
Fradkov and Evans [3], Meehan et al [4,5,6], Holmes and Marsden[7] and
Koiller[8] amongst many others). The Furuta pendulum is also a classic
nonlinear benchmark system for proving and tuning nonlinear control strategies
[9,10,11]. Recent research on this system has identified interesting nonlinear
and stability behaviour of the non-inclined Furuta pendulum. In particular,
Pagano et al[12] identified pitchfork and Hopf bifurcations using centre
_________________
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manifold and normal form theories providing insight into control parameter
tuning for upright position stabilization. This bifurcation analysis was extended
recently in Munoz et al[10] to identify new branching point bifurcations. These
researchers noted possibilities of further contributions, facilitated by insight
from investigations on analogous pendulum systems. In fact, in parallel, this
research was extended using analogous methodology from a fundamental
rotating multibody system in the form of a very large practical Furuta
pendulum; a dragline[6]. Draglines are crane-like machines used as the primary
means for removal of overburden in open-cut coal mining. The nonlinear
dynamics of the dragline bucket (pendulum mass) swing motion during house
(rotating arm) slewing (rotation) is of importance[13], as excessive amplitudes
cause fatigue damage and render the system difficult to control. The recent
research on this system specifically extended the work of Munoz et al[10] in
that an analytical closed form Melnikov solution for prediction of the onset of
chaotic instability in the non-inclined Furuta pendulum was obtained and
validated using numerical simulations under small and large perturbative slew
torque conditions. Although these analytical results are extremely useful for
avoiding and or controlling chaos in the non-inclined Furuta pendulum, the
scope of application to dragline behaviour is limited in that the dragrope must
be assumed to be slack. In fact, the dragrope is often taught at times during a
normal cycle of operation, causing the pendulum bucket to swing in a plane
inclined to the vertical as opposed to being parallel to the axis of the rotating
arm (slew axis, see fig 1). Hence a dragline with a taut drag rope is an example
of a large inclined Furuta pendulum. The effects of such an inclination on the
dynamic behaviour of the Furuta pendulum are unknown and are shown to be
non-intuitive in the present research. Hence, the main contributions of this paper
are:
 Analytical determination of the equilibrium and stability behaviour of
the inclined Furuta pendulum identifying fundamental differences with
the non-inclined system.
 Analytical prediction of the occurrence of chaotic instability of the
inclined Furuta pendulum.
 Application and validation of analytical predictions using simulations
based on field measured parameters and data and comparisons with the
non-inclined system.
In this paper, a formulation of the nonlinear equations of motion governing the
dynamics of the inclined Furuta pendulum/dragline system are first presented.
Unperturbed phase space analysis results are then described and equilibria and
nonlinear behavior are identified. Numerical and analytical results, describing
the presence of chaotic instabilities under different operating conditions, are
compared under quasistatic conditions before a full analysis using field data of a
dragline cycle is provided. Conditions under which chaotic instability is more
likely to occur, including regions in pendulum mass/bucket trajectory space, are
identified and discussed.
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2 Modelling the Inclined Furuta Pendulum
A dragline system is an analog of an inclined Furuta pendulum as shown via
comparison in Figure 1. The system consists of a rotating assembly comprised
of a house (containing primary components such as drive motors, controls and
an operator cabin), a boom structure and a bucket, as shown in the model of Fig.
1a). The normal dragline operation cycle consists of three main phases: 1) a
digging phase, in which the bucket is filled with overburden; 2) a slew phase, in
which the house and boom is swung (or slewed) about a vertical axis while the
bucket is hoisted, and 3) a dump and return slew phase during which the
overburden is dumped and the house and boom return to the dig position.
Control of the hoist and drag rope lengths allows positioning of the bucket in the
vertical boom plane. However, the bucket is free to swing normal to that plane
and a considerable amount of operator skill is required to control this
undesirable motion.

Fig. 1. Equivalent models of an inclined Furuta pendulum; a) slewing dragline
with tight dragrope, b) generic model.
For the purposes of investigating nonlinear behaviour of the dragline, an
inclined Furuta pendulum model based on Fig. 1 is developed. Referring to Fig.
1, the house and boom structure (rotating arm) is modelled as a rigid body with
moment of inertia, I h , that slews about the vertical slew rotation axis Y . The
boom is inclined at an angle β with respect to the horizontal X axis of the inertial
reference frame XYZ with the origin O at the intersection of the boom axis
and the vertical. The bucket/pendulum mass is modelled as a point mass, m ,
suspended by the massless drag and hoist ropes of lengths, d and h , which
control the motion of the bucket within the bucket plane. The bucket position is
defined by the four independent degrees of freedom:  ,  , P and B . The
slew angle,  , is a measure of the rotation of the rigid house and boom
assembly about the Y axis. The out of plane angle,  , represents the angle
between the vertical plane through the boom axis and the bucket plane. It is
noted that the tight dragrope enforces the bucket to swing about the boom axis
as opposed to a horizontal axis with a loose drag rope ie the system becomes an
inclined Furuta pendulum as opposed to non-inclined. In this case, the location
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of the bucket within the bucket plane is measured along two orthogonal axes,
B parallel to the boom axis and P perpendicular to this axis. The bucket is
considered to be acted upon by gravity, g, in the –Y direction, and has a
damping torque proportional to the bucket out-of-plane angular velocity. This
damping torque is associated with viscous losses in the ropes and sheaves and
has a constant, ct. A net slew torque, M, about the Y-axis is generated from the
slew transmission controlled by the operator.
The equations of motion for the system for the two rotational degrees of
freedom,  and  , may be derived using Lagrange's Equations in a similar
manner to [6] as,
  P sin   P cos   D sin    M (1)
I  m PD2   2 PB sin  cos   2
1



2
2



m  P  gP cos  sin    PD2   P sin   P cos   D1 sin    ct  0 ,(2)


where the underscore indicates functions of the degrees of freedom as defined
in the Appendix as follows; D1 is the horizontal distance from the slew axis to

bucket image in the vertical boom plane, D2 is the perpendicular horizontal

distance from the bucket swing velocity to the slew axis and I represents the

instantaneous moment of inertia of the system about the Y axis.
In the context of a dragline model, these inclined Furuta pendulum equations are
simplified in that the bucket position coordinates, P and B, are considered to be
quasistatically constant. Equation (1) can be considered to be the slew moment
equation about the Y axis. The first term arises from the slew acceleration with
the instantaneous system moment of inertia I determined by the bucket position

in the horizontal plane as a function of swing angle  as well as P and B. The
last three terms represent the additional moments contributed from the bucket
swing motion via Coriolis and other inertia forces with respect to O. Equation
(2) represents the moment equation for the bucket swing motion about the boom
axis. The first two terms and the last are typical for a damped pendulum, while
the other two terms characterise the effects of the centrifugal and angular
accelerations contributions from the slew motion, arising due to the moving
reference plane. Equations (1) and (2) are coupled through multiple non-linear
terms resulting from the rotating multibody motion of the system.
At this point it is instructive to understand how the inclination angle of the
inclined Furuta system (due to a tight dragrope) has affected the equations of
motion, as compared to the non-inclined system (see [6]). Firstly, gravity will
now act at an angle  with respect to the pendulum-bucket swing motion and
hence the natural frequency of the bucket swing under no slewing   0 reduces
to o  g cos P . Secondly, the bucket swing motion is no longer in a plane
parallel to the slew axis. This means that there will now be a component of
centrifugal force due to slewing in the plane of the bucket swing motion. This
component is evident in the fourth terms of (1) and (2) as the factor  D1 sin 

and will cause a centrifugal stiffening of the bucket swing behaviour. This is
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shown to critically affect the stability and perturbed nonlinear behaviour of the
system in the subsequent sections.
For subsequent analysis, it is convenient to define the energy and angular
momentum quantities that are conserved under unperturbed conditions. The
total mechanical energy of the system, E, is derived as,
   mgP cos  1  cos   ,
E  12 I 2  12 mP 2 2  mD2 P
(3)


where presently for simplicity the potential energy is defined as being zero
when the bucket swing angle  Similarly, the Y component of angular
momentum of the system about O, HOy, that is conserved when M  0 , may
also be obtained as,
H Oy  I   mP D2 , .
(4)



3 Phase Space Analysis of the Inclined Furuta Pendulum
The phase space of the unperturbed system, corresponding to the case of no
external torque M  0 and no damping ct  0 , was investigated for stability and
nonlinear behaviour. For the unperturbed system, both angular momentum and
total energy of the system have constant values H Oy and E , such that by using
Eqs. (3) and (4), the phase space may be described by,
2 I  E  mgP cos  (1  cos  )   H Oy 2

.
(5)
mP 2 ( I h  m( P 2  B 2 ) cos 2  sin 2  )
Equation (5) is in a similar (but distinct) form to that of the previous analyses
(eg [6]) for the non-inverted Furuta pendulum and may also be shown to be
integrable; a necessary condition for application of Melnikov’s method. The
corresponding set of phase curves under different energy and angular
momentum conditions for different values of C = 2EI  H Oy 2 are plotted in Fig.

 2 =

2. These phase space plots are representative of the unperturbed dynamics of the
inclined Furuta pendulum for out of plane bucket angles of magnitude less than
 2. Fig. 2a) corresponds to the two equilibrium conditions described by
T
      *


T



g cos  ( P cos  *  D1* sin  )  , if H Oy 2  I crit



1



2

(6)

Note in the derivation in the Appendix the potential energy reference is
defined more generally to (3) as the origin O.
2
For larger, out of plane bucket angles, the phase space has heteroclinic orbits
intersecting at the inverted unstable equilibrium points defined by    n ,
similar to the phase space of a simple pendulum [7-10]. These represent
unrealistic conditions for a dragline so are not investigated further in the present
analysis.
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while Fig. 2b) corresponds to that described by
T
2

 T
     0 H Oy I  , . if H Oy  I crit



where

*



2

(7)

is a function of the parameters, H Oy and I , as defined by the roots

of a fourth order polynomial,





2
 *  cos 1  root  I h  m[ P 2  B 2  ( B sin   xP cos  ) 2 ] +H Oy 2 ( B sin   xP cos  ) / g  0  (8)



Fig. 2. Phase space curves for an inclined Furuta pendulum without external
forcing or dissiption; a) H Oy 2   Icrit  , b) H Oy 2   Icrit  . .
2

2

The stability of these equilibrium points may be derived using Lyapunov’s
direct method. Physically, the symmetrical properties of the bucket swing allow
the possibility of two stable equilibrium points, corresponding to positive and
negative swing displacements of the bucket/pendulum mass,  * . This pair of
offset stable equilibrium points (also occurring in a variety of analogous systems
eg [4]) are interesting physically in that they serve to limit the slew rate to a
constant critical value,
crit  g hY , hY  P cos   B sin  .
(9)
where hY is the vertical distance of the bucket below the X axis when the
bucket swing angle is zero. In contrast to the non-inclined Furuta pendulum, it
is deduced that the inclination critically changes the stability behavour, delaying
the existence of the two stable equilibrium points to conditions when the bucket
is below the horizontal ( ie longer rope lengths) and to a higher critical slew
rate, crit  g hY  g P . The existence of a pair of homoclinic orbits in Fig.
2a) encircling the two equilibrium points is important as the system will be
attracted to either one of the equilibrium points depending on the initial
conditions and there will be a region in phase space where this dependence will
be highly sensitive to small changes. By solving for the origin point using
Eq.(5), the set of homoclinic orbits is found to occur under the conditions,
C = 2EI  H Oy 2  0

and { H Oy 2  I 2 g hY
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where

hY  0 }.

(10)

It may be deduced that the pitchfork bifurcation to the homoclinic orbits in Fig.
2a) occurs when the angular momentum first exceeds the critical value
described by eqn (6). With reference to chaotic instability, it is therefore
expected that it’s onset will first occur for small bucket swing angles once the
slew velocity exceeds g / hY . This is investigated subsequently.

4 Analytical Prediction Of Chaotic Instability
The stability and phase space analyses have shown that the inclination of the
Furuta pendulum significantly delays the pitchfork bifurcation (to a pair of
homoclinic orbits) to a higher critical slew rate g / hY . However, qualitatively
the inclined system in phase space appears to behave in a similar manner to the
non-inclined case when the two stable equilibrium points exist. This insight
motivated an investigation into appropriate transformations of system equations
in order to take advantage of the existing Melnikov analysis for the non-inclined
case[6]. For this purpose, nontrivial transformations of the energy and angular
momentum quantities were investigated to non-dimensionalise the
representative Lagrangian L=T-V to analogous forms. In particular, under the
assumption of a small bucket swing angle, the harmonic terms of (1) and (2) are
approximated by,
sin    , 1  cos    2 2 ,
(11)
and the system dynamics reduce to a Lagrangian form of a rotating body with
internal energy dissipation[5], described by,
ˆˆ 2 2 .
ˆ 2  ( Iˆ  1  y 2 ) y 2  ( Iˆ  y 2 )  ky
Lˆ   H
(12)
Oy

In (12) the dimensionless quantities are defined for the inclined Furuta
pendulum as,
Ih
I
I

  t , yˆ  , dˆ 2 

, Iˆ 
,
2
2
2
ˆ
mP cos  hY m cos  ( D  hY )
mP cos  hY dˆ 2
d
HOy
crit 2
k̂  2
, Ĥ Oy 
,
2
 1  ( D / hY ) 
mP cos  hY dˆ 2  1  ( D / hY ) 2
 L, E
.
(13)
Lˆ , Eˆ 
ˆ
mP cos  hY d 2  2 1  ( D / hY ) 2 
The forcing/perturbative parameters for Hamiltonian transformation may be
nondimensionalised to,
ct
M
Mˆ 
, ĉ 
,
2 2
2
ˆ
mP cos  hY  1  ( D / hY ) 2 
mP cos  hY d  1  ( D / hY ) 

 

(14)
where the static radial distance of the bucket from the slew axis is defined as,
D  D1 (  0)  D2 (  0)  B cos   P sin  .
(15)
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Although this nondimensional parameterisation was onerous and may seem
convoluted, the transformed Lagrangian (12) is now identical to that of the
non-inclined system and hence the resulting Hamiltonian equations of
motion, their homoclinic orbit solutions and Melnikov analyses can now be
conveniently applied to the present problem. For brevity, the primary steps
of the Melnikov analysis are outlined in the following, as details of a very
similar analysis is provided in [4].
Prediction under Perturbed Steady Slewing Conditions
Melnikov’s method was used to obtain an analytical criterion for the onset of
chaotic instability in the perturbed dragline system based upon the unperturbed
phase space. The simplest form of Melnikov’s method considers systems of the
form:
T
x  f ( x)  g( x, t ); x   u v   2

(16)

where f ( x ) is considered to be the unperturbed Hamiltonian system of
state equations defined on 2 , and g( x, t ) is a small periodic perturbation
which is not necessarily Hamiltonian. Using the dimensionless quantities of
(13) and (14), the equations of motion for the inclined Furuta pendulum (1)
and (2) can be expressed in the Hamiltonian form of (16) as,



dyˆ d  = pˆ y ˆI  yˆ 2
dpˆ y d  =



yˆ
ˆI  yˆ 2



 ˆI  1  yˆ 
Hˆ  kˆ  Iˆ  yˆ 
1

2

2

2

2

Oy



2





  pˆ y ˆI  yˆ 2  ( yˆ ) 







2







ˆ cos   2 yˆ M
ˆ H
ˆ
ˆ
ˆ ˆ 2 ˆI sin 2   cˆ pˆ y ˆI  yˆ 2
  M
Oy I sin   y M E
E
 E



2

 ( yˆ )   O   2 


(17)

ˆ y , is defined by,
where the generalised momentum, p



pˆ y  yˆ  ˆI  1  yˆ 2

  ˆI  yˆ  ,

(18)

2

 M
 cos  is considered. For Eq.
and an external slew torque of the form M
E
(17), a Taylor’s series has been used to expand the perturbational terms with
  1 ˆI , so that only first order terms have been retained. More details of this
transformation are provided in [5]. It is noted that the unperturbed phase space
 yˆ , pˆ y  , has the same qualitative behavior as the phase space  , ' , illustrated in
Fig. 2. Equation (17) is in the form appropriate for the application of
Melnikov’s method. The Melnikov function, denoted M t 0 is written as the
integral,

 

Mt 0  

 f q  t    gq  t , t  t  dt ,




0

0

0

(19)

where f ( x ) and g( x, t ) have been defined previously in Eq. (16), the symbol
 is the wedge product defined by a  b  a1 b2  a2 b1 , and q 0  t  is the
solution for the set of homoclinic orbits in the unperturbed system. The
equations describing the homoclinic orbits depicted in Fig. 2a), for small out of
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plane angle,  , may be obtained via solution to equations (5), subject to (10),
(11) and (14), as,
 yˆ0 dyˆ0 d   =   sech       sech    tanh    , (20)
where
ˆI  1 ,
ˆ ˆ  ˆI ,  = 2Eˆ  ˆIkˆ
  2E/k
(21)



 

and the subscript  0 denotes the closed solution for the homoclinic orbits.
Using Eqs. (20), (16) and (17) the Melnikov function may be obtained
explicitly.
In
particular,
under
the
assumption
that
ˆ  ˆI kˆ ˆI  1 or M
ˆ  2H
ˆ cosh  2  , a relationship for the critical
M
E

 

E

Oy

torque amplitude may be simplified to the form,



ˆ  2cˆ  3 5Iˆ  2
M
E




15




2
   ĤOy
2  
sech 2 
 + ˆ 2 cosech 
.

 2  I
 2 
2

(22)



Equation (22) represents a sufficient criterion for the occurrence of chaotic
instability in an inclined Furuta pendulum under slew torque perturbations, for
small bucket swing angles. It is based on perturbations about a nominal
(unperturbed) condition of constant (or quasistatic) angular momentum.

5 Case Study Results
Predictions of the occurrence of chaotic instability in an inclined (tight
dragrope) and non-inclined (loose dragrope) Furuta pendulum under both steady
and unsteady slewing motion were investigated both analytically and
numerically for realistic dragline parameters. The mechanical parameters for a
standard 1370 BE dragline were used to compare with previous research results:
m = 66 000 kg, ct = 4.1 MNms, Ih = 1.588x109 kgm2 and  =0.05  0.2 rad/s.
Two different bucket positions and inclinations were investigated as shown in
figure 3. Case 1a) represents the non-inclined case and is included so that direct
comparison with previous results[6] can be made. The inclined cases 1b) and 2
represent typical quasistatic bucket positions encountered during normal
operation with a taut dragrope. For these parameters, the critical slew rate at
which a pitchfork bifurcation first occurs under inclined and non-inclined
conditions is described in table 1. The slew torque frequency was chosen to be
of the same order as the actual swing cycle used in dragline operation.
Numerical integration of Eqs. (1) and (2) was performed using a fourth order
Runge-Kutta method with at least 200 timesteps over the bucket response cycle;
ensuring convergence of the numerical solution. Plots were generated after a
number of pre-iterates (no recording) of forcing periods, in order to ensure
transients had subsided.
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Fig. 3. Pendulum mass/bucket positions and inclinations for test cases 1a), b) &
2.
Table 1 Case configuration parameters and corresponding critical slew rates.
β (rad) D (m) hY (m)  (rad/s)
crit

Case 1a)
Case 1b)
Case 2

non-inclined
inclined
inclined

0
0.602
0.602

87
87
40

100
40.224
32.517

0.3132
0.4938
0.5492

Results under Perturbed Steady Slewing Conditions
As found with previous analyses, the occurrence of chaotic instability associated
with the pitchfork bifurcation identified in section 2, is sensitive to the angular
momentum of the system. In particular, according to the criterion of Eq. (22),
initial slew rates only slightly greater than the critical value of crit were
investigated to minimise the critical torque amplitude to plausible values for
draglines (of order 100 MNm) and to limit bucket swing angles to realistic
(small) values. In particular, unless otherwise noted, the initial slew rate was
chosen to be 2% higher than the critical slew torques in Table 1. Figure 4 shows
an example of a bifurcation diagram generated for the inclined Furuta case 1b)
with an initial slew rate of i  0.505 rad/s, a slew torque frequency of 0.05 rad/s
and 200 pre-iterates. The diagram shows evidence of steady state chaotic
instability over a range of torque amplitudes, with the initial occurrence at
approximately M E  515 kNm . This is notably significantly higher than that
found for the non-inclined case 1a) which was M E  390 kNm [6] for an
equivalent initial slew rate factor 102% of the critical slew rate listed in Table 1.
In the same manner, the critical torque amplitudes for a number of bifurcation
diagrams at different slew torque frequencies were determined in order to obtain
a quantitative comparison with analytical Melnikov predictions using Eq.(22).
These results were collated for the three cases of table 1 in Figure 5.
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Fig. 4. Bifurcation diagram for the inclined Furuta pendulum/dragline case 1b)
under perturbed, steady slew conditions ( i  0.505 rad/s,   0.05 rad/s)..

Fig. 5. Comparison of analytical and numerical results for the onset of chaotic
instability for the inclined Furuta pendulum/dragline cases 1 a),b) & 2 under
perturbed, steady slew conditions ( i  0.505 rad/s).
Figure 5 shows good agreement between the analytical and numerical results
and highlights the conservative nature of the Melnikov criterion for predicting
the onset of steady-state chaotic instability in each case. By comparison between
the cases of 1a) and b) it is seen that substantially higher critical torques (>3.5x)
are required due to the inclination of the Furuta pendulum. This is consistent
with the occurrence of centrifugal stiffening of bucket swing motion that needs
to be additionally overcome by perturbations in the inclined case. Also
comparing the inclined cases 1b) and 2, it appears the relative amount of
centrifugal stiffening is also associated with higher critical torques as the bucket
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position moves closer to the horizontal X axis. This is confirmed by inspection
of equations (2) to reveal that the total centrifugal torque on the bucket swing
motion is proportional to this distance hY  ( P cos  D1 sin  ) / cos  . These


results, under steady slewing conditions, also indicate that the dragline motion
may pass through chaotic instability under larger perturbations associated with a
normal (unsteady slewing) cycle of operation.
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Results under Unsteady Slewing Conditions
The dragline dynamics was also investigated via numerical simulations of
typical unsteady slewing conditions, with a nominal slew torque frequency of
  0.0623 rad/s representing a cycle time of 100 seconds. All other parameters
were set values as specified previously, with exception to house slew damping,
which was set to a value of ch=8.97x107 Nms; obtained from field
measurements. The bifurcation diagram was generated under these conditions
for case 1b) and indicates the first onset of chaotic instability via bifurcations at
a torque amplitude of approximately 82 MNm. This value compares favourably
with the analytical prediction of 78 MNm based on exceeding the critical slew
rate crit . Trajectory simulations and the Poincare map for fully developed
chaotic instability at a slightly higher torque amplitude of 84MNm are shown in
Fig. 7.

1200

1400 1600 1800
time(s)
Poincare Map

2000

0.1
0.05
0
-0.05
-0.1
-1

-0.8
-0.6
-0.4
bucket swing angle (rad)

Fig. 7. Time histories and phase spaces for the inclined Furuta
pendulum/dragline case 1b) under large unsteady slew conditions ( i  0 rad/s,
  0.0623 rad/s, M  84 x 106 Nm).
The complexity of the time history and phase space traces and the fractal nature
of the Poincare map are consistent with predictions of chaotic instability. These
numerical simulations indicate that steady-state chaotic behavior persists even
though the rotating arm of the inclined Furuta pendulum only has the necessary
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slew rate for the pitchfork homoclinic orbits to exist, for a relatively small
amount of the cycle time.

6 Conclusions
Analytical and numerical results have shown the existence of chaotic
instabilities in the inclined Furuta pendulum with internal energy dissipation,
under perturbed steady slewing as well as unsteady conditions. In particular, a
closed form analytical criteria and numerical verification of these predictions of
chaotic instability are presented for this fundamental rotating multibody system.
The effect of inclination is carefully investigated and is shown to critically
change the equilibrium behaviour of the system causing the existence of a
pitchfork bifurcation to be delayed to bucket positions below the X-axis due to
centrifugal stiffening of the pendulum swing motion. An analytical criterion for
the occurrence of a chaotic instability region in system parameter space has
been derived using Melnikov’s analysis. The chaotic region occurs near
homoclinic orbits in the system’s phase space associated with the pitchfork
bifurcation. This is shown practically to exist in the dynamics of a slewing
dragline with damping under normal operation. Subsequently the analytical
results have been compared to various numerical results for different parameter
configurations. It is shown that Melnikov’s method provides a conservative
estimate for the onset of steady state chaotic instability under steady and
unsteady slewing conditions. Chaotic instability is shown to be delayed to
higher torque amplitudes for inclinations of the Furuta pendulum due to
centrifugal stiffening of the pendulum swing.
This analysis confirms that steady state chaotic instability is possible in dragline
operating cycles, during high slew rate conditions under both tight and loose
dragrope conditions. Its occurrence adversely affects dragline productivity and
maintenance, and may be underlying difficulties with automation.
Recommendations for useful extensions to the analysis include the
investigations of the effect of dynamically changing rope lengths (rotating arm
and pendulum lengths) and more realistic slew torque profiles during normal
cycle operation. In particular, it is noted that cyclic rope length changes and
operator slew control, intrinsic to normal dragline operation, may significantly
alter the system equilibrium and stability behaviour.
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On a Nonlinear Viscoelastic Problem Governed
by Lamé operator
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Abstract In this paper we will study a nonlinear viscoelastic problem governed by Lamé
operator. We denote by Ω an open subset of ℝ𝒏, with regular boundary Γ. Let Q the
cylinder ℝ𝑛𝑥 × ℝt with Q = Ω × ]0,T[; T fini, Σ boundary of Q, L designed Lamé
system define by μΔ + (λ+μ)∇div, f and 𝑢0 𝑥 are functions. We look for the existence
and uniqueness of a function u = u(x,t), x ∈ Ω, t ∈]0,T[, solution of the problem (P).

P

𝜕2 𝑢
− L𝑢 +
𝜕𝑡 2

𝑡

𝑔 𝑡 − 𝑠 ∆𝑢 𝑠 𝑑𝑠 + 𝑢

𝑝

𝑢 = 𝑓 in  x ]0, T[

0

𝑢=0
𝑢 𝑥, 0 = 𝑢0 𝑥 ,

on 
𝑥∈

𝑢′ 𝑥, 0 = 𝑢0 𝑥

Keywords: Compactness, Nonlinear, Priori Estimate, Uniqueness,Viscoelastic.

1 Introduction
Viscoelastic equations arising in many mathematical models, Cavalcanti et all
𝑡
𝜕2𝑢
(3) studies in bounded domain the problem: 𝜕𝑡 2 − ∆𝑢 + 0 𝑔 𝑡 − 𝜏 ∆𝑢 𝜏 𝑑𝜏 +
𝑎(𝑥)𝜕𝑢𝜕𝑡+𝑢𝛾 𝑢=0, g positive function and ɤ > 0
Messaoudi (12 ), (13) study the system
𝜕2𝑢
𝜕𝑡 2

− −∆𝑢 +

𝑡
0

𝑔 𝑡 − 𝜏 ∆𝑢 𝜏 𝑑𝜏 + 𝑎(𝑥)

𝑢 𝑥, 𝑡 = 0
𝑢 𝑥, 0 = 𝑢0 𝑥 , 𝑢′ 𝑥, 0 = 𝑢0 𝑥

𝜕𝑢
𝜕𝑡

= 𝑢

𝛾

𝑢 t>0
t≥0
𝑥∈

The author study (7 ),(8),(9) a nonlinear problem governed by Lamé operator.
In this work we studies the similar nonlinear viscoelastic problem governed
by Lamé operator

_________________
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𝜕2𝑢
𝜕𝑡 2

P

− L𝑢 +

𝑡
0

𝑔 𝑡 − 𝑠 ∆𝑢 𝑠 𝑑𝑠 + 𝑢

𝑝

𝑢 = 𝑓 in  x ]0, T[
on 
𝑥∈

𝑢=0
𝑢 𝑥, 0 = 𝑢0 𝑥 , 𝑢′ 𝑥, 0 = 𝑢0 𝑥

(1.1′)
(1.2′)
(1.3′)

(1.1)

2 Preliminaries:
We use for proof our theorem some ingredients
Definition 2.1 We define
v t   v t 

 H  

v t   v t 

 L  

1
0

2

n

n

pour
pour

v  t    H 01     ,
n

v  t    L2     .
n

Definition2.2 For u , v  H 10     ,
n

n

A  u, v     

i , j 1 

u j v j
xi xi

dx       div u, div u  .

Lemma1.1 A is a bilinear form , continuous, symmetric and coercive
n
on  H 01     .
Lemma 1.2 for the relaxation function g we assume
∞
g : ℝ+ − −→ ℝ+ is C1 function satisfing g(0) > 0 & 1- 0 𝑔(𝑡)𝑑𝑡 = 𝑙 > 0
Lemma 1.3 Let  open bounded in ℝ𝑛𝑥 × ℝt and g  , g are
functions for Lq    , 1  q   , such as

g

L q  

 C et g   g p. p. in  , then

g   g in 𝐿𝑞 𝑤𝑒𝑎𝑘.
Lemma 1.4 The space H 01     L  2    is separable.
Corollary There is a sequence ei i1  H 01     L  2    having the
following properties : for m  0 , the vectors are linearly independent
e1 , e2 , ....., em :, the finite linear combinations of the vectors are dense
in H 01     L  2    .

3 Main results
The main results of the paper is given by the theorem…

4 Existence
Theorem 4.1 Suppose that Ω is bounded open set in ℝn are given f, with
𝑓 ∈ L2 0, 𝑇; (L2 Ω )n and u0 ϵ (𝐻01 Ω ∩ L𝑝+2 (Ω))n
Then there exists a function u(x,t) satisfying (1.1) :
u ∈ L∞ 0, 𝑇; (𝐻01 Ω ∩ L𝑝+2 (Ω))n and u’ ∈
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L∞ 0, 𝑇; (L2 Ω )n

Proof : The proof in three steps
First steps :Approximation.
Introduced the basics used in the lemma (4.3) and Corollary . We define
an approximate solution um  t  par um  t   e1 , e2 ,..., em  and
m

um  t    d jm  t  e j .
j 1

Such as
t
um t  , e j   A um t  , e j   0 g t  s   um  s  , e j  ds 
with
u  0   u  u
0m
0
 m

 u t 

 2

m



um  t  , e j   f  t  , e j  ,

dans  H 01     L  2     ,

j  1,..., m.

 4.2 

n


n
 u  x, 0   u1m  u1 dans  L2     .


 4.3

It is an ordinary differential system. If we take into consideration the
conditions (4.2), (4.3) the system will has a solution on  0, tm  where.
The following a priori estimates show that. tm  T

Second steps : Priori estimate.
Multiply  4.1 by d jm  t  and sum over j in 1, m . We will
d 1
1
1
um  t   um  t  
u t 
dt  2
2
 2 m

 2
L 2   

 t
  0 g  t  s   um  s  , um  t   ds   f t  , um t   .


 4.4 

Indeed :
  g  t  s   um  s  , um  t   ds
t

0

   g  t  s   um  t  , um  t   ds   g  t  s   um  t   um  s  , um  t   ds
t

t

0

0

2
2
1 t
d
d
 1 t
   g  t  s  um  s   um  t  L2  2 ds    g  t  s  um  t  L2  2 ds
    2 0
  
2 0
dt
dt
2
2
1 d
1
1 d t
 1

 g um  t    g um  
 g  s ds um  t   L2   2   g  t  um  t   L2   2 .
2 dt
2
2 dt  0
 2

by replacing  4.5 in  4.4  one obtains

t
2
1 d 
um  t   um  t    g  s ds um  s  L2  n   gum  t  

 
0

2 dt 

 2
2
1 d
1
1

u  t   2 n   g um  t   g  t  um  t  L2  n
  
  2 dt m  L   2
2

  f  t  , um  t   .

 4.6 

Or
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 4.5

 4.1

um  t    um  t 
2

2

 L  
2

n

      um  t 

2

 L  
2

n

Now use the Poincaré inequality, and Lemma (1.2) we will
t
t
2
2
2
um  t    g  s ds um  s  L      g  s ds um  t  L 
0
0
  
  
n

2





2

,

n

  C p um  t  .
2

We integrate (4.6) over the interval  0, t  , we use the Cauchy Schwartz,
we will :
2
2
 2
1
1
1
1 t
um  t   C p  um  t    gum  t  
u  t   2 n 
 g um   d
2
2
  2 m  L   2 0
2
2
1
1
1
1 t
1 t
2
2
 2
n 
 u1m  C p  u0 m 
u
f  s  ds   um  s  ds.
 2
2
2
  2 0 m  L   2 0
2 0

Thus deduced, in particular (4 .7), according to the condition)
2
t
2
um  t   C   um  s  ds.
0
And applying Gronwall's lemma, we have
2
um  t   C, pour tout t  0, tm   0, T 
Taking (4.7) we deduce that
2
2
um  t   um  t    gum  t   C
um  t 

 2

 L

2

 

n

C

We deduce that tm  T
more were estimated:

𝑢𝑚 𝑟𝑒𝑚𝑎𝑖𝑛𝑠𝑎 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑖𝑛 𝐿∞ (0, 𝑇; 𝐻01 Ω ∩ L𝑝+2 (Ω))n (4.8)
𝑢′𝑚 𝑟𝑒𝑚𝑎𝑖𝑛𝑠𝑎 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑖𝑛 𝐿∞ (0, 𝑇; L2 (Ω))n
(4.9)
Third steps :Passage to the limit

From (4.8) and (4.9) that there exists u a subsequence from um such
that
𝑢𝑚 → 𝑢 𝑤𝑒𝑎𝑘 𝑠𝑡𝑎𝑟𝑡 𝑖𝑛 𝐿∞ (0, 𝑇; 𝐻01 Ω ∩ L𝑝+2 (Ω))n
(4.10)
𝑢′𝑚 → 𝑢′ 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑖𝑛 𝐿∞ (0, 𝑇; L2 (Ω))n
(4.11)
Or
𝐿∞ (0, 𝑇; 𝐻01 Ω ∩ L𝑝+2 (Ω))n ⊂ 𝐿∞ (0, 𝑇; 𝐻01 Ω )𝑛
⊂ 𝐿2 (0, 𝑇; 𝐻01 Ω )𝑛
(4.12)
T hen (4.9) (4.12), show that
But we know that the injection H 01  QT  in L2  QT  . is compact, it can
be assumed that the sequence thus extracted further verifies
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 4.7 

um   L2  QT   fort et p. p.

 4.13

n

Finally the application f  f
1
1

 1, Then
q



 2
q
f , applique L    sur L    , with

 2

𝑢𝑛 𝑝 𝑢𝑛 remain bounded in 𝐿∞ (0, 𝑇; L𝑞 (Ω))n



w  L 0, T ;  Lq    

There are

∞

n



𝑞

𝑢𝑛 𝑝 𝑢𝑛 → 𝑤 𝑖𝑛 𝐿 (0, 𝑇; L (Ω))

:

n

weak start

(4.14)

We apply the lemma (1.2)
  QT , g   u

from ( 4.13)



u , avec q  p ' 

 2
,
 1



g   g  u u p. p dans 

And (4.14) give
n
L 0, T ;  Lq      Lq   , then





g   w dans  Lq   

n

faible



As result w  g  u u.
. finaly we have



u u  u u dans L 0, T ;  L  2    




 faible étoile

n

 4.15

we deduce from (4.10), (4.11) et (4.15)

A  u , e j   A  u , e j  dans L  0, T 

 g  t  s   u  s  , e  ds   g t  s   u  s  , e  ds
t

t

j

0

j

0

 u , e    u, e 

dans L  0, T 

 u , e   t  u , e    u, e 

dans D  0, T 







j

u




j

j

j

j

 

dans L  0, T 



u , e j  u u , e j dans L  0, T  .


by passing to the limit to the term in equation D  0, T  we will have





t
 2
d
u t  , e j   A u t  , e j   0 g t  s   u  s  , e j  ds  u t  u t  , e j   f t  , e j  ,
dt 2

As a result





j  1,..., m.

t
n
 2
d
u t , e j   A  u  t  , v    g t  s   u  s  , v  ds  u t  u t  , v   f t  , v  , v   H 01     L  2    
2   
0
dt

hence result meets  P  .
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5 Uniqueness
Theorem 4.2
We work in the hypothesis of Theorem 4.1, with
2
Let ρ ≤
with n ≤ 2
𝑛 −2
Then the solution u obtained by Theorem 4.1 is unique.

(4.16)

Proof
Suppose that the problem has two solutions u and v
We put U  u  v ,we are
t


U   U   g  t  s U  s  ds  u u  v v  0,
0


U  L  0, T ;  L      ,

 4.17 



U  L  0, T ;  H 01     L  2     ,


2

n

 4.18
 4.19 

n

U  0   0, U   0   0.

 4.20 
Multiply both sides of (4.17) by and integrate over deduced using
Green's formula
t
1d
 U   U   0 g t  s   U  s  ,U  t  ds   v  v  u  u,U  ,
2 dt

Therefore the system is obtained
2
1 d 
U   t    um  s    gum  t  

2 dt 
2
1
1
  g um  t   g  t  um  t  L2  n
  
2
2









 4.21

 v v  u u,U  ,

thus deduced, in particular, (4 .20) that





2
1d 


U   t    um  s    gum  t   v v  u u,U  ,

2 dt 

 4.22

But the side of (4.21) is bounded in absolute value


   1  sup  v  u  U U  dx,
Which is increased according to the Hölder inequality by
 


C sup  v n n , u n n  U Lp   n U L2   n ,
 
 L  
 L     


(This according to the Hölder inequality with
For u   H 01    
(4))

n

, ui  H 01    , then

according to the Sobolev theorem (see

1 1 1
  si n  q, (q fini quelconque)
q 2 n
u  L q    we have 1  n  2 .
q
2n

u i  Lq    avec

Then

1
1 1
   1. ).
p n 2
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But after (4.16), we have  n  q Then
u



 L  
n

n







v



1
n n

 u





 L    u  H  
n

n

1
0

n

It was therefore





and as

v





u, v  L 0, T ;  H 01    

Was finally





v





 



v  u u .U dx  C  v
 u
U H1   n U  ,
n
n 
 0 
H 01    
H 01    





n




v  u u .U dx  C U U  , u i  Lq   


Therefore (4.23) becomes
 U  t   U   t    gU  t  
2

2

C
2

  U  
t

0

2

 4.23



 U    d

We deduce, using the lemma Gronwalle where U  0
Consequently u= v

Conclusions
In this work, we note that the method of compactness can be applied to study
the existence of solutions of nonlinear hyperbolic problem viscoelastic term.
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A Fractal Model of the Stimulus-Response
Relationship
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Abstract. The models relating the intensity of perception to the stimulus are of great
importance in sensorial analysis and practical applications. For example, in olfactometry
they have been employed to determine: the odour threshold and suprathreshold, hedonic
scale assessment and the degree of appreciation. The perceived intensity of a stimuli
should be expressed in the form of function depending on a physico-chemical variable,
eg concentration of the substance in fresh air or clean water. It must take into account a
characteristic threshold of its perception, whereas at higher concentrations the perceived
intensity should reach a plateau. Those requirements well satisfy the sigmoidal Gompertz
function, which depends on the concentration variable and three parameters representing
the initial perceived intensity, retardation constant and the initial increase rate constant.
The application of the mapping procedure converts this function into power law formula
k(C)Cn(C) including the signal-dependent scaling factor k(C) and exponent n(C). Because
the Gompertz model describes the self-similar and allometric processes of the fractal
nature, the mapping procedure transfers those peculiar properties from the Gompertz
function onto power law one. Hence, the phenomena described by the latter are endowed
with the typical fractal properties; in particular n(C) is interpreted as C-dependent fractal
dimension of the stimulus-response process. The formula obtained will be applied in
modelling the odour intensity-concentration relationship for acetone, ethyl acrylate,
pyridine, vanillin and then in calculating the scaling factor k(C) and exponent n(C),
representing the C-dependent fractal dimension of the stimulus-response relationship.
Keywords: Sensorial analysis, Stimulus-response models, Fractality, Self-similar
processes, Gompertz model, Mapping procedure

1 Introduction
The fractal characteristic of the objects and phenomena is usually determined in
space-time with temporal or spatial fractal dimensions. Because time is a scalar
variable it is tempting to extend the class of the fractal phenomena to include
other scalar variables representing, for example, a magnitude of the physical
stimulus – e.g. concentration of the substances used in the stimulus-response test
analysis. In sensorial analysis the most important model relating the intensity of
perception to the stimulus was introduced by Stevens [1] in the form of the
power law
_________________
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y(C )  kC n  y0
in which C is the magnitude of the physical stimulus (e.g. concentration), y(C)
is the psychophysical function describing the subjective magnitude of the
sensation evoked by the stimulus, n is an exponent that depends on the type of
stimulation and k is a scaling factor that depends on the type of stimulation and
the units used; y0 is perceived intensity with pure medium as stimulus (e.g.
clean air or pure solvent). Attempts to apply the Stevens’ power law to fit the
experimental data for a wide range of the physical stimulation revealed that it
incorrectly reproduces them for strong stimulations. In this case, the intensity
tends asymptotically to a maximum value and not to infinity as the Stevens’
model predicts. To remove this anomaly, Easton [2] has suggested replacing the
power law by the sigmoidal (S-shaped) function for quantitative description of
the psychophysical laws for the magnitude estimation (saltiness). In particular
he proved that the experimental data are better reproduced by the C-dependent
(concentration dependent) sigmoidal Gompertz function [3]

G(C )  G0e



b
1e aC
a



then by the Stevens power one. The aim of this work is to modify the Stevens’
formula in such a manner that its power form will be preserved but it will
properly describe the experimental psychophysical data in an arbitrary range of
the stimulus intensity. To this purpose we apply the mapping procedure to
derive the analytical form of the C-dependent scaling factor k(C) and exponent
n(C) indispensable to formulate the fractal stimulus-response relationship

y(C )  k (C )C n (C )
This formula will be applied in modelling the odour intensity-concentration
relationship for different chemical compounds employed in sensorial analysis
and then in calculating the scaling factor k(C) and exponent n(C) characterizing
substances under consideration.

2 The C-dependent mapping procedure
To formulate the fractal stimulus-response relationship, we convert the
Gompertz function to the power form by making use of the mapping procedure,
which permits interpolating any differentiable function by a family of power law
curves

 y (C)  k (C )C
i

i

n ( Ci )

+y0

i  1,2,....N



determined at the points {Ci, yi(Ci)}. Defining the sets of parameters k={k(Ci),
i=1,2…}, n={n(Ci), i=1,2…}, one may derive the formula searched for by
assuming that the Gompertz function is isovalued and isosloped with the power
law function for the each value of the stimulus C. In such circumstances the
equality of those functions as well as their first derivatives generate the set of
nonlinear equations [4]
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y0  kC n  G(C )

nkC n1  be aC G(C ) y0  G0

whose solutions provide the scaling factor k(C) and exponent n(C) in analytical
forms

n(C )  bCe aC

G(C )
G(C )  G0

k (C )  C  n (C ) G(C )  G0 

representing the functional version of the continuous sets n(C)={n(Ci), i=1,2…}
and k(C)={k(Ci), i=1,2…}.

3 The C-dependent fractality
Because the phenomena described by the Gompertz model belong to the selfsimilar and allometric processes of the fractal nature [5], one may assume that
the mapping procedure transfers those peculiar properties from the Gompertz
function onto the fractal one. Hence, the phenomena described by it should be
endowed with the typical fractal properties, whereas n(C) could be interpreted
as the C-dependent fractal dimension of the stimulus-response process. To prove
this thesis we employ the proof [5] that the Gompertz function is endowed with
a self-similar characteristics by taking advantage the following relationships

G(C  s)   ( s)G(C ) ( s )  (s)  exp(as)

 ( s)  G1 ( s )

in which s denotes a change in the stimulus. Taking into account the equations
specified above, one may prove, that proposed stimulus-response relationship is
endowed with typical fractal self-similar characteristics

y(C )  k (C )C n(C )  y(C  s)   ( s)  y(C )

 (s)

hence, the exponent n(C) can be interpreted as the C-dependent fractal
dimension of the psychophysical process under consideration.

4 Applications
The formula obtained will be applied in modelling the odour intensityconcentration relationship for acetone, ethyl acrylate, pyridine, vanillin and then
in calculating the scaling factor k(C) and exponent n(C). The experimental data
have been taken from [6] (acetone, ethyl acrylate, pyridine) and [7] (vanillin).
Tab.1. The values of parameters fitted to the experimental data [6,7] by making
use of the fractal formula y(C)=k(C)Cn(C). R is the statistical indicator of the
goodness of the fit.
Parameter
Acetone
Ethyl
Pyridine
Vanillin
a
0.0022(7)
4.53(1.97) 1.23(23)
0.0009(2)
b
0.0044(15)
6.01(2.96) 2.75(55)
0.0013(4)
G0
7.68(1.97) 19.3(4.2)
7.38(1.16)
2.45(38)
R
0.9875
0.9507
0.9948
0.9810
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The parameters evaluated are used for generating the analytical forms of n(C)
and then their plots representing the C-dependent fractal dimension.

A

B

C
D
Fig. 1. Plots of the fractal dimension n(C) of the odour intensity-concentration
relationship y(C)=k(C)Cn(C) for acetone (A), ethyl acrylate (B), pyridine (C) and
vanillin (D).
Their analysis reveals that the exponent n(C) increases from 1 for C=0 to the
maximal value of 1.11 for C=218.8 [ppm] (acetone), 1.02 for C=0.0456 [ppm]
(ethyl acrylate), 1.16 for C=0.4428 [ppm] (pyridine) and 1.03 for C=296,1
[ppm] for vanillin, and then decreases to zero. These results confirm King’s [8]
observation that the calculated exponent of the psychophysical power law
depends on the stimulus-range and decreases as the range of the stimulus
increases. The calculations performed reveal that the scaling parameter k(C)
attains the maximum for C=1 [ppm], whereas minimum for identical
concentration magnitudes as specified above( i.e. giving the maximal values of
n(C)), and then it tends to the plateau as concentration increases to infinity. The
results obtained indicate that the odour perception is governed by the same
psychophysical power law formula y(C)=k(C)Cn(C), characterized by the Cdependent fractal dimension n(C), whose mathematical characteristics is
independent of the type of odourous compound and the range of its
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concentration. For example, in the case of acetone the experimental data range
for C=<95.8,1040.4> [ppm], whereas for pyridine C=<0.025,1.997> [ppm] [6].

Conclusions
It has been demonstrated that the odour perception and the concentration of the
stimulating compound are interrelated by the fractal relationship endowed with
the self-similar and power law behavior. Deviation of exponent n(C) from unity
indicates that derived relationship for the psychophysical phenomena, describes
the self-similar and allometric processes of the fractal nature. Hence, the class of
the objects and phenomena associated with temporal or spatial fractal
characteristics can be extended to include the stimulus-response processes
depending on the stimulus intensity e.g. concentration. Sensory intensity
characteristic of odourous compounds are of great importance both in odour and
flavor scientific research as well as in perfumery and flavoring industries.
Because it should take into account both threshold of a perceived stimulus and
plateau at higher stimulus intensity, the fractal power law can be applied in
sensorial analysis independently of the range and the type of stimuli. It is wellknown that the power law is a genuine property of the fractal phenomena and is
symptomatic of self-similar patterns, for instance those appearing in physiology
domain. The fractal power law successfully employed in olfactory analysis
suggests that the fractality is an immanent property of the stimulus-response
processes and their fractal characteristics is independent of the stimulus type
and its intensity. Hence, the derived formula can be applied not only in
olfactometry but also in sensorial analysis including, for example, saltiness,
brightness and other area of perception [9].
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Abstract. In this paper we extend the P1 P2 ZN model, introduced by Cropp and
Norbury [5], to investigate the effects of specialist (or discriminate) and generalist
(or indiscriminate) grazing (as parameterised by ρ) on a prey-prey-predator model
for plankton, in the presence of a limiting nutrient. We also examine the influence of
facultative and obligate omnivory on the survival of Z as a generalist predator, as we
vary the linear mortality parameter σZ . This leads to bifurcation transition diagrams,
which also include steady state stability branches for certain critical points. For specialist grazing (ρ = 0) the bifurcation transition diagram shows steady states, periodic
and chaotic dynamics, with very small windows of periodic behaviour, as σZ varies,
while for generalist grazing (ρ = 1), we only find periodic or steady state behaviours.
The dynamics is interpretable in terms of facultative/obligate omnivory of Z. Results
suggest that green ocean plankton code in global climate change modelling might run
more stably with generalist grazing terms and careful control of grazer mortality.
Keywords: Plankton, Predator-Prey Modelling, Chaos.

1

Introduction

Plankton are organisms that cannot swim faster than ocean currents. They
comprise single-cell microscopic plants called phytoplankton (diatoms and dinoflagellates) and smaller and larger grazers called zooplankton (e.g. from
ciliates and copepods to krill and jelly fish), found in the upper 50m sunlit
layers of marine ecosystems.
Using sunlight and dissolved nutrients (e.g. nitrates, phosphates, etc, carried by rivers into oceans) phytoplankton convert CO2 from the atmosphere
during photosynthesis in the upper mixed ocean surface layer, eventually drawing it down into the deep ocean. Decomposers (viruses, bacteria and fungi)
capture and recycle waste products, remineralising organic nutrients into inorganic dissolved nutrients, and thus completing the nutrient recycling loop.
8th CHAOS Conference Proceedings, 26-29 May 2015, Henri Poincaré Institute,
Paris France
c 2015 ISAST
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Phytoplankton account for about half of global synthesis of organic compounds
and CO2 [7], as well as producing half of the world’s oxygen in the atmosphere
via photosynthesis [3]. They are the primary food source for zooplankton. Together, these plankton form the base of the ocean’s food chain, without which
sharks, tuna, mackerel and other small fish would not survive. In turn, fish
provide nearly 20% of total protein for humans.
Plankton may be key indicators of climate change as production depends
upon water temperature and acidity, and nutrient availability. Coccolithophore
phytoplankton produce dimethylsulphide and other volatile compounds, affecting cloud formation over the oceans [4]. Long term climate change could alter
the plankton community structure, affecting seasonal plankton blooms, and so
affect the marine food chain. Collapse or extinction of a plankton population
may push the climate system across a tipping point. Indeed Falkowski [7] writes
regarding the crucial role played by phytoplankton in offsetting the effects of
burning fossil fuels:
‘... if the phytoplankton in the upper ocean stopped pumping carbon down
to the deep sea tomorrow, atmospheric levels of carbon dioxide would eventually
rise by another 200p.p.m. and global warming would accelerate further.’
PlankTOM5 [13], PlankTOM10 [12], and MAREMIP (MARine Ecosystem
Model Inter-comparison Project [16]. See also [1]) are examples of global marine models, representing ecosystems with many different plankton functional
types, developed to quantify the interactions between climate and ocean biogeochemistry, especially through CO2 . The merit of incorporating such complex
ecological models into operational global climate models is questionable in the
absence of a thorough understanding of the behaviours supported by such models in their own right. Our approach is to gain understanding from a study of
simpler models that focus on the essential plankton interactions.
In this paper we consider a simple model of two different prey populations of
phytoplankton P1 , P2 , being eaten by a population of predator zooplankton Z,
where the interacting plankton populations are connected by a single limiting
nutrient N . We focus on behaviour that is possible in this P1 P2 ZN model for
plankton population dynamics as we vary the zooplankton mortality parameter,
and as we change the zooplankton grazing function from discriminate (ρ = 1)
to indiscriminate (ρ = 0) prey hunting behaviour.

2

The Plankton Model

We study the P1 P2 ZN model for plankton dynamics:
φ1 Z
µ1 N
−
− σ1 ],
P˙1 = P1 [
N + κ1
1 + 1 P1 + ρ2 P2

(1)

φ2 Z
µ2 N
−
− σ2 ],
P˙2 = P2 [
N + κ2
1 + ρ1 P1 + 2 P2

(2)

Ż = Z[

φ1 (1 − ψ1 )P1
φ2 (1 − ψ2 )P2
+
− σZ ],
1 + 1 P1 + ρ2 P2
1 + ρ1 P1 + 2 P2

538

(3)

together with the nutrient N mass conservation condition:
Ṅ = −P˙1 − P˙2 − Ż,

(4)

for two phytoplankton prey populations P1 and P2 and one zooplankton predator Z, where P1 + P2 + Z + N = 1. See [5,6] for further details.
The various parameters appearing in equations (1)-(3) (except for ρ) are
explained in Table 1.
Par.Process
µ1 Maximum rate of N uptake by P1
µ2 Maximum rate of N uptake by P2
κ1 Half-saturation constant for N uptake by P1
κ2 Half-saturation constant for N uptake by P2
φ1 Z grazing rate on P1
φ2 Z grazing rate on P2
1 Half-saturation constant for Z uptake of P1
2 Half-saturation constant for Z uptake of P2
σ1 P1 specific mortality rate
σ2 P2 specific mortality rate
σZ Z specific mortality rate
ψ1 Proportion of P1 uptake excreted by Z
ψ2 Proportion of P2 uptake excreted by Z

Value
1.00
1.15
0.25
0.07
6.18
1.85
5.50
5.50
0.00
0.26
0.19
0.40
0.40

Reference
Gabric et al. [9]
Muller-Niklas and Herndl [15]
Slagstad and Stole-Hansen [17]
Billen and Becquevort [2]
Hansen et al. [11]
Gabric et al. [9]
Fenchel [8]
Fenchel [8]
Gabric et al. [10]
Moloney et al. [14]
Moloney et al. [14]
Moloney et al. [14]
Moloney et al. [14]

Table 1. Measured parameter values for eqns (1)-(3) and their physical interpretations.

2.1

The Four Cases of Interest

There are four combinations of cases that are of interest:
• specialist (or discriminate) vs generalist (or indiscriminate) grazing;
• facultative vs obligate omnivory by Z.
The specialist predator (ρ = 0) feeds on multiple prey resources, but on
each independently of the other, and in a discriminating manner. The feeding
of the generalist predator (ρ = 1) on each prey resource is indiscriminate.
See Cropp et al. [6] for a more detailed explanation of these grazing functions, which are used in the green ocean components of several climate change
programs (for example by [16]).
We define Z to be a facultative omnivore if it can survive on either P1
or P2 independently:
0 < σZ < min(

φ1 (1 − ψ1 ) φ2 (1 − ψ2 )
,
) = σZmin ,
1 + 1
1 + 2
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(5)

while Z is an obligate omnivore if it must have P1 present (this choice comes
from the parameter values given in Table 1) in order to survive; we order P1
and P2 to get:
σZmin < σZ < max(

φ1 (1 − ψ1 ) φ2 (1 − ψ2 )
,
) = σZmax .
1 + 1
1 + 2

(6)

Using the parameter values in Table 1,
(

φ1 (1 − ψ1 ) φ2 (1 − ψ2 )
,
) = (0.5705, 0.1708),
1 + 1
1 + 2

(7)

so that Z is a facultative omnivore if
0 < σZ < σZmin = 0.1708,

(8)

and an obligate omnivore, (requiring the presence of P1 to survive) if:
0.1708 < σZ < σZmax = 0.5705.

(9)

If σZ > 0.5705, Z is no longer a viable population and dies out.
We shall therefore describe the dynamics in terms of bifurcation transition
diagrams as σZ varies, for both ρ = 0 and ρ = 1.
2.2

Critical Points

Our analysis of the critical (or equilibrium) points of (1)-(4) and their linear
stabilities uses the same notation and labelling as [5]. Indeed the analyses for
the origin and prey-only critical points are identical to that in [5]. Also, there
is no predator-only critical point nor a pure prey-prey critical point for σZ > 0.
Critical Point
Origin
Prey A
Prey C
Predator-Prey D
Predator-Prey F
Predator-Prey-Prey E

Label (P1 , P2 , Z, N )
(0, 0, 0, 1)
(P1A , 0, 0, NA )
(0, P2C , 0, NC )
(P1D , 0, ZD , ND )
(0, P2F , ZF , NF )
(P1E , P2E , ZE , NE )

Table 2. Critical Points of eqns (1)-(3), and their labels as in [5].

3

Generalist Predation ρ = 1, Indiscriminate Grazing

When ρ = 1, we have generalist predation. By evaluating the Jacobian of
the rhs of equations (1)-(3) at each of the critical points listed in Table 2, we
determined the eigenvalues and so the linear stability of each critical point
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in terms of the predator mortality σZ . We then combined these results with
numerical integrations of equations (1)-(3) to produce a bifurcation transition
diagram in terms of the maximum and minimum values of prey P2 as σZ varies.
To produce the transition diagram, we fixed σZ and integrated the system
numerically for 20, 000 time units, ignoring transients. We plotted the maximum and minimum values of prey P2 over each oscillation; for steady states,
these reduce to the steady state value of P2 for the relevant critical point. We
then took the final variable values as the initial conditions for the next value
of σZ and repeated the procedure. The results are summarised in Fig. 1.

1
0.9
0.8
HBE1

0.7

P2

0.6
0.5
0.4
0.3
0.2

HBF
HBE2

0.1
0
0

0.1

0.2

0.3

0.4

0.5

0.6

σZ

Fig. 1. Bifurcation transition diagram for generalist grazing (ρ = 1) for 0 ≤ σZ ≤
0.6.‘Blue o’ indicate maximum and ‘red *’ minimum values of the amplitude of P2
over each cycle. The ‘x’ denotes the stable critical point F steady state, the yellow
denotes the stable critical point D steady state, and the green the stable critical point
A state. HBn denotes Hopf bifurcation for critical point n. There are two branches of
stable critical point E steady states, one joining the end of the steady critical point F
steady state to HBE1 , the other joining HBE2 to the stable critical point D steady
state.

For 0 < σZ < 0.11, we obtain stable (P2 , Z, N ) limit cycle oscillations.
This predator-prey state then undergoes a supercritical Hopf Bifurcation at
σZ = 0.11 (labelled as HBF in Fig. 1), following which we have stable critical
point (0, P2F , ZF , NF ) steady states for 0.11 < σZ < 0.17. (0, P2F , ZF , NF )
then loses stability to stable critical point (P1E , P2E , ZE , NE ) steady states,
which exist in the region 0.17 < σZ < 0.225. Stable (P1 , P2 , Z, N ) oscillations
then appear via a supercritical Hopf bifurcation (labelled as HBE1 in Fig. 1).
These oscillations persist until a second supercritical Hopf bifurcation (HBE2 )
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at σZ = 0.49 gives rise once more to stable (P1E , P2E , ZE , NE ) steady states
for 0.49 < σZ < 0.56, before P2 → 0 and this prey-prey-predator state loses
stability to a stable (P1D , 0, ZD , ND ) steady state at σZ = 0.56. This critical
point D steady state has a very small window of stability: 0.56 < σZ < 0.57.
For σZ > 0.57, Z is no longer viable as Z → 0 and we are left with only a
stable A prey steady state thereafter.
We found no evidence of chaotic states for ρ = 1.
Fig. 2 shows the time series and phase portrait for the facultative omnivore
(P2 , Z, N ) when σZ = 0.05. The time scale is such that 3650 time units ≈ 1
year. Fig. 3 shows time series and a three-dimensional phase portrait for the

Prey P 2

1

Predator Z

1

0.5

0.5

0

0
0

200

400

0

t
Prey P 2 (blue), Predator Z (red)

200

400

t
1

0.5

0.5

Z

1

0

0
0

200

400

0

0.5

1

P2
Fig. 2. P2 and Z time series, and the (P2 , Z) phase portrait for the facultative omnivore predator-prey F for ρ = 1 and σZ = 0.05.

obligate omnivore (P1 , P2 , Z, N ) for σZ = 0.45.

4

Specialist Predation (ρ = 0, Discriminate Grazing)

When ρ = 0, we have specialist predation. Following the procedure outlined
in the previous section, we produced a bifurcation transition diagram in terms
of the maximum and minimum values of prey P2 as σZ varies. The results are
summarised in Fig. 4.
For 0 ≤ σZ < 0.11, we again obtain stable (P2 , Z, N ) limit cycle oscillations.
This F predator-prey state then undergoes a supercritical Hopf Bifurcation
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Fig. 3. P1 , P2 and Z time series, and a 3-D phase portrait for the obligate omnivore
ρ = 1 and σZ = 0.45.

(labelled as HBF in Fig. 4) at σZ = 0.11, following which we have a stable
F steady state for 0.11 < σZ < 0.17. (0, P2F , ZF , NF ) then loses stability to
(P1E , P2E , ZE , NE ) oscillations at σZ ≈ 0.168. In view of (8), Z is a facultative
omnivore in this region.
For 0.168 < σZ < 0.533, P1 is no longer zero and we find predominantly
chaotic (P1 , P2 , Z, N ) oscillations, before P2 → 0, resulting in this prey-preypredator state losing stability to a stable (P1D , ZD , ND ) steady state at σZ =
0.533. This critical point D steady state is stable in a larger window of 0.533 <
σZ < 0.57 than for the generalist case. From (9), Z is now an obligate omnivore,
requiring the presence of P1 to exist.
The prey-only critical point A is unstable for σZ < 0.57. For σZ > 0.57, Z
is no longer viable as Z → 0 and we are left with only a stable critical point
prey A steady state thereafter.
We now show plots of time series and phase portraits for selected values of
σZ in the range 0.17 < σZ < 0.53, chosen from Fig. 4.
For σZ = 0.2, we are just inside the chaotic regime for the obligate omnivore
(P1 , P2 , Z, N ). Since Z requires the presence of P1 to exist, Fig. 5 shows that
P1 and Z are synchronised, with Z leading P1 , but both are out of phase
with P2 . The (P1 , P2 , Z) phase portrait shows that the system never visits the
interior of the (P1 , P2 ) plane, in contrast to the example shown in Fig. 6.
When σZ = 0.3, we are in the middle of the chaotic regime for E. Fig.
6 shows P1 and Z are still synchronised, with min(Z) ≈ 8.10−15 , but out of
phase with P2 . Now the trajectory visits the interior of the (P1 , P2 ) plane.

543

Fig. 4. Bifurcation transition diagram for specialist grazing (ρ = 0) for 0 ≤ σZ ≤ 0.6,
showing the maximum (blue ‘o’) and minimum (red ’*’) values of the amplitude of
P2 over each cycle as σZ varies. Also shown are regions of stability of critical point F
steady states (blue ’x’), critical point D steady states (yellow 0 o0 ) and critical point A
steady states (green 0 o0 ). HBF denotes the supercritical Hopf Bifurcation for critical
point F .

Intermingled with the chaotic behaviour, there are small windows of periodicity. Fig. 7 shows the behaviour in one such window (which extends from
0.329 < σZ < 0.331) for σZ = 0.33. Fig. 8 shows chaotic ‘pinball’ dynamics:
P1 and P2 alternate in dominance; Z is still linked with P1 . Rapid oscillations in P1 and Z are interleaved with long slow oscillations, each irregular. In
comparison with Figs. 5 and 6, counter-intuitively, an increase in Z mortality
σZ , has rendered Z more robust. Again note the trajectories do not visit the
interior of the (P1 , P2 ) plane.
Just prior to loss of stability of the E state, Fig. 9 shows a periodic
(P1 , P2 , Z, N ) cycle. Here min(P2 ) ≈ 6.10−42 . Since 20, 000 time units ≈ 6
years, the very low values for P2 between sudden growth spurts, could be misconstrued as possible extinction of P2 . This is an example of a ‘breather’: in
dynamical systems language, this is where a solution arises out of exponentially
small terms.
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Fig. 5. Time series for P1 , P2 and Z, and a 3-D (P1 , P2 , Z) phase portrait for ρ = 0
and σZ = 0.2.

5

Discussion

In this paper we reported on our investigations of a system of four coupled
nonlinear ordinary differential equations for plankton predator-prey-prey interactions, comprising two phytoplankton P1 , P2 populations, one zooplankton Z population, and one limiting nutrient N . Because of the constraint
P1 + P2 + Z + N = 1, this system reduces to three coupled nonlinear differential equations for P1 , P2 , Z.
We considered four different types of grazing using measured parameter
values:
• specialist (or discriminate) and facultative: ρ = 0, 0 < σZ < 0.1708;
• specialist and obligate (Z requires the presence of P1 to exist): ρ = 0,
0.1708 < σZ < 0.5705;
• generalist (or indiscriminate) and facultative: ρ = 1, 0 < σZ < 0.1708;
• generalist and obligate: ρ = 1, 0.1708 < σZ < 0.5705.
These different grazing strategies create very different system behaviours. For
specialist grazing, the system exhibits periodic (P2 , Z, N ) limit cycle behaviour
as well as stable critical point F steady states for σZ < 0.1708, before losing
stability to chaotic (P1 , P2 , Z, N ) behaviour, interspersed with thin periodic
windows. Numerical integrations show long periods when P2 takes very small
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Fig. 6. As in Fig. 5 but for σZ = 0.3.

Fig. 7. Periodic E solutions for ρ = 0 and σZ = 0.33.
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Fig. 8. Chaotic ’pinball’ dynamics: rapid oscillations, with long slow oscillations,
interspersed for ρ = 0 and σZ = 0.45.
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Fig. 9. Long periodic oscillations of E for ρ = 0 and σZ = 0.53.
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values, but then recovers. Such behaviour could have significant implications
in both climate change studies and fisheries management.
For generalist grazing, the model exhibits only simple oscillations or stable
steady states, regardless of Z being a facultative or an obligate omnivore.
Less complex than operational models such as PlankTOM5 [13] or PlankTOM10 [12], our model has interesting and complicated limit cycle behaviour
for measured parameter values that correspond to plankton blooms in the
Earth’s oceans. For operational models, obligate generalist grazers appear
to provide the most desirable outcomes of stability and predictability, thereby
giving more reproducible results under changes in environmental forcings.
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