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Abstract. This paper is concerned with robust mean square stability of uncertain
stochastic switched discrete time-delay systems. The system to be considered is sub-
ject to interval time-varying delays, which allows the delay to be a fast time-varying
function and the lower bound is not restricted to zero. Based on the discrete Lya-
punov functional, a switching rule for the robust mean square stability for the uncer-
tain stochastic discrete time-delay system is designed via linear matrix inequalities.
Finally, some examples are exploited to illustrate the effectiveness of the proposed
schemes.
Keywords: Robust Stability, Discrete-Time Hybrid systems, Time-Varying Delays.

1 Introduction

Stochastic modelling has come to play an important role in many branches
of science and industry. An area of particular interest has been the automatic
control of stochastic systems, with consequent emphasis being placed on the
analysis of stability in stochastic models. One of the most useful stochastic
models which appear frequently in applications is the stochastic differential
delay equations. In practice, we need estimate the parameters of systems. If
the parameters are estimated using point estimations, the systems are described
precisely and hence the study of the systems become relatively easier. On the
other hand, if the parameters are estimated using confidence intervals, the
systems become stochastic interval equations and the study of such systems
are much more complicated.

Switched systems constitute an important class of hybrid systems. Such sys-
tems can be described by a family of continuous-time subsystems (or discrete-
time subsystems) and a rule that orchestrates the switching between them. It
is well known that a wide class of physical systems in power systems, chemical
process control systems, navigation systems, auto-mobile speed change system,
and so forth may be appropriately described by the switched model [1?-8]. In
the study of switched systems, most works have been centralized on the prob-
lem of stability. In the last two decades, there has been increasing interest in
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the stability analysis for such switched systems; see, for example, [9–16] and
the references cited therein. Two important methods are used to construct the
switching law for the stability analysis of the switched systems. One is the
state-driven switching strategy [17–22]; the other is the time-driven switching
strategy [23–25]. A switched system is a hybrid dynamical system consisting
of a finite number of subsystems and a logical rule that manages switching
between these subsystems (see, e.g., [22–26] and the references therein).

The main approach for stability analysis relies on the use of Lyapunov-
Krasovskii functional and linear matrix inequality (LMI) approach for con-
structing a common Lyapunov function [21–30]. Although many important
results have been obtained for switched linear continuous-time systems, there
are few results concerning the stability of switched linear discrete systems with
time-varying delays. In [20–29], a class of switching signals has been identified
for the considered switched discrete-time delay systems to be stable under the
average dwell time scheme.

This paper studies robust mean square stability problem for uncertain
stochastic switched linear discrete-time delay with interval time-varying de-
lays. Specifically, our goal is to develop a constructive way to design switching
rule to robustly mean square stable the uncertain stochastic linear discrete-time
delay systems. By using improved Lyapunov-Krasovskii functional combined
with LMIs technique, we propose new criteria for the robust mean square sta-
bility of the uncertain stochastic linear discrete-time delay system. Compared
to the existing results, our result has its own advantages. First, the time delay
is assumed to be a time-varying function belonging to a given interval, which
means that the lower and upper bounds for the time-varying delay are available,
the delay function is bounded but not restricted to zero. Second, the approach
allows us to design the switching rule for robust mean square stability in terms
of LMIs. Finally, some examples are exploited to illustrate the effectiveness of
the proposed schemes.

The paper is organized as follows: Section 2 presents definitions and some
well-known technical propositions needed for the proof of the main results.
Switching rule for the robust mean square stability is presented in Section 3.
Numerical examples are provided to illustrate the theoretical results in Section
4, and the conclusions are drawn in Section 5.

2 Preliminaries

The following notations will be used throughout this paper. R+ denotes the
set of all real non-negative numbers; Rn denotes the n-dimensional space with
the scalar product of two vectors 〈x, y〉 or xT y; Rn×r denotes the space of all
matrices of (n×r)− dimension. N+ denotes the set of all non-negative integers;
AT denotes the transpose of A; a matrix A is symmetric if A = AT .

Matrix A is semi-positive definite (A ≥ 0) if 〈Ax, x〉 ≥ 0, for all x ∈ Rn;A is
positive definite (A > 0) if 〈Ax, x〉 > 0 for all x 6= 0; A ≥ B means A−B ≥ 0.
λ(A) denotes the set of all eigenvalues of A; λmin(A) = min{Reλ : λ ∈ λ(A)}.
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Consider a uncertain stochastic discrete systems with interval time-varying
delay of the form

x(k + 1) = (Aγ +∆Aγ(k))x(k) + (Bγ +∆Bγ(k))x(k − d(k))

+ σγ(x(k), x(k − d(k)), k)ω(k),

k ∈ N+, x(k) = vk, k = −d2,−d2 + 1, ..., 0,

(1)

where x(k) ∈ Rn is the state, γ(.) : Rn → N := {1, 2, . . . , N} is the switch-
ing rule, which is a function depending on the state at each time and will
be designed. A switching function is a rule which determines a switching
sequence for a given switching system. Moreover, γ(x(k)) = i implies that
the system realization is chosen as the ith system, i = 1, 2, ..., N. It is seen
that the system (1) can be viewed as an autonomous switched system in
which the effective subsystem changes when the state x(k) hits predefined
boundaries. Ai, Bi, i = 1, 2, ..., N are given constant matrices and the time-
varying uncertain matrices ∆Ai(k) and ∆Bi(k) are defined by: ∆Ai(k) =
EiaFia(k)Hia, ∆Bi(k) = EibFib(k)Hib, where Eia, Eib, Hia, Hib are known con-
stant real matrices with appropriate dimensions. Fia(k), Fib(k) are unknown
uncertain matrices satisfying

FTia(k)Fia(k) ≤ I, FTib (k)Fib(k) ≤ I, k = 0, 1, 2, ..., (2)

where I is the identity matrix of appropriate dimension, ω(k) is a scalar Wiener
process (Brownian Motion) on (Ω,F ,P) with

E[ω(k)] = 0, E[ω2(k)] = 1, E[ω(i)ω(j)] = 0(i 6= j), (3)

and σi: R
n × Rn × R → Rn, i = 1, 2, ..., N is the continuous function, and is

assumed to satisfy that

σTi (x(k), x(k − d(k)), k)σi(x(k), x(k − d(k)), k) ≤
ρi1x

T (k)x(k) + ρi2x
T (k − d(k))x(k − d(k),

x(k), x(k − d(k) ∈ Rn,
(4)

where ρi1 > 0 and ρi2 > 0, i = 1, 2, ..., N are known constant scalars. The
time-varying function d(k) : N+ → N+ satisfies the following condition:

0 < d1 ≤ d(k) ≤ d2, ∀k ∈ N+

Remark 2.1. It is worth noting that the time delay is a time-varying function
belonging to a given interval, in which the lower bound of delay is not restricted
to zero.

Definition 2.1. The uncertain stochastic switched system (1) is robustly
stable if there exists a switching function γ(.) such that the zero solution of the
uncertain stochastic switched system is robustly stable.

665



Definition 2.2. The system of matrices {Ji}, i = 1, 2, . . . , N, is said to be
strictly complete if for every x ∈ Rn\{0} there is i ∈ {1, 2, . . . , N} such that
xTJix < 0.

It is easy to see that the system {Ji} is strictly complete if and only if

N⋃
i=1

αi = Rn\{0},

where

αi = {x ∈ Rn : xTJix < 0}, i = 1, 2, ..., N.

Definition 2.3. The discrete-time system (1) is robustly stable in the mean
square if there exists a positive definite scalar function V (k, x(k) : Rn×Rn → R
such that

E[∆V (k, x(k))] = E[V (k + 1, x(k + 1))− V (k, x(k))] < 0,

along any trajectory of solution of the system (1).

Proposition 2.1. [31] The system {Ji}, i = 1, 2, . . . , N, is strictly complete

if there exist δi ≥ 0, i = 1, 2, . . . , N,
∑N
i=1 δi > 0 such that

N∑
i=1

δiJi < 0.

If N = 2 then the above condition is also necessary for the strict completeness.

Proposition 2.2. (Cauchy inequality) For any symmetric positive definite
marix N ∈Mn×n and a, b ∈ Rn we have

+aT b ≤ aTNa+ bTN−1b.

Proposition 2.3. [31] Let E,H and F be any constant matrices of appropriate
dimensions and FTF ≤ I. For any ε > 0, we have

EFH +HTFTET ≤ εEET + ε−1HTH.

3 Main Results

Let us set

Wi =

Wi11 Wi12 Wi13

∗ Wi22 Wi23

∗ ∗ Wi33

 ,
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where

Wi11 = Q− P,
Wi12 = S1 − S1Ai,

Wi13 = −S1Bi,

Wi22 = P + S1 + ST1 +HT
iaHia + S1EibE

T
ibS

T
1 ,

Wi23 = −S1Bi,

Wi33 = −Q+ 2HT
ibHib + 2ρi2I,

Ji = (d2 − d1)Q− S1Ai −ATi ST1 + 2S1EiaE
T
iaS

T
1 + S1EibE

T
ibS

T
1 +HT

iaHia

+ 2ρi1I,

αi = {x ∈ Rn : xTJix < 0}, i = 1, 2, ..., N,

ᾱ1 = α1, ᾱi = αi \
i−1⋃
j=1

ᾱj , i = 2, 3, . . . , N.

(5)

The main result of this paper is summarized in the following theorem.

Theorem 3.1. The uncertain stochastic switched system (1) is robustly sta-
ble in the mean square if there exist symmetric positive definite matrices P >
0, Q > 0 and matrix S1 satisfying the following conditions

(i) ∃δi ≥ 0, i = 1, 2, . . . , N,
∑N
i=1 δi > 0 :

∑N
i=1 δiJi < 0.

(ii) Wi < 0, i = 1, 2, ..., N.

The switching rule is chosen as γ(x(k)) = i, whenever x(k) ∈ ᾱi.

Proof. Consider the following Lyapunov-Krasovskii functional for any ith sys-
tem (1)

V (k) = V1(k) + V2(k) + V3(k),

where

V1(k) = xT (k)Px(k), V2(k) =

k−1∑
i=k−d(k)

xT (i)Qx(i),

V3(k) =

−d1+1∑
j=−d2+2

k−1∑
l=k+j+1

xT (l)Qx(l),

We can verify that
λ1‖x(k)‖2 ≤ V (k). (6)

Let us set ξ(k) = [x(k)x(k + 1)x(k − d(k))ω(k)]T , and

H =


0 0 0 0
0 P 0 0
0 0 0 0
0 0 0 0

 , G =


P 0 0 0
I I 0 0
0 0 I 0
0 0 0 I

 .
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Then, the difference of V1(k) along the solution of the system (1) and taking
the mathematical expectation, we obtained

E[∆V1(k)] = E[xT (k + 1)Px(k + 1)− xT (k)Px(k)]

= E[ξT (k)Hξ(k)− 2ξT (k)GT


0.5x(k)

0
0
0

].
(7)

because of
ξT (k)Hξ(k) = x(k + 1)Px(k + 1),

2ξT (k)GT


0.5x(k)

0
0
0

 = xT (k)Px(k).

Using the expression of system (1)

0 = −S1x(k+1)+S1(Ai+EiaFia(k)Hia)x(k)+S1(Bi+EibFib(k)Hib)x(k−d(k))

+S1σiω(k),

0 = −σTi x(k+1)+σTi (Ai+EiaFia(k)Hia)x(k)+σTi (Bi+EibFib(k)Hib)x(k−d(k))

+σTi σiω(k),
we have

E[−2ξT (k)GT


0.5x(k)

[−S1x(k + 1) + S1(Ai + EiaFia(k)Hia)x(k)
+S1(Bi + EibFib(k)Hib)x(k − d(k)) + S1σiω(k)]

0
[−σTi x(k + 1) + σTi (Ai + EiaFia(k)Hia)x(k)

+σTi (Bi + EibFib(k)Hib)x(k − d(k)) + σTi σiω(k)]

].

Therefore, from (7) it follows that

E[∆V1(k)] = E[xT (k)[−P − S1Ai − S1EiaFia(k)Hia −ATi ST1 −HT
iaF

T
ia(k)EiaS

T
1 ]x(k)

+ 2xT (k)[S1 − S1Ai − S1EiaFia(k)Hia]x(k + 1) + 2xT (k)[−S1Bi

− S1EibFib(k)Hib]x(k − d(k)) + 2xT (k)[−S1σi − σTi Ai − σTi EiaFia(k)Hia]ω(k)

+ x(k + 1)[S1 + ST1 ]x(k + 1) + 2x(k + 1)[−S1Bi − S1(EibFib(k)Hib)]x(k − d(k))

+ 2x(k + 1)[σTi − S1σi]ω(k) + xT (k − d(k))[−σTi Bi − σTi EibFib(k)Hib]ω(k)

+ ωT (k)[−2σTi σi]ω(k)],

By asumption (3), we have

E[∆V1(k)] = E[xT (k)[−P − S1Ai − S1EiaFia(k)Hia −ATi ST1 −HT
iaF

T
ia(k)EiaS

T
1 ]x(k)

+ 2xT (k)[S1 − S1Ai − S1EiaFia(k)Hia]x(k + 1) + 2xT (k)[−S1Bi

− S1EibFib(k)Hib]x(k − d(k)) + x(k + 1)[S1 + ST1 ]x(k + 1) + 2x(k + 1)[−S1Bi

− S1EibFib(k)Hib]x(k − d(k))− 2σTi σi],
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Applying Proposition 2.2, Proposition 2.3, condition (2) and assumption (4),
the following estimations hold

−S1EiaFia(k)Hia −HT
iaF

T
ia(k)ETiaS

T
1 ≤ S1EiaE

T
iaS

T
1 +HT

iaHia,

−2xT (k)S1EiaFia(k)Hiax(k+1) ≤ xT (k)S1EiaE
T
iaS

T
1 x(k)+x(k+1)THT

iaHiax(k+1),

−2xT (k)S1EibFib(k)Hibx(k−d(k)) ≤ xT (k)S1EibE
T
ibS

T
1 x(k)+x(k−d(k))THT

ibHibx(k−d(k)),

−2xT (k+1)S1EibFib(k)Hibx(k−d(k)) ≤ xT (k+1)S1EibE
T
ibS

T
1 x(k+1)+x(k−d(k))THT

ibHibx(k−d(k)),

−σTi (x(k), x(k−d(k)), k)σi(x(k), x(k−d(k)), k) ≤ ρi1xT (k)x(k)+ρi2x
T (k−d(k))x(k−d(k).

Therefore, we have

E[∆V1(k)] = E[xT (k)[−P − S1Ai −ATi ST1 + 2S1EiaE
T
iaS

T
1

+ S1EibE
T
ibS

T
1 + S2EiaE

T
iaS

T
2 +HT

iaHia + 2ρi1I]x(k)

+ 2xT (k)[S1 − S1Ai]x(k + 1) + 2xT (k)[−S1Bi − S2Ai]x(k − d(k))

+ x(k + 1)[S1 + ST1 +HT
iaHia + S1EibE

T
ibS

T
1 ]x(k + 1)

+ 2x(k + 1)[S2 − S1Bi]x(k − d(k)) + xT (k − d(k))[2HT
ibHib

+ 2ρi2I]x(k − d(k))],

(8)

The difference of V2(k) is given by

E[∆V2(k)] = E[

k∑
i=k+1−d(k+1)

xT (i)Qx(i)−
k−1∑

i=k−d(k)

xT (i)Qx(i)]

= E[

k−d1∑
i=k+1−d(k+1)

xT (i)Qx(i) + xT (k)Qx(k)− xT (k − d(k))Qx(k − d(k))

+

k−1∑
i=k+1−d1

xT (i)Qx(i)−
k−1∑

i=k+1−d(k)

xT (i)Qx(i)].

(9)

Since d(k) ≥ d1 we have

k−1∑
i=k+1−d1

xT (i)Qx(i)−
k−1∑

i=k+1−d(k)

xT (i)Qx(i) ≤ 0,

and hence from (9) we have

E[∆V2(k)] ≤ E[

k−d1∑
i=k+1−d(k+1)

xT (i)Qx(i) + xT (k)Qx(k)− xT (k − d(k))Qx(k − d(k))].

(10)
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The difference of V3(k) is given by

E[∆V3(k)] = E[

−d1+1∑
j=−d2+2

k∑
l=k+j

xT (l)Qx(l)−
−d1+1∑
j=−d2+2

k−1∑
l=k+j+1

xT (l)Qx(l)]

= E[

−d1+1∑
j=−d2+2

[

k−1∑
l=k+j

xT (l)Qx(l) + xT (k)Q(ξ)x(k)

−
k−1∑
l=k+j

xT (l)Qx(l)− xT (k + j − 1)Qx(k + j − 1)]]

= E[

−d1+1∑
j=−d2+2

[xT (k)Qx(k)− xT (k + j − 1)Qx(k + j − 1)]]

= E[(d2 − d1)xT (k)Qx(k)−
k−d1∑

j=k+1−d2

xT (j)Qx(j)].

(11)

Since d(k) ≤ d2, and

k−d1∑
i=k=1−d(k+1)

xT (i)Qx(i)−
k−d1∑

i=k+1−d2

xT (i)Qx(i) ≤ 0,

we obtain from (10) and (11) that

E[∆V2(k) +∆V3(k)] ≤ E[(d2 − d1 + 1)xT (k)Qx(k)− xT (k − d(k))Qx(k − d(k))].

(12)

Therefore, combining the inequalities (8), (12) gives

E[∆V (k)] ≤ E[xT (k)Jix(k) + ψT (k)Wiψ(k)], (13)

where

ψ(k) = [x(k)x(k + 1)x(k − d(k))]T ,

Wi =

Wi11 Wi12 Wi13

∗ Wi22 Wi23

∗ ∗ Wi33

 ,
Wi11 = Q− P,
Wi12 = S1 − S1Ai,

Wi13 = −S1Bi,

Wi22 = P + S1 + ST1 +HT
iaHia + S1EibE

T
ibS

T
1 ,

Wi23 = −S1Bi,

Wi33 = −Q+ 2HT
ibHib + 2ρi2I,

Ji = (d2 − d1)Q− S1Ai −ATi ST1 + 2S1EiaE
T
iaS

T
1 + S1EibE

T
ibS

T
1 +HT

iaHia + 2ρi1I.
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Therefore, we finally obtain from (13) and the condition (ii) that

E[∆V (k)] < E[xT (k)Jix(k)], ∀i = 1, 2, ...., N, k = 0, 1, 2, ....

We now apply the condition (i) and Proposition 2.1., the system Ji is strictly
complete, and the sets αi and ᾱi by (5) are well defined such that

N⋃
i=1

αi = Rn\{0},

N⋃
i=1

ᾱi = Rn\{0}, ᾱi ∩ ᾱj = ∅, i 6= j.

Therefore, for any x(k) ∈ Rn, k = 1, 2, ..., there exists i ∈ {1, 2, . . . , N} such
that x(k) ∈ ᾱi. By choosing switching rule as γ(x(k)) = i whenever x(k) ∈ ᾱi,
from the condition (13) we have

E[∆V (k)] ≤ E[xT (k)Jix(k)] < 0, k = 1, 2, ...,

which, combining the condition (6), Definition 2.3 and the Lyapunov stability
theorem [31], concludes the proof of the theorem in the mean square.

Remark 3.1. Note that the result proposed in [7–14, 18–23] for switching
systems to be asymptotically stable under an arbitrary switching rule. The
asymptotic stability for switching linear discrete time-delay systems studied in
[12–19] was limited to constant delays. In [23–29], a class of switching signals
has been identified for the considered switched discrete-time delay systems to
be stable under the averaged well time scheme.

4 Numerical examples

Example 4.1. (Stability) Consider the uncertain switched discrete-time sys-
tem (1), where the delay function d(k) is given by

d(k) = 1 + 4sin2
kπ

2
, k = 0, 1, 2, . . . .

and

(A1, B1) =

([
−0.1 0.01
0.02 −0.2

]
,

[
−0.7 0.01
0.02 0.3

])
, (A2, B2) =

([
−0.2 0.02
0.03 −0.3

]
,

[
−0.5 0.02
0.04 0.12

])
,

(H1a, H1b) =

([
0.1 0
0 0.2

]
,

[
0.2 0
0 0.3

])
, (H2a, H2b) =

([
0.4 0
0 0.5

]
,

[
0.1 0
0 0.2

])
,

(E1a, E1b) =

([
5.3 0
0 3.4

]
,

[
3.2 0
0 5.5

])
, (E2a, E2b) =

([
3.5 0
0 3.3

]
,

[
2.2 0
0 4.3

])
,

(F1a, F1b) =

([
0.1 0
0 0.2

]
,

[
0.2 0
0 0.3

])
, (F2a, F2b) =

([
0.2 0
0 0.5

]
,

[
0.1 0
0 0.2

])
.
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By LMI toolbox of Matlab, we find that the conditions (i), (ii) of Theorem 3.1
are satisfied with d1 = 1, d2 = 5, δ1 = 1, δ2 = 1 and

P =

[
1.1329 −0.0010
−0.0010 1.7289

]
, Q =

[
0.0506 −0.0011
−0.0011 0.4454

]
, S1 =

[
−0.0169 0.0002

0 −0.0798

]
.

In this case, we have

(J1(S1, Q), J2(S1, Q)) =

([
−0.2170 −0.0026
−0.0026 −1.8633

]
,

[
−0.3591 −0.0016
−0.0016 −2.0531

])
.

Moreover, the sum

δ1J1(R,Q) + δ2J2(R,Q) =

[
−0.5761 −0.0042
−0.0042 −3.9164

]
is negative definite; i.e. the first entry in the first row and the first column
−0.5761 < 0 is negative and the determinant of the matrix is positive. The
sets α1 and α2 are given as

α1 = {(x1, x2) : −0.2170x21 − 0.0052x1x2 − 1.8633x22 < 0},
α2 = {(x1, x2) : 0.3591x21 + 0.0032x1x2 + 2.0531x22 > 0}.

Obviously, the union of these sets is equal to R2 \ {0}. The switching regions
are defined as

α1 = {(x1, x2) : −0.2170x21 − 0.0052x1x2 − 1.8633x22 < 0},
α2 = α2 \ α1.

By Theorem 3.1 the uncertain system is robustly stable and the switching rule
is chosen as γ(x(k)) = i whenever x(k) ∈ ᾱi.

5 Conclusion

This paper has proposed a switching design for the robust stability of uncer-
tain stochastic switched discrete time-delay systems with interval time-varying
delays. Based on the discrete Lyapunov functional, a switching rule for the ro-
bust stability for the uncertain stochastic switched discrete time-delay system
is designed via linear matrix inequalities. Numerical examples are provided to
illustrate the theoretical results.
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Abstract. A new manner of estimating complexity, suitable for short time series, is
proposed. Final part of a time series we represent as linear combination of previous
subseries. Permutations inside subseries affect constants of the linear combination.
Complexity Cmp is defined thorough the changes of these constants. In other to jus-
tify such approach, Cmp is related to the number of different frequencies in regular
oscillations, Lyapunov exponent, level of noise, accuracy of the Monte Carlo inte-
gration and coefficient of nonlinearity in the acting force expression. Increasing of
each of these five quantities is followed by increasing of Cmp. If the level of noise
and Lyapunov exponent are low enough, we distinguish short time series from clean
noise. Considering nonlinear damped oscillations of a particle, we mark an essential
property of chaos: if coefficient of nonlinearity is large enough, complexity of chaotic
motion is inside the interval of noise complexity, although there is not fluctuating
force acting on the particle. Computing Cmp as a function of the time series final
point, we can forecast this point if there is a sharp minimum. We foreacast and es-
timate the forecasting reliability without knowledge about the rules producing time
series. Values of Cmp for some real time series are computed.
Keywords: Complexity, Time series, Chaos, Noise, Permutation, Linear combina-
tion, Lyapunov exponent, Nonlinearity, Forecasting.

1 Introduction

Bandt and Pompe proposed permutation entropy as a complexity measure for
time series, based on comparison of neighboring points [1,3]. Permutation en-
tropy is adapted for estimating complexity of short time series by changing
the time delay [18]. Roots of complexity like dimension, nonlinearity and non-
stationarity are related to the generating process, while roots of complexity like
noise, aggregation and finite length are related to measurement [8].
Complexity of real time series is correlated with predictability. It is hard to
forecast crisis from a short and noisy economic time series [6,9,13]. We can
forecast some time series using, for example, wavelets [4,10], neural networks
[2,7] or linear combination of logistic map [12]. It is of practical interest in
finance [5] and technical systems optimization, also for fundamental research,

8thCHAOS Conference Proceedings, 26-29 May 2015, Henri Poicaré Institute,
Paris France
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because the relation between prediction and learning the rule which has pro-
duced time series is not simple. Chaotic time series can be learned but not
predicted, while quasiperiodic time series can be predicted but not learned [7].
Here we consider time series of length 110. We make permutations in ten sub-
series which linear combination is equal to the eleventh subseries. The effect
of permutations is change of the linear combination constants. This change
determines complexity Cmp. After investigating of our approach adequacy,
computing Cmp of different regular, chaotic and stochastic time series, we
show that our conception is useful in forecasting. We can approximate the
110th point and estimate the reliability of this forecasting. Cmp is computed
for many real time series.
The basic difference between permutation entropy and Cmp is the following.
One computes permutation entropy counting the existing permutations in the
time series, while for Cmp we make a new time series by permutations inside
the original time series.

2 Definition of Cmp

We divide time series A1, A2, ..., A110 into eleven subseries. First ten subseries
are

F1,j = Aj

F2,j = Aj+10

F3,j = Aj+20 (1)

· · ·
F10,j = Aj+90

where j = 1, 2, . . . , 10. The eleventh subseries we represent as linear combina-
tion of previous ones. For many nontrivial time series the equations

A101 =

10∑
i=1

ciFi,1

A102 =

10∑
i=1

ciFi,2

· · · (2)

A110 =

10∑
i=1

ciFi,10

are independent and we can find out constants of the linear combination
< c1, c2, . . . , c10 >. We now make permutations inside first ten subseries and
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get new subseries

F ′1,1 = A10, F
′
1,j = Aj−1

F ′2,1 = A20, F
′
2,j = Aj+9

F ′3,1 = A30, F
′
3,j = Aj+19 (3)

· · ·
F ′10,1 = A100, F

′
10,j = Aj+89

where j = 2, 3, . . . , 10. The equations

A101 =

10∑
i=1

c′iF
′
i,1

A102 =

10∑
i=1

c′iF
′
i,2

· · · (4)

A110 =

10∑
i=1

c′iF
′
i,10

yield new constants of the linear combination < c′1, c
′
2, . . . , c

′
10 >. Using 2-norm

of vectors, we define complexity.

Cmp = −ln || < c′1, c
′
2, . . . , c

′
10 > − < c1, c2, . . . , c10 > ||

|| < c1, c2, . . . , c10 > ||
(5)

Complexity of many regular, chaotic and stochastic time series is computed.
Minimal value of Cmp increases in direction regularity–chaos–stochasticity (fig-
ure 1).

Fig. 1. Intervals where values of complexity are placed, for regular, chaotic and
stochastic time series of length 110.
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3 Regular Oscillations

Blue, red and green lines in figure 2 represent complexity of regular time series

N∑
j=1

cos
(
(2.9 + 0.6j)i− 0.041j

)
N∑
j=1

(−0.9)jcos
(
(2.8 + 0.7j)i− 0.03j

)
(6)

N∑
j=1

(−1.1)jcos
(
(2.1 + 0.8j)i− 0.09j

)
where i is time. High complexity corresponds to large number of different
frequencies N .

Fig. 2. Number of different frequencies is in high correlation with complexity.

4 Chaos and Noise

Computing complexity for 14000 of realizations of Gaussian noise we found

−5.221 ≤ Cmp ≤ 4.039 (7)

For time series generated by Feigenbaum map (table 1) we find:
(1) Cmp ≤ −6.46, if λ ≤ 0.18 (we distinguish from clean noise) and
(2) Cmp ≥ −1.7, if λ ≥ 0.19 (we can not distinguish from clean noise).
If a chaotic time series contains noise (table 2), we can see it as chaotic, com-
puting Cmp, if the level of noise and Lyapunov exponent are low enough.

5 Monte Carlo Integration

If we compute integrals using randomly distributed points (xj , yj) (j = 1, 2, ..., 110),
the integration is more accurate for more complex stochastic time series xj and
yj (table 3).
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q λ Cmp q λ Cmp

1.3 -0.425 -41.59 1.46 0.19 -0.9

1.35 -0.097 -36.36 1.794 0.351 -0.507

1.402 0.028 -8.31 1.57 0.361 0.008

1.405 0.054 -6.46 1.68 0.403 -0.825

1.41 0.094 -8.85 1.83 0.481 -0.01

1.42 0.11 -8.05 1.89 0.548 -0.37

1.45 0.17 -6.96 1.94 0.585 -1.7

1.44 0.18 -7.84 1.99 0.654 -0.5

Table 1. Lyapunov exponent and complexity for time series generated by zn =
1 − qz2n−1, with z0 = 0.7.

q λ (without noise) Cmp (with 0.1% of noise) Cmp (with 1% of noise)

1.405 0.054 -6.36 -3.55

1.402 0.028 -6.19 -3.7

1.406 0.069 -5.41 -3.6

1.44 0.18 -3.4 -2.95

1.94 0.585 -1.67 -1.44

1.99 0.654 -0.49 -0.43

Table 2. Lyapunov exponent and complexity for time series containing noise.

integral Cmpx1 Cmpy1 error1(%) Cmpx2 Cmpy2 error2(%)∫ 1.1

0
e−vcos25vdv -0.967 -0.812 5.9 -0.735 0.937 0.9∫ 2.53

0

[
0.3v + 2√

5+3sin4v

]
dv -1.42 -0.82 14.16 -0.26 -0.09 10.82∫ 5.41

0
ev−(v−2)2dv -0.992 -0.711 17.12 -0.472 0.178 5.04

Table 3. Complexity and errors of Monte Carlo integration.

6 Nonlinear Damped Oscillations

Here we analyze the coordinate of a particle x(0.1j), with j = 1, 2, ..., 110 and
acting force

F = −x− βx3 − 0.005v (8)

where β is coefficient of nonlinearity and v is velocity. Three types of motion
are found (table 4):
(1) regular, where Cmp < −11 and λ < 0,
(2) chaotic with Cmp < −5.221 and 0 < λ ≤ 0.063, we distinguish from noise
because it is outside of the interval of noise complexity and
(3) chaotic with large β, −5.221 < Cmp < 4.039 and 0.089 ≤ λ, we can not
distinguish from noise computing complexity.
If cofficient of nonlinearity is large enough, complexity of chaotic motion is
inside the interval of noise complexity, although there is not fluctuating force
acting on the particle. It is an essential property of chaos.
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β Cmp λ β Cmp λ β Cmp λ

1 -14.86 -0.032 7 -11.73 0.003 5941 -3.03 0.089

2 -17.80 -0.027 8 -11.82 0.007 6000 -1.43 0.098

3 -15.15 -0.015 9 -12.68 0.012 6300 -3.70 0.097

4 -13.92 -0.003 10 -14.58 0.010 6500 -3.66 0.095

5 -12.23 -0.002 20 -12.10 0.021 6501 -3.64 0.096

6 -11.14 -0.00009 500 -7.55 0.063 6541 -3.47 0.097

Table 4. Coefficient of nonlinearity, complexity and Lyapunov exponent of nonlinear
damped oscillations. We can see three types of motion: regular, chaotic with Cmp <
−5.221 and chaotic with −5.221 < Cmp < 4.039. Cmp is in correlation with β and
λ. Here x(0) = 0.1 and v(0) = −0.2.

7 Forecasting of the 110th Point

Let us assume that we know A1, A2, . . . , A109, but do not know A110. Com-
puting Cmp for different possible values of A110, not far from A1, A2, . . . , A109,
and looking for minimum, we try to forecast A110. We expect that if there are
any rules in A1, A2, . . . , A109, complexity will be minimal for A110 not breaking
these rules. In some cases forecasting is successful (figures 3 and 4). If com-
plexity is high, we can not forecast. The forecasting reliability is connected
with the minimum sharpness.
Fast computing with short time series and simple predictability and the fore-
casting reliability estimation are advantages of proposed forecasting method.
Moreover we can forecast the 110th point without any knowledge about the
rule producing A1, A2, . . . , A109.
Here we consider nonlinear damped oscillations (table 5) and time series gen-
erated by Feigenbaum map (figures 3 and 4). In section 8 we try to forecast
real time series (figures 6 and 7). Red line marks true value of A110.

β true forecasted minimal Cmp β true forecasted minimal Cmp

5000 0.0976 0.0976 -7.81 8500 0.1004 0.1004 -7.15

5600 -0.0974 -0.0972 -5.23 8600 0.0863 0.0864 -6.07

5635 -0.0881 -0.0881 -5.60 8700 0.0519 0.0521 -6.92

6000 0.0803 0.0820 -3.15 8711 0.0476 0.0478 -6.98

7500 0.0256 0.0256 -4.66 8719 0.0445 0.0446 -6.93

8148 -0.0146 -0.0146 -8.43 8800 0.0121 0.0123 -6.29

Table 5. Forecasting of 110th point for nonlinear damped oscillations. We can
compare true and forecasted value of x(11). For minimal Cmp equals -3.15, the error
is 2.1%. For significantly lower minimal Cmp the error is significantly lower.
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Fig. 3. Cmp as function of z110. Feig(-0.01,1.59,0.37) means that time series is gener-
ated by zn = 1− qz2n−1, with z0 = −0.01, q = 1.59 and Lyapunov exponent λ = 0.37.
Red line marks true value of z110. Here λ ≥ 0.36 and Cmp > −3. There is not sharp
minimum and forecasting is unsuccessful. Only in the case Feig(-0.8,1.59,0.36) we
have roughly approximate forecasting.
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Fig. 4. Here λ ≤ 0.24 and minimal Cmp is approximately from −9 to −6. In some
cases forecasting is very successful.
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8 Real Time series

8.1 Gross Domestic Product

Here we consider quarterly GDP in UK from 1955 until 2014 [15]. We compute
Cmp(p) using

Ai = GDPi+p, i = 1, . . . , 110 (9)

and find average values

1

11

10∑
p=0

Cmp(p) = −2.366 (10)

for years 1955–1984, and

1

10

129∑
p=120

Cmp(p) = −0.827 (11)

for years 1985–2014. This is significantly higher in comparison with the former
period.

8.2 Stock market index S&P 500

For a year we compute average complexity of the stock market index S&P 500
time series [16] (figure 5)

< Cmp >=
1

141

140∑
p=0

Cmp(p) (12)

using
Ai = SPi+p, i = 1, 2, . . . , 110; p = 0, 1, . . . , 140 (13)

Approximate forecasting is possible (figure 6). The results are denoted by
S&P500(year,p).

Fig. 5. Average complexity of the index S&P 500. < Cmp > is very high, but after
2008 complexity is relatively low.
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Fig. 6. Forecasting of the stock market index S&P 500 in 2013. It is better for deeper
and sharper minimum.
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8.3 RLC Circuit

The output voltage Ki is measured in the experiment with periodically driven
RLC circuit [11,14]. The largest Lyapunov exponent is 0.33. We take

Ai = Ki+p, i = 1, 2, . . . , 109 (14)

and try to forecast A110. The results are denoted by Kodba(p) (figure 7).

Fig. 7. Forecasting of the output voltage A110, measured in the experiment with
periodically driven RLC circuit. Forecasting is very accurate for deep and sharp
minimum of complexity.

8.4 EEG Time Series

EEG time series EEGj (j = 1, 2, . . . , 3595) is recorded on a patient undergoing
ECT therapy for clinical depression [17]. We take

Ai = EEGi+p, i = 1, 2, . . . , 110 (15)

and find out average Cmp in the interval s ≤ p ≤ s+ 90 (figure 8).

Fig. 8. Average complexity of the EEG time series, in the interval s ≤ p ≤ s + 90.
We find high jumping < Cmp >.
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9 Conclusion

Cmp, as a measure of complexity, is defined using permutation and linear
combination. Cmp is related with (i) number of different frequencies in regular
oscillations, (ii) Lyapunov exponent of the chaotic time series, (iii) level of noise,
(iv) accuracy of the Monte Carlo integration, (v) coefficient of nonlinearity
in the acting force expression. If complexity is low enough, it is possible to
forecast using Cmp and also to estimate the forecasting reliability. Reliability
of forecasting is large if mimimum of Cmp is sharp and deep. We can forecast
without knowledge about the rules producing time series.
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Abstract

The heat equation is considered in the complex medium consisting
of many small bodies (particles) embedded in a given material. On the
surfaces of the small bodies an impedance boundary condition is imposed.
An equation for the limiting field is derived when the characteristic size a
of the small bodies tends to zero, their total number N (a) tends to infinity
at a suitable rate, and the distance d = d(a) between neighboring small
bodies tends to zero: a << d, lima→0

a
d(a)

= 0. No periodicity is assumed
about the distribution of the small bodies. These results are basic for a
method of creating a medium in which heat signals are transmitted along
a given line. The technical part for this method is based on an inverse
problem of finding potential with prescribed eigenvalues.

Keywords:
heat transfer; many-body problem; transmission of heat signals; inverse

problems; materials science.
MSC 80M40; 80A20, 35B99; 35K20; 35Q41; 35R30;74A30; 74G75
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1 Introduction and results

In this paper the problem of heat transfer in a complex medium consisting of
many small impedance particles of an arbitrary shape is solved. Equation for
the effective limiting temperature is derived when the characteristic size a of
the particles tends to zero while their number tends to infinity at a suitable rate
while the distance d between closest neighboring particles is much larger than
a, d >> a.

These results are used for developing a method for creating materials in
which heat is transmitted along a line. Thus, the information can be transmitted
by a heat signals.

The contents of this paper is based on the earlier papers of the author cited
in the bibliography, especially [6], [18] and [19].

Let many small bodies (particles) Dm, 1 ≤ m ≤ M , of an arbitrary shape
be distributed in a bounded domain D ⊂ R3, diamDm = 2a, and the boundary
_________________ 
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of Dm is denoted by Sm and is assumed twice continuously differentiable. The
small bodies are distributed according to the law

N (∆) =
1

a2−κ

∫
∆

N(x)dx[1 + o(1)], a→ 0. (1)

Here ∆ ⊂ D is an arbitrary open subdomain of D, κ ∈ [0, 1) is a constant,
N(x) ≥ 0 is a continuous function, and N (∆) is the number of the small bodies
Dm in ∆. The heat equation can be stated as follows:

ut = ∇2u+ f(x) in R3 \
M⋃
m=1

Dm, := Ω, u|t=0 = 0, (2)

uN = ζmu on Sm, 1 ≤ m ≤M, Reζm ≥ 0. (3)

Here N is the outer unit normal to S,

S :=

M⋃
m=1

Sm, ζm =
h(xm)

aκ
, xm ∈ Dm, 1 ≤ m ≤M,

and h(x) is a continuous function in D, Reh ≥ 0.
Denote

U := U(x, λ) =

∫ ∞
0

e−λtu(x, t)dt.

Then, taking the Laplace transform of equations (2) - (3) one gets:

−∇2U + λU = λ−1f(x) in Ω, (4)

UN = ζmU on Sm, 1 ≤ m ≤M. (5)

Let

g(x, y) := g(x, y, λ) :=
e−
√
λ|x−y|

4π|x− y|
, (6)

F (x, λ) :=
1

λ

∫
R3

g(x, y)f(y)dy. (7)

Look for the solution to (4) - (5) of the form

U(x, λ) = F (x, λ) +

M∑
m=1

∫
Sm

g(x, s)σm(s)ds, (8)

where
U(x, λ) := U(x) := U , (9)

and U(x) depends on λ.
The functions σm are unknown and should be found from the boundary

conditions (5). Equation (4) is satisfied by U of the form (8) with arbitrary
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continuous σm. To satisfy the boundary condition (5) one has to solve the
following equation obtained from the boundary condition (5):

∂Ue(x)

∂N
+
Amσm − σm

2
− ζmUe − ζmTmσm = 0 on Sm, 1 ≤ m ≤M, (10)

where the effective field Ue(x) is defined by the formula:

Ue(x) := Ue,m(x) := U(x)−
∫
Sm

g(x, s)σm(s)ds, (11)

the operator Tm is defined by the formula:

Tmσm =

∫
Sm

g(s, s′)σm(s′)ds′, (12)

and Am is:

Amσm = 2

∫
Sm

∂g(s, s′)

∂Ns
σm(s′)ds′. (13)

In deriving equation (10) we have used the known formula for the outer limiting
value on Sm of the normal derivative of a simple layer potential.

We now apply the ideas and methods for solving many-body scattering prob-
lems developed in [6] - [9].

Let us call Ue,m the effective (self-consistent) value of U , acting on the m-th
body. As a→ 0, the dependence on m disappears, since∫

Sm
g(x, s)σm(s)ds→ 0 as a→ 0.

One has

U(x, λ) = F (x, λ) +

M∑
m=1

g(x, xm)Qm + J2, xm ∈ Dm, (14)

where

Qm :=

∫
Sm

σm(s)ds,

J2 :=

M∑
m=1

∫
Sm

[g(x, s′)− g(x, xm)]σm(s′)ds′. (15)

Define

J1 :=

M∑
m=1

g(x, xm)Qm. (16)

We prove in Lemma 3, Section 4 (see also [6] and [18]) that

|J2| << |J1| as a→ 0 (17)
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provided that

lim
a→0

a

d(a)
= 0, (18)

where d(a) = d is the minimal distance between neighboring particles.
If (17) holds, then problem (4) - (5) is solved asymptotically by the formula

U(x, λ) = F (x, λ) +

M∑
m=1

g(x, xm)Qm, a→ 0, (19)

provided that asymptotic formulas for Qm, as a→ 0, are found.
To find formulas for Qm, let us integrate (10) over Sm, estimate the order

of the terms in the resulting equation as a→ 0, and keep the main terms, that
is, neglect the terms of higher order of smallness as a→ 0.

We get ∫
Sm

∂Ue
∂N

ds =

∫
Dm

∇2Uedx = O(a3). (20)

Here we assumed that |∇2Ue| = O(1), a → 0. This assumption is valid since
U = lima→0 Ue is smooth as a solution to an elliptic equation. One has∫

Sm

Amσm − σm
2

ds = −Qm[1 + o(1)], a→ 0. (21)

This relation is proved in Lemma 2, Section 4, see also [6]. Furthermore,

−ζm
∫
Sm
Ueds = −ζm|Sm|Ue(xm) = O(a2−κ), a→ 0, (22)

where |Sm| = O(a2) is the surface area of Sm. Finally,

−ζm
∫
Sm

ds

∫
Sm

g(s, s′)σm(s′)ds′ = −ζm
∫
Sm

ds′σm(s′)

∫
Sm

dsg(s, s′)

= QmO(a1−κ), a→ 0. (23)

Thus, the main term of the asymptotic of Qm, as a→ 0, is

Qm = −ζm|Sm|Ue(xm). (24)

Formulas (24) and (19) yield

U(x, λ) = F (x, λ)−
M∑
m=1

g(x, xm)ζm|Sm|Ue(xm, λ), (25)

and

Ue(xm, λ) = F (xm, λ)−
M∑

m′ 6=m,m′=1

g(xm, xm′)ζm′ |Sm′ |Ue(xm′ , λ). (26)
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Denote

Ue(xm, λ) := Um, F (xm, λ) := Fm, g(xm, xm′) := gmm′ ,

and write (26) as a linear algebraic system for Um:

Um = Fm − a2−κ
∑
m′ 6=m

gmm′hm′cm′Um′ , 1 ≤ m ≤M, (27)

where hm′ = h(xm′), ζm′ = hm′
aκ , cm′ := |Sm′ |a−2.

Consider a partition of the bounded domain D, in which the small bodies are
distributed, into a union of P << M small nonintersecting cubes ∆p, 1 ≤ p ≤ P ,
of side b,

b >> d, b = b(a)→ 0 as a→ 0 lim
a→0

d(a)

b(a)
= 0.

Let xp ∈ ∆p, |∆p| = volume of ∆p. One has

a2−κ
M∑

m′=1,m′ 6=m

gmm′hm′cm′Um′ = a2−κ
P∑

p′=1,p′ 6=p

gpp′hp′cp′Up′
∑

xm′∈∆p′

1 =

=
∑
p′ 6=p

gpp′hp′cp′Up′N(xp′)|∆p′ |[1 + o(1)], a→ 0. (28)

Thus, (27) yields a linear algebraic system (LAS) of order P << M for the
unknowns Up:

Up = Fp −
P∑

p′ 6=p,p′=1

gpp′hp′cp′Np′Up′ |∆p′ |, 1 ≤ p ≤ P. (29)

Since P << M , the order of the original LAS (27) is drastically reduced. This
is crucial when the number of particles tends to infinity and their size a tends
to zero. We have assumed that

hm′ = hp′ [1 + o(1)], cm′ = cp′ [1 + o(1)], Um′ = Up′ [1 + o(1)], a→ 0, (30)

for xm′ ∈ ∆p′ . This assumption is justified, for example, if the functions h(x),
U(x, λ),

c(x) = lim
xm′∈∆x,a→0

|Sm′ |
a2

,

and N(x) are continuous, but these assumptions can be relaxed.
The continuity of the U(x, λ) is a consequence of the fact that this function

satisfies elliptic equation, and the continuity of c(x) is assumed. If all the small
bodies are identical, then c(x) = c = const, so in this case the function c(x) is
certainly continuous.

The sum in the right-hand side of (29) is the Riemannian sum for the integral
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lima→0

P∑
p′=1,p′ 6=p

gpp′hp′cp′N(xp′)Up′ |∆′p| =

∫
D

g(x, y)h(y)c(y)N(y)U(y, λ)dy

Therefore, linear algebraic system (29) is a collocation method for solving
integral equation

U(x, λ) = F (x, λ)−
∫
D

g(x, y)c(y)h(y)N(y)U(y, λ)dy. (31)

Convergence of this method for solving equations with weakly singular kernels
is proved in [10], see also [11] and [12].

Applying the operator −∇2 + λ to equation (31) one gets an elliptic differ-
ential equation:

(−∆ + λ)U(x, λ) =
f(x)

λ
− c(x)h(x)N(x)U(x, λ). (32)

Taking the inverse Laplace transform of this equation yields

ut = ∆u+ f(x)− q(x)u, q(x) := c(x)h(x)N(x). (33)

Therefore, the limiting equation for the temperature contains the term q(x)u.
Thus, the embedding of many small particles creates a distribution of source
and sink terms in the medium, the distribution of which is described by the
term q(x)u.
If one solves equation (31) for U(x, λ), or linear algebraic system (29) for Up(λ),
then one can Laplace-invert U(x, λ) for U(x, t). Numerical methods for Laplace
inversion from the real axis are discussed in [13] - [14].
If one is interested only in the average temperature, one can use the relation

lim
T→∞

1

T

∫ T

0

u(x, t)dt = lim
λ→0

λU(x, λ). (34)

Relation (34) is proved in Lemma 1, Section 4. It holds if the limit on one of
its sides exists. The limit on the right-hand side of (34) let us denote by ψ(x).
From equations (7) and (31) it follows that ψ satisfies the equation

ψ = ϕ−Bϕ,

where

ϕ :=

∫
Ω

g0(x, y)f(y)dy,

g0(x, y) :=
1

4π|x− y|
,
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Bψ :=

∫
Ω

g0(x, y)q(y)ψ(y)dy,

and
q(x) := c(x)h(x)N(x).

The function ψ can be calculated by the formula

ψ(x) = (I +B)−1ϕ. (35)

From the physical point of view the function h(x) is non-negative because the
flux −∇u of the heat flow is proportional to the temperature u and is directed
along the outer normal N : −uN = h1u, where h1 = −h < 0. Thus, q ≥ 0.

It is proved in [15] - [16] that zero is not an eigenvalue of the operator
−∇2 + q(x) provided that q(x) ≥ 0 and

q = O
( 1

|x|2+ε

)
, |x| → ∞,

and ε > 0.
In our case, q(x) = 0 outside of the bounded region D, so the operator

(I +B)−1 exists and is bounded in C(D).
Let us formulate our basic result.
Theorem 1. Assume (1), (18), and h ≥ 0. Then, there exists the limit

U(x, λ) of Ue(x, λ) as a → 0, U(x, λ) solves equation (31), and there exists the
limit (34), where ψ(x) is given by formula (35).

Methods of our proof of Theorem 1 are quite different from the proof of
homogenization theory results in [1] and [3].

The author’s plenary talk at Chaos-2015 Conference was published in [20].

2 Creating materials which allows one
to transmit heat signals along a line

In applications it is of interest to have materials in which heat propagates along
a line and decays fast in all the directions orthogonal to this line.

In this Section a construction of such material is given. We follow [19] with
some simplifications.

The idea is to create first the medium in which the heat transfer is governed
by the equation

ut = ∆u− q(x)u in D, u|S = 0, u|t=0 = f(x), (36)

where D is a bounded domain with a piece-wise smooth boundary S, D = D0×
[0, L], D0 ⊂ R2 is a smooth domain orthogonal to the axis x1, x = (x1, x2, x3),
x2, x3 ∈ D0, 0 ≤ x1 ≤ L.
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Such a medium is created by embedding many small impedance particles
into a given domain D filled with a homogeneous material. A detailed argu-
ment, given in Section 1 (see also [6] and [18]), yields the following result.

Assume that in every open subset ∆ of D the number of small particles is
defined by the formula:

N (∆) =
1

a2−κ

∫
∆

N(x)dx[1 + o(1)], a→ 0, (37)

where a > 0 is the characteristic size of a small particle, κ ∈ [0, 1) is a given
number and N(x) ≥ 0 is a continuous in D function.

Assume also that on the surface Sm of the m-th particle Dm the impedance
boundary condition holds. Here

1 ≤ m ≤M = N (D) = O

(
1

a2−κ

)
, a→ 0,

and the impedance boundary conditions are:

uN = ζmu on Sm, Reζm ≥ 0, (38)

where

ζm :=
h(xm)

aκ

is the boundary impedance, xm ∈ Dm is an arbitrary point (since Dm is small
the position of xm in Dm is not important), κ is the same parameter as in (37)
and h(x) is a continuous in D function, Reh ≥ 0, N is the unit normal to Sm
pointing out of Dm. The functions h(x), N(x) and the number κ can be chosen
as the experimenter wishes.

It is proved in Section 1 (see also [6], [18]) that, as a → 0, the solution of
the problem

ut = ∆u in D \
M⋃
m=1

Dm, uN = ζmu on Sm, 1 ≤ m ≤M, (39)

u|S = 0, (40)

and
u|t=0 = f(x), (41)

has a limit u(x, t). This limit solves problem (36) with

q(x) = cSN(x)h(x), (42)

where

cS :=
|Sm|
a2

= const, (43)
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and |Sm| is the surface area of Sm. By assuming that cS is a constant, we
assume, for simplicity only, that the small particles are identical in shape, see
[6].

Since N(x) ≥ 0 is an arbitrary continuous function and h(x), Reh ≥ 0, is
an arbitrary continuous function, and both functions can be chosen by experi-
menter as he/she wishes, it is clear that an arbitrary real-valued potential q can
be obtained by formula (42).

Suppose that

(−∆ + q(x))φ(x) = λnφn, φn|S = 0, ||φn||L2(D) = ||φn|| = 1, (44)

where {φn} is an orthonormal basis of L2(D) := H. Then the unique solution
to (36) is

u(x, t) =

∞∑
n=1

e−λnt(f, φn)φn(x). (45)

If q(x) is such that λ1 = 0, λ2 � 1, and λ2 ≤ λ3 ≤ . . . , then, as t → ∞, the
series (45) is well approximated by its first term

u(x, t) = (f, φ1)φ1 +O(e−10t), t→∞. (46)

If λ1 > 0 is very small, then the main term of the solution is

u(x, t) = (f, φ1)φ1e
−λ1t +O(e−10t)

as t→∞. The term e−λ1t ∼ 1 if t << 1
λ1

.
Thus, our problem is solved if q(x) has the following property:

|φ1(x)| decays as ρ grows, ρ = (x2
2 + x2

3)1/2. (47)

Since the eigenfunction is normalized, ||φ1|| = 1, this function will not tend to
zero in a neighborhood of the line ρ = 0, so information can be transformed by
the heat signals along the line ρ = 0, that is, along s−axis. Here we use the
cylindrical coordinates:

x = (x1, x2, x3) = (s, ρ, θ), s = x1, ρ = (x2
2 + x2

3)1/2.

In Section 3 the domain D0 is a disc and the potential q(x) does not depend on
θ.

The technical part of solving our problem consists of the construction of
q(x) = cSN(x)h(x) such that

λ1 = 0, λ2 � 1; |φ1(x)| decays as ρ grows. (48)

Since the functionN(x) ≥ 0 and h(x),Reh ≥ 0, are at our disposal, any desirable
q,Re q ≥ 0, can be obtained by embedding many small impedance particles in
a given domain D. In Section 3, a potential q with the desired properties is
constructed. This construction allows one to transform information along a
straight line using heat signals.
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3 Construction of q(x)

Let
q(x) = p(ρ) +Q(s),

where s := x1, ρ := (x2
2 + x2

3)1/2. Then the solution to problem (44) is u =
v(ρ)w(s), where

− v′′m − ρ−1v′m + p(ρ)vm = µmvm, 0 ≤ ρ ≤ R,
|vm(0)| <∞, vm(R) = 0, (49)

and

− w′′l +Q(s)wl = νlwl, 0 ≤ s ≤ L,
wl(0) = 0, wl(L) = 0. (50)

One has
λn = µm + νl, n = n(m, l). (51)

Our task is to find a potential Q(s) such that ν1 = 0, ν2 � 1 and a potential
p(ρ) such that µ1 = 0, µ2 � 1 and |vm(ρ)| decays as ρ grows.

It is known how to construct q(s) with the desired properties: the Gel’fand-
Levitan method allows one to do this, see [4]. Let us recall this construction.
One has νl0 = l2, where we set L = π and denote by νl0 the eigenvalues of
the problem (50) with Q(s) = 0. Let the eigenvalues of the operator (50) with
Q 6= 0 be ν1 = 0, ν2 = 11, ν3 = 14, νl = νl0 for l ≥ 4.

The kernel L(x, y) in the Gel’fand-Levitan theory is defined as follows:

L(x, y) =

∫ ∞
−∞

sin(
√
λx)√
λ

sin(
√
λy)√
λ

d(%(λ)− %0(λ)),

where %(λ) is the spectral function of the operator (50) with the potential Q =
Q(s), and %0(λ) is the spectral function of the operator (50) with the potential
Q = 0 and the same boundary conditions as for the operator with Q 6= 0.

Due to our choice of νl and the normalizing constants αj , namely: αj = π
2

for j ≥ 2 and α1 = π3

3 , the kernel L(x, y) is given explicitly by the formula:

L(x, y) =
3xy

π3
+

2

π

( sin(
√
ν2x)

√
ν2

sin(
√
ν2y)

√
ν2

+
sin(
√
ν3x)

√
ν3

sin(
√
ν3y)

√
ν3

)
−

− 2

π

(
sinx sin y + sin(2x) sin(2y) + sin(3x) sin(3y)

)
, (52)

where ν1 = 0, ν2 = 11 and ν3 = 14. This is a finite rank kernel. The term xy is
the value of the function sin νx

ν
sin νy
ν at ν = 0, and the corresponding normalizing

constant is π3

3 = ||x||2 =
∫ π

0
x2dx.
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Solve the Gel’fand-Levitan equation:

K(s, τ) +

∫ s

0

K(s, s′)L(s′, τ)ds′ = −L(s, τ), 0 ≤ τ ≤ s, (53)

which is uniquely solvable (see [4]). Since equation (53) has finite-rank kernel
it can be solved analytically being equivalent to a linear algebraic system.

If the function K(s, τ) is found, then the potential Q(s) is computed by the
formula ([2], [4]):

Q(s) = 2
dK(s, s)

ds
, (54)

and this Q(s) has the required properties: ν1 = 0, ν2 � 1, νl ≤ νl+1.
Consider now the operator (49) for v(ρ). Our problem is to calculate p(ρ)

which has the required properties:

µ1 = 0, µ2 � 1, µm ≤ µm+1,

and |φm(ρ)| decays as ρ grows.

We reduce this problem to the previous one that was solved above. To do
this, set v = ψ√

ρ . Then equation

−v′′ − 1

ρ
v′ + p(ρ)v = µv,

is transformed to the equation

−ψ′′ − 1

4ρ2
ψ + p(ρ)ψ = µψ. (55)

Let

p(ρ) =
1

4ρ2
+Q(ρ), (56)

where Q(ρ) is constructed above. Then equation (55) becomes

−ψ′′ +Q(ρ)ψ = µψ, (57)

and the boundary conditions are:

ψ(R) = 0, ψ(0) = 0. (58)

The problem (57)- (58) has the desired eigenvalues µ1 = 0, µ2 � 1, µm ≤ µm+1.
The eigenfunction

φ1(x) = v1(ρ)w1(s),

where v1(ρ) = ψ1(ρ)√
ρ , decays as ρ grows, and the eigenvalues λn can be calculated

by the formula:

λn = µm + νl, m, l ≥ 1, n = n(m, l).
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Since µ1 = ν1 = 0 one has λ1 = 0. Since ν2 = 11 and µ2 = 11, one has
λ2 = 11� 1.

Thus, the desired potential is constructed:

q(x) = Q(s) + (
1

4ρ2
+Q(ρ)),

where Q(s) is given by formula (54).

This concludes the description of our procedure for the construction of q.

Remark 1. It is known (see, for example, [2]) that the normalizing constants

αj :=

∫ π

0

ϕ2
j (s)ds

and the eigenvalues λj , defined by the differential equation

−d
2ϕj
ds2

+Q(s)ϕj = λjϕj ,

the boundary conditions

ϕ′j(0) = 0, ϕ′j(π) = 0,

and the normalizing condition ϕj(0) = 1, have the following asymptotic:

αj =
π

2
+O(

1

j2
) as j →∞,

and √
λj = j +O(

1

j
) as j →∞.

The differential equation

−Ψ
′′

j +Q(s)Ψj = νjΨj ,

the boundary condition

Ψj(0) = 0, Ψj(π) = 0,

and the normalizing condition Ψ′j(0) = 1 imply√
λj = j +O(

1

j
) as j →∞,

Ψj(s) ∼
sin(js)

j
as j →∞.

The main term of the normalized eigenfunction is:

Ψj

||Ψj ||
∼
√

2/π sin(js) as j →∞,

and the main term of the normalizing constant is:

αj ∼
π

2j2
as j →∞.
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4 Auxiliary results

Lemma 1 If one of the limits limt→∞
1
t

∫ t
0
u(s)ds or limλ→0 λU(λ) exists, then

the other also exists and they are equal to each other:

lim
t→∞

1

t

∫ t

0

u(s)ds = lim
λ→0

λU(λ),

where

U(λ) :=

∫ ∞
0

e−λtu(t)dt := ū(λ).

Proof. Denote

1

t

∫ t

0

u(t)dt := v(t), ū(σ) :=

∫ ∞
0

e−σtu(t)dt.

Then

v̄(λ) =

∫ ∞
λ

ū(σ)

σ
dσ

by the properties of the Laplace transform.
Assume that the limit v(∞) := v∞ exists:

lim
t→∞

v(t) = v∞. (59)

Then,

v∞ = lim
λ→0

λ

∫ ∞
0

e−λtv(t)dt = lim
λ→0

λv̄(λ).

Indeed λ

∫ ∞
0

e−λtdt = 1, so

lim
λ→0

λ

∫ ∞
0

e−λt(v(t)− v∞)dt = 0,

and (59) is verified.
One has

lim
λ→0

λv̄(λ) = lim
λ→0

∫ ∞
λ

λ

σ
ū(σ)dσ = lim

λ→0
λū(λ), (60)

as follows from a simple calculation:

lim
λ→0

∫ ∞
λ

λ

σ
ū(σ)dσ = lim

λ→0

∫ ∞
λ

λ

σ2
σū(σ)dσ = lim

σ→0
σū(σ), (61)

where we have used the relation

∫ ∞
λ

λ

σ2
dσ = 1.

Alternatively, let σ−1 = γ. Then,∫ ∞
λ

λ

σ2
σū(σ)dσ =

1

1/λ

∫ 1/λ

0

1

γ
ū(

1

γ
)dγ =

1

ω

∫ ω

0

1

γ
ū(

1

γ
)dγ. (62)
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If λ→ 0, then ω = λ−1 →∞, and if

ψ := γ−1ū(γ−1),

then

lim
ω→∞

1

ω

∫ ω

0

ψdγ = ψ(∞) = lim
γ→0

γ−1ū(γ−1) = lim
σ→0

σū(σ). (63)

Lemma 1 is proved. 2

Lemma 2 Equation (21) holds.
Proof. As a→ 0, one has

∂

∂Ns

e−
√
λ|s−s′|

4π|s− s′|
=

∂

∂Ns

1

4π|s− s′|
+

∂

∂Ns

e−
√
λ|s−s′| − 1

4π|s− s′|
. (64)

It is known (see [5]) that∫
Sm

ds

∫
Sm

∂

∂Ns

1

4π|s− s′|
σm(s′)ds′ = −1

2

∫
Sm

σm(s′)ds′ = −1

2
Qm. (65)

On the other hand, as a→ 0, one has∣∣∣∣ ∫
Sm

ds

∫
Sm

e−
√
λ|s−s′| − 1

4π|s− s′|
σm(s′)ds′

∣∣∣∣ ≤ |Qm|∫
Sm

ds
1− e−

√
λ|s−s′|

4π|s− s′|
= o(Qm).

(66)
The relations (65) and (66) justify (21).

Lemma 2 is proved. 2

Lemma 3 If assumption (18) holds, then inequality (17) holds.
Proof. One has

J1,m := |g(x, xm)Q| = |Qm|e
−
√
λ|x−xm|

4π|x− xm|
, (67)

and

J2,m ≤
e−
√
λ|x−xm|

4π|x− xm|
max

(√
λa,

a

|x− xm|

)∫
Sm
|σm(s′)|ds′ (68)

where |x−xm| ≥ d, and d > 0 is the smallest distance between two neighboring
particles. One may consider only those values of λ for which λ1/4a < a

d , because

for the large values of λ, such that λ1/4 ≥ 1
d the value of e−

√
λ|x−xm| is negligibly

small. The average temperature depends on the behavior of U for small λ, see
Lemma 1.
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One has |Qm| =
∫
Sm |σm(s′)|ds′ > 0 because σm keeps sign on Sm, as follows

from equation (24) as a→ 0.
It follows from (67) - (68) that∣∣∣∣J2,m

J1,m

∣∣∣∣ ≤ O(∣∣∣∣ a

x− xm

∣∣∣∣) ≤ O(ad
)
<< 1. (69)

From (69) by the arguments similar to the given in [17] one obtains (17).
Lemma 3 is proved. 2
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Abstract. Considered duopoly Cournot model, which allows analyze the different 
possible behavior strategies of each of the market participants. Detected conditions of the 
market equilibrium under which the income of both market participants – maximum. 
Also consider getting one duopolist additional revenue, on the condition that another go 
with the market. 
The control method of economic Cournot model and simulation results are presented. 
Keywords: Chaotic modelling, model, chaotic behaviour, control. 

 
1  Introduction 

 
In recent years, the chaos becomes more and more development and application 
in various fields. A large number of real systems have a nonlinear behavior 
despite the idealized linear behavior used in modeling. Some changes in 
nonlinear systems can lead to a complex and erratic behavior called chaos. The 
nonlinearity is one of the conditions needed by a system in order to develop 
chaos. The term chaos is used to describe the behavior of a system that is 
aperiodic and apparently random. The chaos and the concepts related to the 
dynamics of the systems and the their modeling using differential equations is 
named the chaos theory and is tightly related with the notion of nonlinearity [1]. 
The nonlinearity implies the loss of the causality correlation between the 
perturbation and effect propagated in time. 
Strotz et al. [2] demonstration that chaotic dynamics can exist in an economics 
model, tremendous efforts have been devoted to investigating this kind of 
complex behaviors in various economic systems. Recently, it has also been 
shown that even oligopolistic markets may become chaotic under certain 
conditions [3, 4]. 
Oligopoly, with a few firms in the market, is an intermediate structure between 
the two opposite cases of monopoly and perfect competition. Even the duopoly 
situation in an oligopoly of two producers can be more complex than one might 
imagine since the duopolists have to take into account their actions and 
reactions when decisions are made. Oligopoly theory is one of the oldest 
branches of mathematical economics dated back to 1838 when its basic model 

705



was proposed by Cournot [4]. Research reported in Ref. [5] suggests that a 
Cournot adjustment process of output might be chaotic if the reaction functions 
are non-monotonic. This result was purely mathematical without substantial 
economic implication until Puu [6] provided one kind of economic 
circumstances, i.e., iso-elastic demand with different constant marginal costs for 
the competitor, under which meaningful unimodal reaction functions were 
developed. Since then, various modifications have been made by numerous 
economists. Rosser has a good state-of-the-art review of the theoretical 
development of complex oligopoly dynamics. 
Unstable fluctuations have always been regarded as unfavorable phenomena in 
traditional economics. 
Because chaos means unpredictable events in the long time, it is considered to 
be harmful by decision-makers in the economy. Research on controlling chaos 
in economic models has already begun and several methods have been applied 
to the Cournot model, such as the OGY chaos control method [7, 8]. These 
approaches require exact system information before their implementation [9]. 

 
2  Cournot duopoly model 
 
Cournot model is one of the basic models non-cooperative quantitative 
oligopoly. It has great methodological value because it allows not only to 
analyze the various possibilities of strategic cooperation of market participants, 
but also to understand the basic problems of models application. 
On the market of two competing firms producing homogeneous products and 
independently (without collusion), they take decision of the volume of its 
release. In classical Cournot model, each duopolist suggests that production 
volume opponent is constant and independent from changes in the scope of his 
own release [10]. 
Expected that the market demand is known and is given a decreasing linear 
function expressing the dependence of the market price of P  on the number of 
products Q : 

P a bQ  , 
where 0a  , 0b  , and supply volume Q  equals the sum of the supply 
volumes the first and second companies: 

1 1 2Q q q   
Thus, 

 1 2P a b q q    
Also assume that both firms have equal production costs: 

1 2 1 2TC TC cq cq    
Define the conditions of equilibrium - this market state, in which both firms 
profits maximize possible. The profit of each of the companies is the difference 
between revenues and costs: 

1 1 1 1 1P TR TC Pq cq    , 
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 1 1 2 1 1P a bq bq q cq    , 

2 2 2 2 2P TR TC Pq cq    , 

 2 1 2 2 2P a bq bq q cq    . 
Lines-level of profit function are called isoprofits. They represent a set of points 
at each of which one of the oligopolists have the same profit. A necessary 
condition for extremum income function is follows: 

1
2 1

1

2 0
P

a bq bq c
q


    


, 

2
1 2

2

2 0
P

a bq bq c
q


    


. 

Hence, we find the equations expressing the duopolist's optimal production level 
through optimum release of his rival: 

1 2

2 1

1
2 2
1
2 2

a cq q
b

a cq q
b

   
    


   (1) 

The lines defined by the equations (1) are called lines the reaction Cournot 
duopolists. (Lines of reaction is also called response curves or the best answer 
curves). At each point of the reaction line the profit value of i-th oligopolists are 
maximum for the corresponding competitor issue volume. The point of 
equilibrium, if it exists, is the point of intersection of the reactions lines of all 
market participants. 
Both equations (1) must be carried out simultaneously at the equilibrium point 
 0 0

1 2;q q . The solving of an appropriate system of equations let find the 
coordinates of this point: 

0 0
1 2 3

a cq q
b


   

Lines reaction of duopolists (Fig. 1) given by the equations (1) are shown by 
straight 1 and 2: 
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Fig. 1. Reaction of duopolists 

Note that a sufficient condition for an extremum (negative second derivative) 
confirms duopolists maximum profit at the equilibrium point: 

2
1

2
1

2 0
P

b
q


  


, 

2
2

2
2

2 0
P

b
q


  


 

The resulting equilibrium values of output volumes are desirable for both 

companies, since provide each duopolist optimal profit of 
 2

0

9i

a c
P

b


  at the 

equilibrium price 0 2
3

a cp 
 . 

It is interesting graphic interpretation of the model (Fig. 2). The profit function 
of the first duopolist is a function of two variables 

   1 1 2 1 2 1 1,P q q a bq bq q cq    . 

The levels line - isoprofits - are given by equations of the form  1 1 2,P q q K , 
where K  is an arbitrary constant. 
Thus: 

 1 2 1 1a bq bq q cq K    , 

2 1
1

1K a cq q
b q b


     . 

To study the shape of the curve find derivatives 2q on 1q : 

'
2 2

1

1Kq
bq

  ; "
2 3

1

2Kq
bq

 . 

It is easy to see that in a positive half-plane isoprofit are a concave curve having 
a maximum point 
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1
Kq
b

 . 

The K parameter's growth is characterized by a shift of the point of maximum to 
the right and decrease the maximum value, that is, "top" of the curve with 
increasing K  slides right and down. Consequently, as closer to the axis 1q  
isoprofits is, the higher level of profit it corresponds. 

 
Fig. 2. Graphic interpretation of the model 

Consider the situation in terms of conditional first duopolist. Fix the competitor 
production volume 2q Const  (Fig. 3). An infinite family of profit's isoprofit 
of the first duopolist crosses the corresponding horizontal line. The most 
favorable conditions for the given issue volume will set the abscissas isoprofits, 
below the others, but passing through the line 2q Const . Thus, the best 
answer duopolist for the selected level of rival's output 2q  will the level of 
output 1q  such that the point  1 2;q q  is the point of contact a line 

2q Const and some isoprofits. The totality of these points of contact, 
(corresponding to all possible values) form the line of response of first 
duopolist. 

 
Fig. 3. Situation in terms of conditional first duopolist for fix the competitor 

production volume 2q Const . 
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The first duopolist will get greatest possible profit at zero production volume 
competitor, when the top of the respective isoprofits lies on the horizontal axis.  
When 2 0q   the sole volume release of the first company will: 

2m
a cq

b


 , 

and when monopoly price 

2 2m m
a c a cp a bq a b

b
 

       

its profit value will be equal 

   2

4m m m m

a c
P a bq q cq

b


    . 

Note that the equilibrium volume of output in Cournot duopoly is 2/3 of 
monopoly equilibrium volume, and the equilibrium profit of the company 
amounts 4/9 of the monopoly equilibrium profits [11]. 
 
3  Control of Cournot duopoly model 
 
In this chapter, we study one of the Cournot duopoly models proposed by 
Kopel. He also investigated the complex adjustment dynamics in some Cournot 
duopoly models and obtained similar results. 
General Kopel model described two-dimensional reaction functions 

 
(2) 

 
For control we adding a state feedback controller, the dynamic process (2) turns 
to be 

 
 

where  is the control law and k is the feedback gain. 
Figure 4 shows the result of simulation for parameters ρ = 0.695; µ = 3.8;     
x(0) = 0.2; y(0) = 0.8; k = 0.8. 
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Fig. 4. Controlled trajectory of duopolists' productions x; y and the feedback 

controller u, with parameters ρ = 0.695; µ = 3.8; x(0) = 0.2; y(0) = 0.8; k = 0.8. 
 
Conclusions 
 
We have presented the complex nonlinear economic dynamics in a Cournot 
duopoly model proposed by Kopel. Detected conditions of the market 
equilibrium under which the income of both market participants – maximum. 
Added a state feedback controller shows possibility of control of the economic 
Cournot model. 
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Abstract. The results of an investigation of the structure and mode stability of the 

mutually coupled nonlinear and nonisochronous  autooscillator networks with different 

geometries, using a nonlinear mode analysis and averaging method, are presented. This 
paper investigates also the effect of element value difference in different networks (1D-

lines, rings, 2D-grids). Numerous mode patterns have been predicted and some of them 

experimentally observed, and stability criteria established for a wide range of conditions. 

Motivation for this work has come from power grid construction and spintronics. 
Keywords: mode analysis, nonisochronous, nonidentical parameters, autooscillator 

networks. 
 

1  Introduction 
 

Complex networks of mutually coupled nonlinear oscillators are playing an 

important role in the understanding of high-level complex systems. In particular, 

many of them are scale-free, each of oscillators are nonisochronous, and could 

be mutually synchronized or synchronized by external periodic signal. Mutual 

synchronization of oscillators is a classical problem in the theory of 

synchronization [1]-[3] and a pervasive topic in various scientific disciplines 

ranging from physics, biology, chemistry, technology and social networks.  

One of the simple tree-like network is a high-voltage power grid [4], which 

characterized by multistability (see Fig.1). Recently [4], it was shown 

numerically, that artificially generated power grids that tree-like connection 

schemes—so-called dead ends and dead trees—strongly diminish stability. This 
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may indicate, that it is very to construct topological design principles for future 

power grids (for example, avoid dead ends). One more example (see Fig.2) is a 

biological neural network and artificial neuromorphic systems, which are 

inspired by the architecture of the brain (see for ex. [5]). The main goal here is 

to analyze and abstract the biology way operates to construct computing high-

level hardware with one or several of the superior assets of the living brain. To 

maximize the neural-network density, and its efficiency, neurons to deep 

submicrometre sizes also becomes an important task. Recently neuromorphic 

circuits based on ‘memristors’ have been used to emulate neurons (see [5] for 

more details). All these circuits combine several additional standard elements 

including capacitors, resistors, inductances. Many neuromorphic ‘building 

blocks’ (neurons, axons) can be built efficiently by using single spin transfer 

torque active elements (spintronic devices), which are synchronize by each other 

(mutual phase locking). Recently [6],[7] it was shown that it is possible to 

construct 1D and 2D networks, based on the spin-torque nano-oscillators (see 

Fig.3) using local mechanism of mutual coupling (for ex. spin-waves). Here also 

very important to analyze, which type of topology (geometry) is better to use for 

optimal network construction for solving different problems (power summation, 

parallel computing, etc.). Both these two systems-power grid macrosystems and 

neuromorphic microsystems could be examined by a common mathematical 

formalism. In a simple case, single oscillator is a nonlinear, nonisochronous  

system with one limit cycle. In real experiments, it is not possible to create 

networks of oscillators with fully identical parameters (especially in nanoscale). 

Therefore, it is very important to analyze nonlinear dynamics of the oscillators 

with nonidentical parameters (see [7] for more details). The coupling between 

oscillators also could be nontrivial – nonlinear, with time delay, etc.  

 

  
Fig. 1. Northern European Power Grid [8] Fig. 2. Neural Network 

 
Fig. 3. Modern Spin-Torque Nano-Oscillator 1D-Line (Network) 
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One of the most important questions for nonlinear networks is a mode 

calculation and determination of it’s stability.  The technique pioneered by T. 

Endo and S. Mori (see [8]-[10] and review in [11]) for the mode calculation in 

coupled nonlinear van der Pole autooscillator networks comprises a two steps. 

The first step entails a linear transformation applied to the multimode coupled 

system to reduce it to a diagonalized uncoupled structure (normal mode 

calculation), which is the matrix equivalent to the partial van der Pole 

autooscillator. On the second step need to perform the truncated equations for 

slowly varying amplitudes and phases of each autooscillator using averaging 

method. In a general case, not all of autooscillators could be modeled by a 

simple van der Pole system. One of the generalization for more complex system 

(for ex. 3D Landau-Lifshitz-Gilbert equation for a single spintronic oscillator)  

in this case is using quasi-Hamiltonian or quasi-Lagrangian approaches. Quasi-

Hamiltonian formalism is more close to quantum mechanics (Schrodinger-like 

equations) and it is easier to construct truncated equations, than quasi-

Lagrangian formalism. Quasi-Hamiltonian approach [12] is also very 

convenient for nonlinear wave analysis (continuous model).          

In this paper the mutual synchronization (small-world networks) theory of 

nonidentical and nonisochronous autooscillators, which is based on the quasi-

Hamiltonian approach, is developed.  

This work is organized as follows. On the first step, we will consider a general 

quasi-Hamiltonian approach for networks of nonlinear and nonisochronous 

autooscillators with arbitrary number of elements N. After that, we will calculate 

linear normal modes of three type of networks (1D-line – Fig.4, a ring – Fig.5, 

2D-array – Fig. 6) with fully identical oscillators and determine its stability. On 

the next step using numerical calculation, we will determine mode stability for 

nonidentical oscillator networks. Numerous mode patterns have been predicted 

and some of them experimentally (numerically) observed, and stability criteria 

established for a wide range of conditions. Finally, the results of this work are 

summarized, discussed and some directions for future work are proposed.  

 

 

 
Fig. 4. A 1D-Line of the coupled oscillators Fig. 5. A Ring of coupled oscillators 

 
Fig. 6. A 2D-Array of mutually coupled oscillators 
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2  Quasi-Hamiltonian approach 
 

We need to describe the nonlinear properties of a system of mutually coupled 

nonidentical and nonisochronous oscillator networks from a common point of 

view. The quasi-Hamiltonian approach [12] is sufficiently convenient for this 

description, especially for writing truncated equations (using averaging 

method). The quasi-Hamiltonian equations with N degrees of freedom are 

characterized by variables 1,..., Nq q  and 1,..., Np p . They satisfy the following 

equations: 

' ,    '' .
j j

j j
j j

dq dp

dt p dt q

 
    
 

                          (1) 

Here ' , ''j j   are dissipative functions. If ' , '' 0j j   , then (1) gives simple 

Hamiltonian form of equations. Now let’s change over to canonical variables 

, /j j j j j jQ q P p    , where j  are dimension constants ( ,j jQ P  have the 

same dimension). After introducing complex variables: 

   *2 ,   2j j j j j jb Q iP b Q iP                               (2) 

and using following expression for Hamiltonian (here  ,j j jX P Q ): 

*

*
,

j j

j j j jj

b b

X b X Xb

   
   

   
                                        (3) 

we obtain equations of motion (after substituting (2),(3) in (1)) in the form 
*

*

*
,    .

j j
j j

jj

b b
i F i F

t t bb

  
    

  
                           (4) 

Here   ' / '' 2j j j j jF i     . The second equation in (4) may be 

obtained from the first one by complex conjugation. There is a wide range of 

changes from canonical variables  *,j jb b  to other variables. The possibility of 

choosing various canonical variables is an advantage of the Hamiltonian 

approach (see [12] for more details). Assuming  *,j jb b  to be small, let us 

expand the function  *,j jb b  in a power series in *,j jb b . We are not interested 

in the zero term  0,0 , and the first order   are zero. Therefore, the 

expression of   begins with the second order terms in the form 

2 3 4 ...     .                                         (5) 

In the general form of network geometry we can write 

 * * * *
2

, 1

1

2

N

lk l k lk l k lk l k

l k

A b b B b b B b b


 
    

 
 .                        (6) 
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The Hamiltonian (6) may be diagonalized by linear uv-transfromation  

*

1

N

j jm m jm m

m

c u b v b


  
  .                                   (7) 

After special choosing (see [11]) of matrices jmu  and jmv   in (7) the 

Hamiltonian 2  (6) takes the form 

* *
2

1 , 1,

N N

j j j km k m

j k m
k m

c c c c
 



     .                                (8) 

Here  km  is the matrix of linear coupling between oscillators. This 

expression for 2  we will use for calculating linear modes of oscillator 

networks. If the oscillator is nonisochronous (frequency is a function of the 

amplitude), we can obtain 3  in a simple form 

*
3

1

N

j j j j

j

N c c c


  .                                    (9) 

After substituting (7)-(9) in (4) equations of motion for jc  will have the 

following view 

2

1

,
N

j
j j jk k j j j

k

c
i c i c iN c

t





      


                         (10) 

where *

1

N

j jm m jm m

m

u F v F


   
  . For the several types of oscillators (van der 

Pole, nonlinear pendulum, spintronic oscillators, etc) possible to write j  in the 

simple form 

     , ,j j jx x x     .                              (11) 

Here 
2

jx c  - generalized power of complex variable jc , , j  is a positive 

damping function (for ex. Hilbert damping in ferromagnetic or positive 

resistance in van der Pole scheme) and , j  is a negative damping function (for 

ex. spin-transfer torque effect in ferromagnetic or negative resistance van der 

Pole scheme). If the power x  is small, we can expand the functions  , x   in 

a power series  

  0 ' 2
, , , ,1 ,j j j jx Q x Q x   

     
 

                          (12a) 

  0 ' 2
, , , ,1 .j j j jx Q x Q x   

     
 

                          (12b) 

Now let us shift to the mode analysis of the fully identical nonlinear oscillator 

networks (lines, rings and 2D-lattices). In this case, we will have, that any 

physical parameter of each oscillator is equal to the similar parameter of other 

oscillators. 
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3  Mode Analysis of Identical Nonlinear Oscillators 
 

First, let’s calculate normal modes j  of three systems (Fig.4-6).  We will start 

with one-dimensional case (Fig.4,5) and use quasiharmonic approximation of 

the equation (10) and, in this case, nonisochronous parameters jN , damping 

parameters 0 0
, ,,j j    should be small and same order of smallness. An 

unperturbed equation of (10) for jc  is 

1

,
N

j
j j jk k

k

c
i c i c

t





   


                                  (13) 

or for  1,..., Nc c c  in the vector form 

,
c

i c
t


   


                                          (14) 

where coupling matrix   

1 12 1

21 2 2

1 2

...

...

... ... ... ...

...

N

N

N N N







  
 
   

 
 
  

.                                 (15) 

These equations (13) or (14), we can transform into the canonical, using linear 

matrix transformation c a  ,  1,...,
T

Na a a  into the 

  1
.

a
i a

t


      


                                  (16) 

For eigenmodes j  we need 

   1
1,..., Ndiag  


    .                                (17) 

For determine let’s write following boundary conditions: 

1 10,     0Nc c       - for Fig.4,                                (18a) 

1 1 0,    N Nc c c c   - for Fig.5.                                (18b) 

For identical oscillators 0 , 1..j j N   , same and symmetric coupling 

0 , 1; 1,

0,       ,
jm

m j j

otherwise

   
  


 we will have (see for more details [8],[9] for van 

der Pole network) 

0 02 cosj

j

N


 

 
    

 
 - for Fig.4,                      (19a) 

 
0 0

1
2 cosj

j

N


 

 
    

 
 - for Fig.5.                      (19b) 
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For the two-dimensional case (see Fig.6) jk  could be expressed as follows (for 

N M  elements) 

0 0 02 cos 2 cosjk

j k

N M

 
 

   
       

   
.                              (20) 

From (16), (17) we can write  

1

N

j jm m

m

c t a


  .                                        (21) 

Here coefficients could be found by nontrivial transformations (see [8]-[11]) in 

the following form: 

1) for 1D-line network (Fig.4) 

  

1

2 1 12
cos , 1,

2

1
;

jm

j

j m
t m

N N

t
N


  

  
 



.              (22a) 

2) for a ring network (Fig.5) 

 

 

 1
, 1

2

2 12 1
cos , 2,3,..., ,

2

2 12
sin , 2,..., ,

2

1 1
,    1 , 1,2,..., ;

jm

jm

j
j N

j

j m N
t m

N N

j m N
t m N

N N

t t j N
N N
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3) for a 2D-array of mutually coupled oscillators (Fig.6) we will have 

   
t

N Mc a   , where   jmN N
t      and jmt  are same like (22a). 

 

So the unperturbed solution ja  could be expressed as follows (here ,j jA   are 

constants) 

,j ji t i
j ja U e

  
                                               (23) 

and the unperturbed solution jc  as 

1

m m

N
i t i

j m jm

m

c U t e
  



   .                                    (24) 

For small coefficients jN , 0 0
, ,,j j   , if we regard mU , m  as slowly varying 

functions of time, then the dynamics of  m mU U t  and  m m t   can be 

represented by averaged equations. Generally, in the following form (see [7]): 
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   1 1

   

,..., ,..., ,m
m N m m N m

Without phases Influence of phases

dU
U U U U

dt
                            (25a) 

   ~ ~
1 1 1,..., ,..., , ,..., ,m

m m N m N N

Nonisochronous Coupling

d
N U U U U

dt


                  (25b) 

where m  is a function only of amplitudes , 1..mU m N , m  determines the 

influence of phases 1,..., N   to the amplitude mU , ~
m  is an averaged 

nonisochronous function and ~
m  determines the influence of amplitudes by 

coupling mechanism. In the general case all this functions m , ~
m , ~

m , ~
m  

very difficult to rewrite analytically for our small-world networks (Fig.4-6). 

However, let’s discuss a simple transition way to the Kuramoto-model. Let 
0

mU U  is a stationary amplitude in the uncoupled case (for small parameters 

0 0
, ,,j j   ) and 0jN   and ~

m  after some mathematical transformations will 

have the form  ~
0 sinm k m

k

    , which leads to the Kuramoto-model.  

For mode stability determination, it is needed to analyze the stability of 

stationary points 0 0,m mU   on the N N  phase-space (system (25)).  

Let us illustrate (Fig.7) the mode scheme of 1D-line and ring networks. One can 

see, that for ring-network (Fig.7b) the number of modes is smaller than 1D-line 

(Fig.7a). Here 2,4,... 0  , and if need to solve the problem of power summation 

of many autooscillators, need to use network in the only one mode (frequency). 

For 1D-line network the number of nongenerate (frequencies are not equal to 

each other) modes is equal to N . For the ring-network all even modes are equal 

to zero. So for power summation problem on one frequency better to use ring-

network because the distances between neighbor modes are bigger, than for 1D-

line. If in this case we will start to make our networks much more complex 

(tree-like) with many branches and dead-ends, better to close these unclosed 

branches to the main branch, because the stability of this scheme will be better. 

This main rule also could be applicable for nonidentical autooscillators with 

some clauses. Let’s discuss some of them on the practical example for phase-

locking between nonidentical spin-torque nanooscillators. 

 

  
(a) (b) 

Fig. 7. A mode scheme of 1D-line (a) and ring (b) networks 
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4  Computational analysis of Nonidentical Oscillator Networks 
 

We start our analysis of nonidentical autooscillator network from the concrete 

example - spin-torque nanooscillators, which are mutually coupled by spin-

wave interaction mechanism (local mechanism). Synchronization is very 

important physical phenomena for power summation procedure of 

nanooscillators to increase power of all device (it was shown, for ex. in [7]). 

Analytically, possible to calculate eigenmodes 1,2  only for two coupled 

oscillators. Here we have 

 

 
2

1 2 12 211 2
1,2

4

2 2

  


   
  .                    (26) 

 

Nonlinear dynamics of two strongly nonidentical nanooscillators was observed 

in [7]. For more complex systems need to use numerical simulations. Two 

nanooscillators could have strongly nonidentical parameters (diameters of 

nanocontacts, input currents, etc). In our simulations we used 100 

nanooscillators with statistical scattering of the diameters, with same distances 

between oscillators with two geometries – 1D-line and ring. We have calculated 

(see Fig.8) the variation of the component   (phase-locking bandwidth, which  

is proportional to the average diameter) in terms of distances between oscillators 

0  for identical (a) and nonidentical (b) nanooscillators and naturally small 

nonisochronous parameter. On the fig.8 bandwidth functions are presented for 

the particular case between two elements 56j   and 57j  . Here, one could 

see that for both situations: identical and nonidentical cases, using the ring-

structure possible to increase the phase-locking bandwidth in comparison with 

1D-line. For this type of autooscillators on the distance between two of them 

possible to find special points, where 0  . If one of oscillators in this couple is 

much stronger (more energetic) than another one, the number of such points 

( 0  ) on this distance could significantly reduce by parameter variation (for 

ex. currents between each of nanooscillators). However, in some situations 

better to use fully identical nanooscillators, because the system could be more 

unstable if we solve the problem of power summation. 

Finally, we can summarize the following result. If we want to use network with 

high stability rates and maximum bandwidth with naturally nonidentical 

parameters better to use ring-type of geometry. In addition, if we need to 

construct a network with specially high rates of bandwidth, better to enter 

special nonidentity.  

Our approach allows one to draw a statistical generalization of such a system 

(quasi-Hamiltonian approach) with the presence of noise, which will determine 

the spectral linewidth of the output oscillation of networks. This task makes a 

subject of further research. 
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(a) 

 
(b) 

Fig. 8. The variation of the component   (phase-locking bandwidth) in terms of 

distances between oscillators 0  for identical (a) and nonidentical (b) spin-torque 

nanooscillators for 100N   (1D-line and ring networks). 

 

 

Conclusions 
 

We calculated linear normal modes of three type of networks with fully 

identical oscillators and determine its stability. We used the numerical 

calculation for determine mode stability of nonidentical oscillator networks 

(lines and rings). We have shown, that if we want to use network with high 

stability rates and maximum bandwidth with naturally nonidentical parameters 

better to use ring-type of geometry. In addition, if we need to construct a 

network with specially high rates of bandwidth, better to enter special 

nonidentity. 

 

Authors acknowledge financial support by Russian Foundation for basic 
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722



References 
 

1. A. Pikovsky, M. Rosenblum, and J. Kurths. Synchronization. A Universal 

Concept in Nonlinear Sciences, Cambridge University Press, 2001. 

2. G.V. Osipov, J. Kurths, and C. Zhou. Synchronization in Oscillatory 

Networks, Springer, 2007. 

3. A. Arenas, A. Diaz-Guilera, J. Kurths, Y. Moreno, and C. Zhou. 

Synchronization in Complex Networks, Physics Reports, 469, p. 93-153, 

2008. 

4. P. J. Menck, J. Heitzig, J. Kurths, and H. Schellnhuber. How Dead Ends 

Undermine Power Grid Stability, Nat. Comm., 5, 3969, 2014. 

5. N. Locatelli, V. Cros, and J. Grollier. Spin-Torque building blocks, Nat. Mat., 

13, p.11-20. 

6. A.N. Slavin, and V.S. Tiberkevich. Theory of Mutual Phase Locking of Spin-

Torque Nanosized Oscillators, Phys. Rev. B, Vol. 74, 104401, 2006. 

7. A.R. Safin, N.N. Udalov, and M.V. Kapranov. Mutual Phase Locking of Very 

Nonidentical Spin-Torque Nanooscillators via Spin Wave Interaction, Eur. 

Phys. Journ, Appl. Phys., Vol. 67, 20601, 2014. 

8. T. Endo and S. Mori. Mode Analysis of a Multimode Ladder Oscillator, IEEE 

Trans. on circ. and syst., Vol. CAS-23, No. 2, p. 100-113, 1976. 

9. T. Endo, and S. Mori. Mode Analysis of a Ring of a Large Number of 

Mutually Coupled van der Pole Oscillators, IEEE Trans. on circ. and syst., 

Vol. CAS-25, No. 1, P.7-18, 1978. 

10. T. Ookawara, and T. Endo. Effects of the Deviation of Element Values in a 

Ring of Three and Four Coupled van der Pole Oscillators, IEEE Trans. on 

circ. and syst., Vol. 46, No. 7, p.827-840, 1999. 

11. D. A. Linkens. Nonlinear Circuit Mode Analysis, IEE Review, Vol. 130, Pt. 

A, No. 2, p. 69-87, 1983. 

12. V.S. L’vov. Wave Turbulence under Parametric Excitation. Springer-

Verlag, Berlin, 1994. 
 

 

723



724



_________________ 

8
th
 CHAOS Conference Proceedings, 26-29 May 2015, Henri Poincaré Institute, Paris France 

 

© 2015 ISAST                               
 

Low-dimensional deterministic chaos  

in thermally-induced physical aging of As10Se90 glass 

probed with nonlinear time-series method 
Oleh I. Shpotyuk

1
, Avadis S. Hacinliyan

2
,  

Valentina O. Balitska
3
, Andrzej Kozdras

4
, Yani Skarlatos

5
,  

Ilknur Kusbeyzi Aybar
6
, Orhan Ozgur Aybar

7
 

 
1 Vlokh Institute of Physical Optics 23, Dragomanov str., Lviv, 79005, Ukraine 
   Institute of Physics of Jan Dlugosz University 13/15, al. Armii Krajowej, 
   Czestochowa, 42201, Poland 

   (E-mail: shpotyuk@novas.lviv.ua) 
2   Yeditepe University, Dep. of Physics, Atasehir, Istanbul, Turkey 

Bogazici University, Dep. of Physics, Bebek, Istanbul, Turkey 
Yeditepe University, Dep. of Information Systems and Technologies, Atasehir,  

   Istanbul, Turkey 

(E-mail: ahacinliyan@yeditepe.edu.tr) 
3 Lviv State University of Vital Activity Safety 35, Kleparivska str., Lviv, 79007,  
   Ukraine  

(E-mail: vbalitska@yahoo.com) 
4  Opole University of Technology 75, Ozimska str., Opole, 45370, Poland 

   (E-mail: a.kozdras@po.opole.pl) 
5  Bogazici University, Dep. of Physics, Bebek, Istanbul, Turkey 

   Yeditepe University, Dep. of Physics, Atasehir, Istanbul, Turkey 

(E-mail: sakarlat@boun.edu.tr) 
6 Yeditepe University, Dep. of Computer Education and Instructional Technology 
    34755, Atasehir, Istanbul, Turkey 

    (E-mail: ikusbeyzi@yeditepe.edu.tr) 
7  Piri Reis University, Faculty of Engineering, 34940, Tuzla, Istanbul, Turkey 

   (E-mail: oaybar@pirireis.edu.tr) 
 

 
Abstract. Nonlinear time-series method with the help of the TISEAN Program is applied 

to study the chaotic behavior in physical aging of As10Se90 glass accelerated with thermal 

annealing at 40 oC.  The kinetics of enthalpy losses was measured experimentally to 

determine the phase space reconstruction parameters, the results being presented in terms 
of a comparison with naturally long-term aged glass of the same composition. The 

observed deterministic chaoticity (involving chaos and fractal analysis tools such as 

detrended fluctuation analysis, attractor identification using phase space representation, 

delay coordinates, mutual information, false nearest neighbors) is parameterized so as to 
compare with microstructural models of long-term natural (more than 2 decades) and 

light-assisted physical aging in As-Se glasses.   

Keywords: Chaos, Chaitical Simulation, Physical Aging, Glass, Relaxation, Kinetics. 
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1.  Introduction 
 

Being permanently in a metastable state because of frozen molten disordering, glasses 
can be subjected to a variety of external influences reducing their excess of 

configurational entropy, enthalpy or free volume [1]. This ability to stabilize a 

more energetically favorable structure is referred to as physical aging (PhA) [1-

7], the phenomenon approaching temporal state of linearly extrapolated 

equilibrium of super-cooled liquid. Thus, natural and light-assisted physical 

aging in glassy arsenic selenides As-Se occurred to be essentially similar, 

demonstrating a number of common features [4]. The theory of strange 

attractors involving typical chaoticity considerations (such as detrended 

fluctuation analysis, attractor identification using phase space representation, 

delay coordinates, mutual information, false nearest neighbors, etc.) was 

adequately applied to describe multistep growing tendencies in both kinetics 

despite principally different time scales, tens of years for natural [4-7] and tens 

of days for light-assisted PhA [8-11]. It was proved that photoexposure could be 

as an initiating factor at the beginning stage of PhA, thus facilitating further 

atomic shrinkage of a glassy backbone at more prolonged time scales [11].  

In contrast, the PhA can be also accelerated in other way by eliminating some 

mechanical constraints limiting atomic movements in a glassy network. This can 

be achieved due to allowing PhA at elevated temperatures, the process being 

known as thermally-induced PhA [4,12]. Nevertheless, there is an open question 

left in this connection: Does thermal influence affect PhA like photoexposure, 

causing deterministic chaoticity in the finalized kinetics?  

In this work, we tried to answer this question by comparing natural and 

thermally-induced PhA behavior in glassy g-As10Se90, reconstructed with time 

series analysis [13,14] using TISEAN software program package [15]. 

 

2.  Experimental Results 
 

The samples of g-As10Se90 were prepared by conventional melt quenching route 

from a mixture of high purity precursors, as described elsewhere [4-6]. The 

kinetics behavior under natural (room temperature) and thermal storage 

(keeping in a furnace under 40 
o
C) was studied for bulk glassy ingots (~3 mm), 

which were preliminary subjected to rejuvenation by heating above glass 

transition temperature Tg  350 K to erase any thermal prehistory.  

PhA was tested with a differential scanning calorimetry (DSC) due to strong 

endothermic peak superimposed on the endothermic step of glass transition [16-

18]. The DSC traces were recorded on NETZSCH 404/3/F set-up pre-calibrated 

with standard elements, all measurements being performed in a dark at ambient 

atmosphere with constant 5 K/min heating rate. The same calibration procedure 

was repeated each time during routine kinetics experiments. Three independent 

DSC scans were detected to confirm the reproducibility of results. Finally, the 

raw DSC data were processed using NETZSCH PC software package. The 

difference in the area under DSC signal from aged and rejuvenated glasses was 
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directly proportional to the enthalpy losses ΔH. In further, we will focus only on 

this parameter to describe the corresponding aging kinetics. 

The aim of this paper is to provide a comparative study of chaotic behavior in g-

As10Se90, affected by two principally different PhA scenarios at long- and short-

term time scales, these being known as natural and thermally-induced PhAs. 

 

3. Results and Discussion  
 

The graphs of real time-dependent enthalpy losses H(t) in g-As10Se90 ascribed 

to long-term natural PhA as given previously in [7], and activated by thermal 

influence at 40 
o
C are shown on Fig. 1 (top and bottom graphs, respectively).  

As it follows from Fig. 1 (the top graph), the natural PhA exhibits well-

expressed multi-step-wise kinetics, where four or five steps [6] can be 

distinguished in dependence on well-separated growing slope-plateau domains. 

Each such domain can be roughly substituted by elementary single-exponential 

component with time constants growing with aging duration in a sequence of 

0.2-6-26-78-1529 days. Straightforward fitting of overall experimental curve 

describing enthalpy losses H(t) in g-As10Se90 by stretched-exponential function 

gives numerical values of relaxation time   663 days and dimensionless 

stretching exponent (or non-exponentionality index)  = 0.25 [4-6]. 

In an obvious contrast, the kinetics of thermally-activated PhA (Fig. 1, the 

bottom graph) is smoother with only a few steps visible in growing H(t) 

dependence (only two of them can be parameterized by single-exponential 

relaxation time constants of 5.7 and 195 hours), the overall relaxation process 

tending towards saturation just after 10
3
 hours. Straightforward stretched-

exponential fitting of this kinetics curve proceeds with non-exponentionality 

index  = 0.44 and correspondingly shorter time constant   114 hours. 

These irregular transient enthalpy H(t) characteristics split into equal time 

domains (bins) by dividing on 10000 steps were taken as initial data for further 

non-linear time series analysis [15]. Hence, despite the same number of bins, the 

averaged weight of each bin was different for natural and thermally-induced 

PhA. Furthermore, we tried to reconstruct the best possible attractor responsible 

for this relaxation kinetics, the methods of time delay and false nearest 

neighbors being utilized [13,14]. After attractor reconstruction, we performed a 

determinism test by calculating the Lyaponov exponent. In such a way, we 

obtained strong indication on chaotic behavior of the tested relaxation kinetics 

affected by the reconstructed attractor, provided the calculated value of the 

largest Lyaponov exponent occurs to be positive [14]. 

Mutual information dependence on delay times for g-As10Se90 affected to long-

term natural and thermally-activated (40 
o
C) PhA are shown respectively by 

green and red curves on Fig. 2. Within the TISEAN program [15], the value of 

time delay where mutual information reaches its first minimum was used for 

space reconstruction.  

According to mutual information calculations, these delay times are nearly 250 

and 150 time steps for naturally and thermally-aged g-As10Se90 because of the 
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same primary chemical environment affected by relaxation. Slight shortening in 

delay times for thermally-activated process probably originates from partially 

uncompleted aging kinetics in this case with preference of more flexible 

homoatomic Se-Se-Se configurations affected by relaxation, which stretches on 

principally another (more shortened) time scale. 
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Fig. 1. Kinetics of DSC enthalpy H(t) losses in g-As10Se90 

subjected to long-term natural (top) and thermally-activated (40 
o
C) PhA 

(bottom). 
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After choosing an acceptable time delay t, we need an appropriate embedding 

dimension m to reconstruct the phase space correctly in order to avoid projecting the 

system onto a lower dimensional space. The approach known as false nearest 

neighbors (FNN) is useful to give such estimate for embedding dimension m [7, 

11, 19, 20].  

 
Fig. 2. Average mutual information vs. delay time graphs for g-As10Se90 affected 

to long-term natural (green curve) and thermally-activated PhA (red curve). 

 

By taking the delay time as given above, we analyzed the minimum embedding 

dimension m needed to reconstruct attractor by this method for naturally and 

thermally-aged (40
o
C) g-As10Se90 (green and red curves on Fig. 3, respectively).  
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Fig. 3. Fraction of FNN vs. embedding dimension graphs for g-As10Se90 affected 

to long-term natural (green curve) and thermally-activated PhA (red curve).  

In both cases, the PhA tends towards m=5 since the same chemical environment 

are involved in the respective structural-relaxation transformations. However, 

the starting stages of relaxation are more pronounced for thermally-induced 

PhA, thus producing long decaying “tail” in the number of FNN to m=5. Similar 

incompleteness at final stages of structural relaxation was also proper to light-

assisted PhA in this glass caused by low-energy photons [11]. 

Having built an attractor, we should further clarify the system’s behavior in a 

reconstructed phase space employing the scaling analysis of power-low 

correlation exponent [13-15]. In our research, to analyze short- and long-range 

correlations in the studied PhA kinetics, the method of detrended fluctuation 

analysis (DFA) was applied [15]. According to this DFA analysis (see Fig. 4), 

the starting stages of natural PhA in g-As10Se90 demonstrate the slope of 1.6, 

changing it on 1.9 with further stages, while this slope in nearly the same 

(close to 1.6) for thermally-induced PhA. Since crossover in a scaling type of 

the underlying correlation can be attributed to transition in the dynamical 

properties of a system [13,14], we suppose some changes in this dynamics for 

natural and thermally-induced PhA in g-As10Se90. The starting stage of natural 

PhA in g-As10Se90 is governed mainly by Se atom twisting within double-well 

potentials formed by homopolar Se-Se-Se environment, while heteropolar Se-

Se-As environment dominates in the final stage [4]. In contrast, the thermally-

induced PhA in g-As10Se90 is stretched as a unique process with a full 

domination over entire time scales, originated exclusively from more easily 

affected homopolar Se-Se-Se environment (thermal treatment does not affect 
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more rigid heteropolar Se-Se-As environment, leaving a whole relaxation 

process uncompleted at such short durations). 

 
Fig. 4. DFA graphs for g-As10Se90 affected to long-term natural (green curve)  

and thermally-activated (40 
o
C) PhA (red curve).  

To separate non-Gaussian signals from Gaussian ones in the reconstructed PhA 

kinetics (thus giving a predictability of time series), the rescaled range analysis 

was applied [13]. Using standard approach [13,15,20], we calculated the Hurst 

exponent H for both PhA processes as shown in Fig. 5. Two regimes with 

H=0.4 and 0.3 were detected, but not any difference between natural and 

thermally-induced PhA. The Hurst exponent in this domain (0-0.5) implies non-

random behavior in a time series, which probably originates from non-

randomness because of preferential chemical ordering in the studied glasses [4]. 

Both natural and thermal PhA in g-As10Se90 originates from Se atoms twisting  

within double-well potentials of the same environment, competitive channels 

being caused by 2/3 occupation of homopolar Se-Se-Se sites and 1/3 occupation 

of heteropolar Se-Se-As sites (thus resulting in two-regime R/S-Hurst behavior). 
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Fig. 5. Rescaled-range Hurst graphs for g-As10Se90 affected to long-term natural 

(green curve) and thermally-activated (40 
o
C) PhA (red curve). 

 

4. Conclusions 
The chaotic behavior in PhA of g-As10Se90 accelerated by thermal annealing at 

40 
o
C was studied directly from experimental calorimetric data on real-time 

kinetics of enthalpy losses and compared with long-term natural PhA in the 

same sample. Chaoticity in natural and thermally-activated PhA can be  

attributed to complex structural-relaxation transformations evolving multiply-

repeated cycles of Se atoms twisting within nearest chain environment.  
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Abstract. Some of the implications of a scale invariant model of statistical mechanics to 

the physical and quantum nature of both space and time as well as quantum mechanics 

are described. At thermodynamic equilibrium, the velocity, energy, and speed of particles 

are shown to be governed by invariant Gaussian, Planck, and Maxwell-Boltzmann 

distribution functions. Physical space or Casimir vacuum is identified as a compressible 

tachyon fluid, Planck compressible ether, such that Lorentz-FitzGerald contractions 

become causal (Pauli) in accordance with Poincare-Lorentz dynamic theory of relativity 

as opposed to Einstein kinematic theory of relativity. Also, some of the implications of 

the model to the physical foundation of Riemann hypothesis are discussed. In particular, 

normalized spacing between non-trivial zeroes of Riemann zeta function are found to 

follow normalized Maxwell-Boltzmann distribution function. 
 

1  Introduction 
 

 Similarities between stochastic quantum fields [1-17] and classical 

hydrodynamic fields [18-30] resulted in recent introduction of a scale-invariant 

model of statistical mechanics and its applications to thermodynamics [31, 32], 

fluid mechanics [33], and quantum mechanics [34-36].   

 In the present study, further implications of scale invariant model of 

statistical mechanics to the quantum nature of space and time and theory of 

relativity are investigated and physical foundations of quantum mechanics will 

be described.  Also, normalized spacing between non-trivial zeros of Riemann 

zeta function are shown to follow normalized Maxwell-Boltzmann distribution 

function thus clarifying the physical foundation of noncommutative geometry of 

space.   Finally, some of the implications of the model to Hilbert number one 

problem namely the continuum hypothesis in general and hierarchical 

description of analysis in particular is presented. 

 

2  A Scale Invariant Model of Statistical Mechanics 
 

 Following the classical methods [19, 37-41] the invariant definitions of 

density , and velocity of atom u, element v, and system w at the scale  are 

given as [33]  
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mp 1
ρ n m m f du          ,          
       
   u v     (1)  

1

mp 1
m f d             ,         

       
  v u u w v     (2)  

where 
mp

v  is the most probable velocity. Also, the invariant definition of the 

peculiar and diffusion velocities are introduced as  

        ,          
     
    V u v V v w         (3)  

such that   

1 

V V   (4)  

 The scale-invariant model of statistical mechanics for equilibrium galactic-, 

planetary-, hydro-system-, fluid-element-, eddy-, cluster-, molecular-, atomic-, 

subatomic-, kromo-, and tachyon-dynamics at the scale g, p, h, f, e, c, m, a, 

s, k, and t is schematically shown on the left hand side and the corresponding 

laminar flows on the right hand side of Fig. 1.  
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Fig. 1 A scale-invariant model of statistical mechanics. Equilibrium--

Dynamics on the left-hand-side and non-equilibrium Laminar--Dynamics on 

the right-hand-side for scales  = g, p, h, f, e, c, m, a, s, k, and t as defined in 

Section 2. Characteristic lengths of (system, element, “atom”) are
e e e

 (L ,  , )  

and  is the mean-free-path [36].   
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For each statistical field, one defines particles that form the background fluid 

and are viewed as point-mass or "atom" of the field.  Next, the elements of the 

field are defined as finite-sized composite entities composed of an ensemble of 

"atoms" as shown in Fig. 1.  Finally, the ensemble of a large number of 

"elements" is defined as the statistical "system" at that particular scale. 

 Following the classical methods [19, 37-41], the scale-invariant forms of 

mass, thermal energy, linear and angular momentum conservation equations at 

scale  are given as [33] 
 

 iβ

iβ iβ iβ

β

ρ
ρ

t


  


v  (5)  

 

 iβ

iβ iβ

β

ε
ε 0

t


 


v  (6)  

 

 iβ

iβ iβ ijβ

β
t


  



p
p v P   (7)  

 

   

iβ

iβ iβ iβ β iβ

β
t


  


v v


     (8)  

 

involving the volumetric density of thermal energy 
i i i

ρ h
  

  , linear 

momentum
i i i

ρ
  
p v , and angular momentum

i i i
ρ

  
  .  Also, 

i
 is the 

chemical reaction rate and h  is the absolute enthalpy [33] 

o

o o

T T T T
o

iβ fi pi pi pi pi
T 0 T 0

c dT c dT c dT c dTh h
    

         (9)  

 

In equation (9) the standard heat of formation of specie i is defined as [35] 

      

o
T

o

fi pi
0

c dTh
 
   (10)  

 

The definition in Eq. (10) avoids the conventional practice of arbitrarily setting 

the standard heat of formation of “naturally” occurring species equal to zero.  

Furthermore, the definition of absolute enthalpy in Eq. (9) in harmony with 
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Nernst-Planck third law of thermodynamics [33] establishes an absolute basis for 

measurement of  energy iβ
0 h  as T 0 .  The partial stress tensor ij

P  is [37] 

ijβ β iβ iβ jβ jβ β β
m (  )(  )f du  P u v u v  (11)  

 

The derivation of Eq. (7) involves the definition of the peculiar velocity in Eq.  

(3) along with the identity 

i j i i j j i j i j
( )( )

         
      V V u v u v u u v v  (12)  

 

 The invariant model of statistical mechanics shown in Fig. 1 and described 

by equations (1)-(4) suggests that all statistical fields are turbulent fields and 

governed by equations (5)-(8) [33, 35].  First, let us start with the field of 

laminar molecular dynamics LMD when molecules, clusters of molecules 

(cluster), and cluster of clusters of molecules (eddy) form the “atom”, the 

“element”, and the “system” with the velocities m m m
( ,  , )u v w .  Similarly, the 

fields of laminar cluster-dynamics LCD and eddy-dynamics LED will have the 

velocities c c c
( ,  , )u v w  and e e e

( ,  , )u v w  in accordance with equations (1)-(2).  

For the fields of EED, ECD, and EMD typical characteristic “atom”, element, 

and system lengths are [35]
 

 

5 3 1

e e e

7 5 3

c c c

9 7 5

m m m

EED    ( ,  , L ) (10 , 10 ,  10 ) m

ECD    ( ,  , L ) (10 , 10 ,  10 ) m

EMD   ( ,  , L ) (10 , 10 ,  10 ) m

  

  

  

 

 

 

 
(13)  

 

 If one applies the same (atom, element, system) = ( ,  , L )
  
  relative sizes 

in Eq. (13) to the entire spatial scale of Fig. 1 and considers the relation between 

scales as 
1 2

  L=
  
  then the resulting cascades or hierarchy of overlapping 

statistical fields will appear as schematically shown in Fig. 2.  According to Fig. 

2, starting from the hydrodynamic scale 
3 1 1 3

(10 10 10 10,  ,  ,  )
 

 after seven 

generations of statistical fields one reaches the electro-dynamic scale with the 

element size
17

10


 and exactly after seven more generations one reaches Planck 

length scale
353 1/2

( G / c 10) m


, where G is the gravitational constant. 

Similarly, seven generations of statistical fields separate the hydrodynamic scale 
3 1 1 3

(10 10 10 10, , , )
 

 from the scale of planetary dynamics (astrophysics) 
17

10 and 

the latter from galactic-dynamics (cosmology) 
35

10  m. Since invariant 

Schrödinger equation was recently derived from invariant Bernoulli equation 
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[36], the entire hierarchy of statistical fields shown in Fig. 1 is governed by 

quantum mechanics. There are no physical or mathematical reasons for the 

hierarchy shown in Fig. 2 not to continue to larger and smaller scales ad 

infinitum. Hence, according to Fig. 2 contrary to the often quoted statement by 

Einstein that God does not play dice; the Almighty appears to be playing with 

infinite hierarchies of embedded dices. 
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Fig. 2 Hierarchy of statistical fields with ( ,  , L )
  
  from cosmic to Planck 

scales [36] 

 
It is reasonable to associate a “force” with every one of the five distinguishable 

primary scales (chromo-dynamics, electro-dynamics, molecular-dynamics, 

planetary-dynamics, and galactic-dynamics) identified in Fig. 2.  Following the 

classical conventions [42, 43] the force “carrier” particle of each scale could be 

identified as  

 

Gluon = Strong force 

W
+
, W


, Z

o
 = Weak force 

Photon = Electromagnetic force 

Star = Astrophysical force 

Galaxy = Cosmic force 

 

According to Fig. 2, besides the four well-known forces (strong, weak, 

electromagnetic, gravitational), a new force called cosmic-force is identified for 

description of quantum cosmology with galaxies acting as elementary 

“particles” that exchange between different galactic clusters (cosmic energy-
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levels) that are governed by Schrödinger equation as discussed in Sec. 5.  The 

quantum nature of gravitation and gravitational forces associated with 

superluminal particles called tachyons (gravitons) will be discussed in Sec. 4. 

 

3  Vacuum Fluctuations and Stochastic Nature of Planck and 

Boltzmann Constants 

 For all equilibrium statistical fields on the left hand side of Fig. 1 since the 

mean velocity of particle or Heisenberg-Kramers virtual oscillator [44] 

vanishes, the particle energy can be expressed as 

2 2 1/ 2 2 1/ 2m u p                (14)  

where m<u
2
>

1/2
 = <p> is the root-mean-square momentum.  Equation (14) 

can be expressed in terms of the stochastic Planck and Boltzmann factors  

2 1/ 2

2 1/ 2

h p

k p

  

  

   

   
 (15)  

 

For the EKD scale one obtains the universal constants of Planck [45] and 

Boltzmann [32]  

 

2 1/ 2 34

k k k

2 1/ 2 23

k k k

h h m c 6.626 10    J-s

k k m c 1.381 10   J/K





     

     
 (16)  

Also, parallel to de Broglie hypothesis for the wavelength of matter waves [2]  

h / p
 

   (17)  

the frequency of matter waves is given by [32] 

k / p
 
   (18)  

resulting in the gravitational mass of photon [32] 

 

3 1/2 41

k
m (hk / c ) 1.84278 10


   kg (19)  

that is much larger than the reported [46] value of 
51

4 10


  kg.  Finite photon 

mass [35] was anticipated by Newton [47] and is in accordance with Einstein-de 

Broglie theory of light [48-53]. Avogardo-Loschmidt number is identified as 

[32]  
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o 2 23

k
N 1/ (m c ) 6.0376 10   molecules/mole    (20)  

Also, by Eq. (20) the atomic mass unit becomes 

2 1/2 27

k
amu m c (hkc) 1.6563 10  kg/kmol


     (21)  

Since all baryonic matter is known to be composed of atoms, Eqs. (21) and (19) 

suggest that all matter in the universe is composed of light [35] and hence is of 

electromagnetic nature.  The metamorphosis of matter into radiation and vice-

versa was recognized by Newton [47] 

  

 “Qu.30. Are not gross bodies and light convertible into one another, 

and may not bodies receive much of their activity from the particles of 

light which enter their composition? The changing of bodies into light, 

and light into bodies, is very comfortable to the course of Nature, 

which seems delighted with transmutations. And among such various 

and strange transmutations, why may not Nature change bodies into 

light and light into bodies?” 

 

The result in Eq. (21) namely electromagnetic nature of all matter was 

anticipated by both Lorentz [54] and Poincaré [55]. 

 Equation (16) and (20) lead to the modified universal gas constant  
 

o o
R N k 8338   J/(kmol-K) = J/kcal   (22)  

 

The modified universal gas constant R
o 

was recently identified [56] as De Pretto 

number 8338 J/kcal that appeared in the mass–energy equivalence equation of 

De Pretto  [57] 
 

2 2
E mc  Joule = mc / 8338   kcal  (23)  

Unfortunately, the name of Olinto De Pretto in the history of evolution of mass 

energy equivalence is little known. Ironically, Einstein’s best friend Michele 

Besso was a relative and close friend of Olinto De Pretto’s brother Augusto De 

Pretto.  The relativistic form of Eq. (23) was first introduced by Poincaré [55] 

2

r
m cE   (24)  

where 
2 2

r o
m m / 1 v / c  is Lorentz relativistic mass. Since the formula (23) 

is the only equation in the paper by De Pretto [57], the exact method by which 

he arrived at the number 8338 is not known even though one possible method 

was recently suggested [56]. The important contributions by Hasenöhrl [58] and 

Einstein [59] were discussed in a recent study [60]. 

 The equality of rest or gravitational mass and dynamic or inertial mass may 

be established by first noting that the rest mass of a “particle” identified as a 
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stable stochastically-stationary cluster of “molecules” under harmonic 

oscillations about its center of mass could be expressed as [35] 

                                                         

oc o o o o o

2 2

t k o

o
E H  T S  U p V 3NkT NkT

                                               4NkT N m c M c

      

  
 

(25)  

Hence, the rest mass of cluster 
oc

M  is defined as the mass of the total number of 

photons composing the cluster 

 

oc mc am sa ks k kc k
M 4N N N N m  = 4N m  (26)  

 

and the multiplicative number four arises from the number of degrees of 

freedom per photon respectively associated with translational, rotational, 

vibrational and potential energies [32].  Next, the total energy of a the same 

cluster now with its center of mass possessing a constant convective velocity v 

in an arbitrary coordinate direction is expressed as 

                                                                
2 2 2

c oc c c oc mc m c oc mc am a c

2 2

oc mc am a c oc mc am sa s c

2

oc mc am sa s c

2

oc mc am sa ks k c
2

E E m v /2 = E (4N m v )/2 E (4N N m v )/2 

E (4N N m v )/2 E (4N N N )m v / 2

E (4N N N m v ) / E (4N N N N m )v / 2

                                              

    

   

   

2

oc Ic c
        E M v / 2                   

 
(27)  

 

Hence, both rest energy and dynamic energy involve the same mass leading to 

equality of rest mass and inertial mass in equations. (25) and (27) 

oc Ic
M M    (28)  

By equation (27) the total energy of a moving particle follows relativistic energy 

transformation of Poincaré-Einstein [55, 61-63, 64] 

 

2 oc

c oc oc c
2 2

c

E
E E M v / 2

1 v / c

  



 
(29)  

The equivalence principle namely the equality of rest mass and gravitational 

mass could be obtained by expressing the total rest energy and gravitational 

potential energy to be discussed in the following Section. 
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4 Physical Space Identified as a Compressible Fluid that is 

Casimir Vacuum or Aristotle Fifth Element 
 

 A most significant implication of the model in Figs. 1 and 2 concerns the 

nature of physical space, Casimir [65] vacuum, that is identified as a tachyonic 

fluid that is de Broglie hidden thermostat [3]. It is emphasized that space is the 

tachyonic fluid itself and not merely a container that is occupied by this fluid, as 

in the classical theories of ether [66].  Using a glass of water as an example, the 

physical space is analogous to the water itself, and not to the glass.   

 Both Descartes and Huygens recognized the significant role of Aristotle 

ether in phenomena of gravitation and optics.  For example, in harmony with the 

scale-invariant model of statistical mechanics shown in Fig. 1, the propagation 

of light in a medium called ether was suggested to be analogous to propagation 

of sound in air by Huygens [67] 

 

“As regards the different modes in which I have said the movement of 

Sound and of Light are communicated, one may sufficiently 

comprehend how this occurs in the case of Sound if one considers that 

the air is of such nature that it can be compressed and reduced to a 

much smaller space than that which it ordinarily occupies,”    

 

“Now in applying this kind of movement to that which produces Light 

there is nothing to hinder us from estimating the particles of the ether 

to be of a substance as nearly approaching to perfect hardness and 

processing a springiness as prompt as we choose. It is not necessary to 

examine here the causes of this hardness, or of that springiness, the 

consideration of which would lead us too far from our subject. I will 

say, however, in passing that we may conceive that the particles of the 

ether, notwithstanding their smallness, are in turn composed of the 

other parts and that their springiness consists in the very rapid 

movement of a subtle matter which penetrates them from every side 

and constrains their structure to assume such disposition as to give to 

this fluid matter the most overt and easy passage possible.This accords 

with the explanation which Mr. Des Cartes gives for the spring, though 

I do not, like him, suppose the pores to be in the form of round hollow 

canals.  And it must not be thought that in this there is anything absurd 

or impossible, it being on the contrary quite credible that it is this 

infinite series of different sizes of corpuscles, having different degrees 

of velocity, of which Nature makes use to produce so many marvelous 

effects,” 

 

Also, the fundamental role of physical space in constitution of matter according 

to modern particle physics was anticipated by Leibniz who stated [68] 
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“If space is an absolute reality, far from being a property or accident 

opposed to substance, it will have a greater reality than substances 

themselves,”  

 

“As for my own opinion, I have said more than once that I hold space 

to be something merely relative, as time is, that I hold it to be an order 

of coexistences, as time is an order of successions … I have many 

demonstrations to confute the fancy of those who take space to be a 

substance, or, at least, and absolute being.  But I shall only use, at 

present, one demonstration, which the author here gives me occasion to 

insist upon. I say, then, that if space were an absolute being, something 

would happen for which it would be impossible that there should be 

sufficient reason--which is against my axiom.  And I can prove it thus.  

Space is something absolutely uniform, and without the things placed 

in it, one point of space absolutely does not differ in anything from 

another point of space. Now, from hence it follows (supposing space to 

be something in itself, besides the order of bodies among themselves) 

that is impossible there should be a reason why God, preserving the 

same situations of bodies among themselves, should have placed them 

in space after one certain particular manner and not otherwise--why 

everything was not placed the quite contrary way, for instance, by 

changing east into west.  But if space is something else but this order of 

relation, and is nothing at all without bodies but the possibility of 

placing them, then those two states, the one such as it is now, the other 

supposed to be quite contrary way, would not at all differ from one 

another. Their difference therefore is only to be found in our chimerical 

supposition of the reality of space in itself. But in truth, the one would 

exactly be the same thing as the other, they being absolutely 

indiscernible, and consequently there is no room to inquire after the 

reason for the preference of the one to the other.”  

 

Similar arguments concerning the important role of the ether as the seat of 

gravitational and electromagnetic phenomena were  raised by Newton [47]  

 

“Qu.19. Doth not the refraction of light proceeds from different density 

of this aethereal medium in different places, the light receding always 

from the denser parts of the medium? And is not the density thereof 

greater in free space and open spaces void of air and other grosser 

bodies, than within the pores of water, glass, crystal, gems, and other 

compact bodies?  For when light passes through glass or crystal, or 

falling very obliquely upon the farther surfaces thereof is totally 

reflected, the total reflection ought to proceed rather from the density 

and vigor of the medium without and beyond the glass, than from the 

rarity and weakness thereof. 
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Qu.22. May not planets and comets, and all gross bodies, perform 

their motions more freely, and with less resistance in this aethereal 

medium than in any fluid, which fills all space adequately without 

leaving any pores, and by consequence is much denser than quick-

silver or gold?  And may not its resistance be so small, as to be 

inconsiderable? For instance: if this aether ( for so I will call it ) 

should be supposed 700,000 times more elastic than our air, and 

above 700,000 times more rare, its resistance would be above 

600,000,000 times less than of water.  And so small a resistance would 

scarce make any sensible alteration in the motions of the planets in ten 

thousand years.  If anyone would ask how a medium can be so rare, let 

him tell me how the air, in the upper parts of the atmosphere, can be 

above hundred thousand thousand times rarer than gold.” 

 
The state of opposition by scientists at the time against the concept of ether was 

most eloquently described by Maxwell [69] 

 

“There appears to be, in the minds of these eminent men, some 

prejudice, or a priori objection, against the hypothesis of a medium in 

which the phenomena of radiation of light and heat and the electric 

action at a distance take place. It is true that at one time those who 

speculated as to the cause of the physical phenomena were in the habit 

of accounting for each kind of action at a distance by means of a 

special aethereal  fluid, whose function and property it was to produce 

these actions. They filled all space three and four times over with 

aethers of different kinds, so that more rational inquirers were willing 

rather to accept not only Newton's definite law of attraction at a 

distance, but even the dogma of Cotes, that action at a distance is one 

of the primary properties of matter, and that no explanation can be 

more intelligible that this fact. Hence undulatory theory of light has 

met with much opposition, directed not against its failure to explain the 

phenomena, but against its assumption of the existence of a medium in 

which light is propagated.” 

 

 The existence of the medium called ether was also found to be 

indispensable for the proper description of electrodynamics according to Lorentz 

[70, 71] 

 

“I cannot but regard the ether, which can be the seat of an 

electromagnetic field with its energy and its vibrations, as endowed 

with certain degree of substantiality, however different it may be from 

all ordinary matter,” 

 

The participation of ether in the transmission of perturbations as well as the 

possible granular structure of space were anticipated by Poincaré [72] 
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“We might imagine for example, that it is the ether which is modified 

when it is in relative motion in reference to the material medium which 

it penetrates, that when it is thus modified, it no longer transmits 

perturbations with the same velocity in every direction.” 

 

“We know nothing of the ether, how its molecules are disposed, 

whether they attract or repel each other; but we know this medium 

transmits at the same time the optical perturbations and the electrical 

perturbations;” 
 
 

 “The electrons, therefore, act upon one another, but this action is not 

direct, it is accomplished through the ether as intermediary.” 

 

Also, the notion of ether was considered by Einstein as not only consistent with 

the general theory of relativity, but in his opinion according to GTR space 

without ether is unthinkable [73] 

 

“Recapitulating, we may say that according to the general theory of 

relativity space is endowed with physical qualities; in this sense, 

therefore, there exists an ether. According to the general theory of 

relativity space without ether is unthinkable; for in such space there 

not only would be no propagation of light, but also no possibility of 

existence for standards of space and time (measuring-rods and clocks), 

nor therefore any space-time interval in the physical sense.  But this 

ether may not be thought of as endowed with the quality characteristic 

of ponderable media, as consisting of parts which may be tracked 

through time.  The idea of motion may not be applied to it.” 

 

 The statement "space without ether" shows that ether was considered as a 

medium that filled the space rather than being the space itself.  Also, because 

stochastic Planck and Boltzmann constants relate to vacuum fluctuations [32], 

contrary to the above statement by Einstein, the idea of rest rather than motion 

may not be applied to the ether.  In other words, stochastic ether cannot satisfy 

both the principles of relativity and quantum mechanics if it is at rest.  

Ironically, parallel to static rather than dynamic vacuum at Planck scale, 

Einstein also chose a static rather than dynamic universe at cosmic scale (see 

Fig. 1) that resulted in his introduction of the cosmological constant. 

 After the development of quantum mechanics it was suggested by Dirac 

[74] that stochastic ether could satisfy both quantum mechanics and relativity 

theory 
 

“We can now see that we may very well have an aether, subject to 

quantum mechanics and conforming to relativity, provided we are 

willing to consider the perfect vacuum as an idealized state, not 

attainable in practice. From experimental point of view, there does not 

seem to be any objection to this. We must make some profound 
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alterations in our theoretical ideas of the vacuum.  It is no longer a 

trivial state, but needs elaborate mathematics for its description.” 

 

Hence, the concept of "empty” space in the following statement by Hawking 

[75] 

 

“Maxwell's theory predicted that radio or light waves should travel at 

a certain speed.  But Newton's theory had got rid of the idea of absolute 

rest, so if light was supposed to travel at a fixed speed, one would have 

to say what that fixed speed was to be measured relative to. It was 

therefore suggested that there was a substance called "ether" that was 

present everywhere, even in "empty" space.  Light waves should travel 

through the ether as sound waves travel through air, and their speed 

should therefore be relative to the ether.”  
 

 

corresponds to Casimir vacuum [65] and not to the white hole that is a 

singularity of the field where the fabric of space has been ruptured. 

 If physical space is identified as a compressible medium, it is expected that 

the zero-point energy of Casimir vacuum [65]  will be associated with a 

corresponding zero-point pressure. Indeed, a modified van der Waals equation 

of state was recently introduced [76]  

 

r

rg ra rv c2

c r r

T1 9 3
p p p Z

Z 1 / 3 8 8
( )

v v
   


 

 
 
 

 (30)  

 

where Zc is the critical compressibility factor, that leads to a finite and positive 

vacuum pressure. Because thermodynamic pressure could be identified as 

volumetric energy density of the field [32], negative pressures should be non-

physical.  Therefore, the reduced pressure in Eq. (30) must be identified as a 

gauge pressure 
rg

p  defined as the difference between absolute pressure 
ra

p  and 

the vaccum pressure 
rv

p . In the limit of infinite expansion V   resulting in 

a
p 0  such that Eq. (30) leads to vacuum pressure 

 

rv

c

3 / 8
p 1 0

Z
    (31)  

 

Because the critical compressibility factors of most substances are known [77]  

to be less than that of van der Waals fluid
cvdw

Z 3 / 8 , the vacuum pressure in 

Eq. (31) will be always positive as is to be expected. The pressure of matter pm 

and anti-matter pam will be respectively larger and smaller than that of vacuum  
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WH BHam v m
0 p p p p p       (32)  

and ultimately limited by the pressure of white hole 
WH

p 0  and black hole 

HB
p    as two singularities of the field. 

 When space is considered to be a tachyonic compressible fluid [36], Planck 

compressible ether [70], parallel to atmospheric air that becomes compressible 

when Mach number Ma = v/a approaches unity, the ether that constitutes the 

physical space becomes compressible when Michelson number defined as Mi = 

v/c approaches unity, with a and c denoting the velocity of sound and light 

respectively. Hence, changes of density when tachyon fluid is brought to rest 

isentropically will be given by [36, 78] 

 

1 1

1 1
2

o

o

2

2

M 1 v M 1
ρ ρ 1 1

2 c 2
Mi

V V

    
    

   
     

 (33)  

 

where the Poisson coefficient is  = cp/cv. The notation of subscript in Eq. (33) 

is opposite to that in conventional gas dynamics [79] where stagnation 

quantities correspond to moving fluid such as stagnation 

enthalpy
o

2
mv / 2h h  . With  = 4/3 for photon gas and assuming that the 

transverse coordinates do not change [80] for one dimensional compressible 

flow, Eq. (33) leads to Lorentz-FitzGerlad contraction [54, 32, 36] 

 

o

o o

2 2 2 2

2 2

ρ
1 v / c 1 v / c ρ

1 v / c
      ,      ,     V V    


 

(34)  

 

Thus, Ma >1 (Mi >1) corresponds to supersonic (superchromatic) flow, leading  

to formation of Mach (Poincaré-Minkowski) cone that separates the zone of 

sound (light) from the zone of silence (darkness) [78]. 

 In supersonic flows, although the sound signals at scale  = m are confined 

to Mach cone, light signals at the much smaller scale of = k can travel ahead 

of the cone.  Similarly, in superluminal flows, light signals will be confined to 

Poincaré-Minkowski cone, whereas exceedingly week tachyon signals 

associated with gravitational radiation [81] are expected to travel ahead of the 

cone.  The name Poincaré-Minkowki cone is suggested because both Poincaré 

in 1906 [62] as well as Minkowski in 1908 [82] described a four dimensional 

manifold with three real space and one complex time dimensions.    

 In view of the above considerations and in harmony with ideas of Darrigol 

[83] and Galison [84], one can identify two distinct paradigms of the special 

theory of relativity [36] 
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(A) Poincaré-Lorentz 

Dynamic Theory of Relativity 
 

 Space and time (x, t) are altered due to causal effects of motion on the 

ether. 

 
(B) Einstein 

Kinematic Theory of Relativity 
 

Space and time (x, t) are altered due to the two postulates of relativity: 

 

1- The laws of physics do not change form for all inertial frames of 

reference. 

 

2-  Velocity of light is a universal constant independent of the motion of its 

source. 

 
According to dynamic theory of relativity the relativistic effects are causal as 

emphasized by Pauli [80] and induced by the dynamic effects of motion on the 

manifold of space, ether.  It is also noted that strictly speaking, both postulates 1 

and 2 above are not valid.  This is because the speed of light is not a constant 

but a function of temperature of Casimir [65] vacuum and hence decreases ever 

so slowly with the expansion of the universe thus appearing as constant on time 

scales relevant to human civilization. Also, the postulate of relativity is not valid 

since all inertial frames are distinguishable from one another through 

measurements with respect to stochastically stationary isotropic cosmic 

background radiation of Penzias-Wilson [85]. It appears that such 

distinguishability was known to Poincaré based on fundamental principles as 

suggested by the lecture he delivered in London in 1912 shortly before he died 

[86] 
 

 
 

“Today some physicists want to adopt a new convention.  It is not that 

they are constrained to do so; they consider this new convention more 

convenient; that is all.  And those who are not of this opinion can 

legitimately retain the old one in order not to disturb their old habits.  I 

believe, just between us, that this is what they shall do for a long time 

to come,” 

 

The perceptions of Poincaré concerning relativity theory are known to be also 

shared by Lorentz who stated in a 1915 lecture at the Royal Academy of 

Sciences in Amsterdam [87] 

 

I could point out to you [if I had more time] how Poincaré in his study 

of dynamics of electron, about the same time as Einstein, formulated 

many ideas that are characteristic for his theory, and also formulated 

what he calls “le postulat de relativité” 
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 It is important to emphasize that the dynamic versus kinematic theories of 

relativity identified in paradigms (A) versus (B) above are experimentally 

distinguishable from each other. This is because higher local densities will be 

measured by an observer moving with respect to a stochastically-stationary 

compressible medium as schematically shown in Fig. 3.  

 

                                 
 

Fig. 3 Density of a medium as measured by an observer that is (A) stationary 

(B) moving with respect to the medium [32]. 

 

Therefore, even though Lorentz-FitzGerald contractions leads to identical 

predictions in one-dimensional experiments, future multi-dimensional 

experiments will allow detection of transverse topological change of space 

curvature due to compressibility effects (Fig. 3) in paradigm (A).  

 In summary, one must conclude that the collective intuition of many 

scientists since Aristotle quoted above about the existence of ether has been 

correct and physical space as granular and compressible medium in harmony 

with perceptions of Lorentz, Poincare, Planck, and Dirac can account for 

observed relativistic effects.  Moreover, such a medium naturally explains the 

existence of both electromagnetic as well as gravitational waves. Therefore, 

Lorentz [54] stationary ether is indeed an acceptable model of physical space if 

following Dirac [74] one recognizes that ether is stochastically-stationary as 

was emphasized earlier in this Section.   

 

5  A New Physical Foundation of Quantum Mechanics 

 
 According to a recent study [34], the energy spectrum of all isotropic 

equilibrium statistical fields shown in Fig. 1 will be governed by the invariant 

Planck energy distribution law [45, 35, 36]  

 

3

h / kT3

dN 8 h
d

u e 1
  



  





 
 

V

 (35)  

when the energy of each oscillator is  = h.  In another recent investigation 

[34] the invariant Maxwell-Boltzmann distribution function  
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 (36)  

 

was directly derived from the invariant Planck energy distribution function.  

This result is to be expected since particle speeds are related to the square root 

of their kinetic energy. Hence, under thermodynamic equilibrium, the speed of 

particles will be governed by the invariant Maxwell-Boltzmann distribution 

function [35] leading to a hierarchy of embedded distributions at …ECD, EMD, 

and EAD … scales as shown in Fig. 4. 

 

  
 

 
 

Fig. 4 Maxwell-Boltzmann speed distribution viewed as stationary spectra of 

cluster sizes for ECD, EMD, and EAD scales at 300 K [32].  

  

 According to Fig. 4, one may view Maxwell-Boltzmann distribution as 

distribution of stochastically stationary particle cluster sizes that could be also 

identified as different “energy levels” of quantum mechanics.  Hence, one may 

introduce a new paradigm of the physical foundation of quantum mechanics 

according to which Bohr stationary states [44] correspond to the stochastically 

stationary sizes of particle clusters, de Broglie wave packets, governed by 

Maxwell-Boltzmann distribution function. For example in iso-tropic turbulence 

corresponding to equilibrium eddy-dynamic at scale  = e, the statistically 

stationary sizes of “eddies” or “clusters of molecular-clusters” are governed by 

Maxwell-Boltzmann distribution function [35]. Hence, one views the transfer of 

a cluster from a small rapidly oscillating eddy j to a large slowly oscillating 

eddy i as transition from the high energy level j to the low energy level i (Fig. 4) 

as schematically shown in Fig. 5. 
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Fig. 5 Transition of cluster cij from eddy-j to eddy-i leading to emission of 

molecule mij. 

 

Such a transition will be accompanied with emission of a “molecule” that will 

carry away the excess energy 
ji j i j i

h( )
    

          in harmony with Bohr 

[44] theory of atomic spectra.  Therefore, the reason for the quantum nature of 

“molecular” energy spectra in equilibrium isotropic turbulent fields is that 

transitions must occur between eddies whose energy levels must satisfy the 

criterion of stationarity imposed by Maxwell-Boltzmann distribution function 

[36].   

 The invariant conservation equations for an incompressible and irrotational 

 
  v   flow with the velocity potential 


  lead to the invariant Bernoulli 

equation [36] 
 

2
(ρ ) ( ρ )

p constant 0
t 2

   



 

   
    

 
 (37)  

Comparison of Eq. (37) with Hamilton-Jacobi equation [2] resulted in the 

introduction of the invariant action S ( , t) ρ
  

  x  and quantum mechanics 

wave function ( , t) S ( , t) ρ
   

     x x  to derive from Eq. (37) the invariant 

time-dependent Schrödinger equation [88, 36] 

2

2

o
i U 0

t 2m


 

  

 

 


  


  (38)  

It is therefore clear that the potential energy U


in Eq. (38) like pressure in Eq. 

(38) acts as Poincaré stress [61-63] and is responsible for stability of “particles” 

or de Broglie wave packet [35]. In view of the fact that pressure U p n U
   
   

[36] plays the role of potential in Eq. (38), anticipation of an external pressure 

or stress being the cause of particle stability by Poincaré [61-63] is a testimony 

to the true genius of this great mathematician, physicist, and philosopher. 
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 Since in the absence of spin, a Bernoulli equation (37) and thereby a 

corresponding Schrödinger equation (38) could be derived for each statistical 

field shown in Fig. 1, the entire hierarchy of statistical fields from cosmic to 

photonic scales is governed by quantum mechanics. For example, at cosmic 

scale the wave function 
g
( , t) x  will correspond to Hartle-Hawking [89] wave 

function of the universe. The wave-particle duality of galaxies has been 

established by their observed quantized red shifts [90].  

 Naturally, an invariant statistical theory of fields covering the entire 

hierarchy shown in Fig. 1 is “literally” the theory of everything (TOE).  This is 

because the resulting generalized invariant Boltzmann statistical mechanics and 

the associated generalized thermodynamics [35] will provide for bridging the 

gap between quantum mechanics QM on the one hand and general theory of 

relativity GTR on the other hand.  Thus, the origins and physical nature of 

gravitational forces could be associated with pressure gradients in tachyon fluid 

constituting the physical space.   

 In view of the above discussions, it is interesting to examine some of the 

implications of the model [35] to another recent model of TOE namely the 

string theory. According to an excellent summary of the historical developments 

of main ideas of string theory given by ‘t Hooft [42], in the original model of 

string theory particles were represented as strings with a quark and anti-quark at 

each end.  However, as the energy of the field is increased, it is found that string 

theory is no longer accurate and instead particles are found to follow SU(3) 

model of quantum chromodynamics [42].   

 To relate the scale invariant model of statistical mechanics (Fig. 1) to string 

theory, one must first identify how the notion of representing elementary 

particles as “string” could arise in the first place. In a recent study on application 

of the model in Fig. 1 to transport phenomena [91] a hydrodynamic description 

of Faraday line of force was presented as string of alternating electrons and 

positrons, “like beads on a necklace” to borrow the words of ‘t Hooft [42], as 

schematically shown in Fig. 6  
 

 

 

 

                      

FARADAY LINE 
OF FORCE

OD

ID OJ

ID

OD

ID

OD

OD

IJ

ID

IJ

 
 

 

Fig. 6 Faraday line of force as electron (black) and positron (white) string with 

inflow jet (IJ) of one matching the outflow jet (OJ) of its neighbor. Also shown 

are alternating outflow (OD) and inflow discs (ID) [91].  

753



As discussed in [91], it is known that particle rotation induces polar inflow-jets 

IJ and equatorial outflow-disc OD. As a result, stable hydrodynamic 

configuration occur when spinning particles form a string of particle and anti-

particle or “hole” such that outflow-jet OJ of particle matches the inflow-jet IJ 

of the adjacent “hole” as shown in Fig. 6. It is emphasized that “hole” 

represents a spherical configuration composed of the background fluid 

surrounding the particles [91].  Clearly, the strings composed of alternating 

quark/anti-quark of string theory in chromodynamics [42] resembles Faraday 

line of force composed of string of alternating electron/positron [91] shown in 

(Fig. 6) in electrodynamics in harmony with perceptions of Dirac [92].    

 It is now clear that when stable hydrodynamic “strings” shown in Fig. 6 

form at exceedingly small scales of electrons or photons, the entire string is 

small enough to be misunderstood as an “elementary particle”.  However, as the 

system energy is increased, the resulting strong fluctuations are expected to lead 

to breakup of strings into more “elementary” particles namely electrons or 

quarks composing them. Consequently, at higher energies rather than following 

the predictions of string theory particles are found to follow SU(3) model of 

quantum chromodynamics [42]. It appears therefore that string theory could be 

identified as a “model” of such stable hydrodynamic structures within the field 

at very small scales.  Finally, since each statistical field is composed of 

spectrum of identical particle clusters with stationary size governed by 

Maxwell-Boltzmann distribution function (Fig. 4), particle clusters (energy-

levels) could be considered as different stochastically stationary sizes of 

identical particle strings. Also, since such hydrodynamic lines of force [91] 

could be either open or closed, at Planck scale of tachyon-dynamics they could 

correspond to Ashtekar-Smolin-Rovelli [42] quantum-loop theory of 

gravitation. 

    

6   Distribution of Spacings between Zeros of Riemann Zeta 

Function 

 
 The scale invariant model of statistical mechanics (Fig. 1) also impacts 

analytical number theory and hence Hilbert’s number eight problem namely 

Riemann hypothesis.  Since Maxwell-Boltzmann speed distribution in Eq. (36) 

gives distribution of sizes of particle clusters, if expressed in dimensionless 

form it can also be viewed as distribution of sizes of “clusters of numbers” or 

Hilbert “condensations”. Therefore, a recent study [35] was focused on possible 

connections between the result in Eq. (36) and the theoretical findings of 

Montgomery [93] and Odlyzko [94] on analytical number theory and what is 

known as Montgomery-Odlyzko  law  [93-94]
  
 

 
“The distribution of the spacings between successive non-trivial zeroes 

of the Riemann zeta function (suitably normalized) is statistically 

identical with the distribution of eigenvalue spacings in a GUE 

operator” 
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The pair correlation of Montgomery [93] was subsequently recognized by 

Dyson to correspond to that between the energy levels of heavy elements [95-

96] and thus to the pair correlations between eigenvalues of Hermitian matrices 

[97].  Hence, a connection was established between quantum mechanics on the 

one hand and quantum chaos [98]
 
on the other hand.  However, the exact nature 

of the connections between these seemingly diverse fields of quantum 

mechanics, random matrices, and Riemann hypothesis [95-96] is yet to be 

understood. 

 When particle speeds (cluster sizes) in Eq. (36) are normalized through 

division by the most probable speed (the most probable cluster size) one arrives 

at normalized Maxwell-Boltzmann (NMB) distribution function [35] 

j j

2
2[(2/ ) ]jx

x8 /  (2 / )( ) [ ]  e






  

   (39)  

The additional division by the “measure” 
β

π 2/ in Eq. (39) is for coordinate 

normalization discussed in [35] and shown in Fig. 8. Direct comparisons 

between Eq. (39) and the normalized spacings between the zeroes of Riemann 

zeta function and the eigenvalues of GUE calculated by Odlyzko [94] are shown 

in Fig. 7. 
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Fig. 7 Probability density of normalized spacings between zeroes n of 

Riemann zeta function 
12 12

n  


   , normalized spacings between 

eigenvalues of GUE [94], and the NMB distribution in Eq. (39). 

 

Therefore, a definite connection has been established between analytic number 

theory, the kinetic theory of ideal gas, and the normalized spacings between 

energy levels in quantum mechanics [35].  

 If one considers in the spirit of Pythagoras and Plato that pure “numbers” 

are the basis of all that is physically “real”, then these “atomic” prime numbers 

applied to construct p-adic statistical field and their associated p-adic matrices 

[35] may lie at the foundation of Riemann hypothesis in harmony with 

noncommutative geometry [99]. That is, when the physical space or Casimir 

vacuum [65] is itself identified as a fluid governed by a statistical field [35, 36], 

it will have an energy spectrum given by Schrödinger equation (38) of quantum 
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mechanics that in view of Heisenberg [100] matrix mechanics will be described 

by noncommutative geometry [99].   

 Although the exact connection between noncommutative geometry and 

Riemann hypothesis is yet to be understood according to Connes [99] 

 

“The process of verification can be very painful: one’s terribly afraid 

of being wrong…it involves the most anxiety, for one never knows if 

one’s intuition is right- a bit as in dreams, where intuition very often 

proves mistaken” 

 

the ideas suggested above and further described in [35] may help in the 

construction of the physical foundation of such a mathematical theory. 

 

7  Quantum Nature of Space, Time, and Dimension 

 
 The application of scale invariant model of statistical mechanics to the 

problems of infinitesimals and nonstandard analysis [101-104] resulted in the 

introduction of logarithmic coordinates and definition of “dimensionless” or 

“measureless” numbers  as [81] 
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where  is defined by 

2
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1

1
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     (41)  

 

In accordance with Eq. (39) and in view of the connection between particle 

speed and its thermal wavelength
j mp j j

m

1
v v/ ( / )

   


  described in [35], the 

coordinate in Eq. (40) is normalized by the number of particles in the most 

probable element
AE

N

.  The “measure” / 2


   is chosen [81] due to 

Gauss’s error function on account of the equilibrium, i.e. random, distribution of 

particles (Fig. 4).  According to Eq. (40) the range ( 1 ,1 )
 

  of the outer 

coordinate x will correspond to the range 
1 1

( , )
 

   of the inner coordinate 

1x   leading to the coordinate hierarchy schematically shown in Fig. 8.   
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Fig. 8 Hierarchy of normalized coordinates for cascades of embedded 

statistical fields [81]. 

 

 According to the hierarchical model shown in Fig. 4, since the “atom” of 

statistical field at scale  is the most-probable cluster of “atoms” of statistical 

field of the lower scale , the zero-measure 0  of scale will be related to 

unity 1 of the lower scale  as schematically shown in the hierarchy of 

Maxwell-Boltzmann distributions in Fig. 9.  

 

                             
 
 

Fig. 9 Maxwell-Boltzmann speed distribution as a function of oscillator 

wavelengths (j/mp)
1

 [35]. 

 

According to Fig. 9, the interval (0, 1)

 of scale  becomes (1, )


 of  scale.   

However, the interval (0, 1)


 is only revealed at  scale and is not 

observable at the larger scale  (Figs. 8-9).  The line composed of hierarchy of 

(0, 1) intervals may be expressed in terms of Gauss error function as 

1
x N erf (x )

  
 . 

 For finite systems, the “infinity” of scale  will correspond to maximum 

possible number of elements within the system
ES max AS

N N
 

 , when only a 

single “atom” occupies each element 
AE

N 1

 , with the length L


 such that 
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one arrives at a coordinate hierarchy 

1 1 1

  

    L ________________1 ______ 0

                                         L _____1 __ 0

                                                                              

  

  

 (42)  

 Following the classical methods [105-106] for systems of embedded 

statistical fields (Fig. 1) the logarithmic coordinate (Fig. 8) results in definition 

of invariant fractal dimension as [81] 

AS 2 AS 2

AE ES 1

AE 2 2

ln N ln N
N N

ln N ln r
D

 

  

 

     (43)  

where
ES 2

N


and 
AS 2

N


 are the number of elements and atoms in the system, 

AE 1
N


 is the number of atoms in element, and 

2
r


 is the size of the coarse–

graining.  Hence, dimension of physical space is identified as the number of 

embedded elements within its atom.  Each (atom) decompactifies into 
ES 1

N


 

independent (elements) that constitute D dimensions along which (atoms) 

i.e. numbers could be placed similar to Cartesian coordinates (x, y, z).  One 

notes that such “space” dimension D will be energy dependent and since 

number of elements in each “atom” could be very large
7

10 , fractal dimension of 

typical statistical field shown in Fig. 1 could be very large [107].  

 Invariant definitions for (system, element, atom) lengths (L ), ,
  
 and 

velocities ( , , )
  

w v u  lead to invariant definitions of (system, element, atom)  

"time"  [36] 

( , , t ) (L , , )/ w / v / u
       

     (44)  

Hence, the instanton [42] or atomic time t 0
 
 of scale will have a finite 

duration 
1

t
 

  on a clock at the lower scale 1 [36] leading to the 

following hierarchies of time elements  

e c m s k
...       ...           (45)  

 

for the statistical fields shown in Fig. 1.  Clearly, the most fundamental and 

universal physical time is the time associated with the tachyon fluctuations 

k tt    of Casimir vacuum [65].  
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 Recently [32] Kelvin absolute temperature scale [degrees K] was identified 

as a length scale [meter] and related to particle de Broglie 

wavelength
2 1/2

T
 
   .  Also, statistical time durations or periods are related 

to frequency 
2 1/ 2


   .  Since particle energy is 

2 2 2
m m v kT

             it is clear that the connections between 

space and time and hence relativistic effects are causal [36, 80, 83-84] and 

governed by thermodynamics [32, 34, 108] in accordance with Poincaré-Lorentz 

dynamic theory of relativity described in Section 4. 

 From the invariant definitions of atomic, element, and system times in Eq. 

(45)  

t =  =  (46)  

one can form a finite time duration by addition of many instants of time and 

write 

 = t =  (47)  

since the instanton [42] of scale  will have a finite duration when measured by 

a clock at the lower scale of .  Also, parallel to Heisenberg [100] spatial 

uncertainty principle 

 

 p h     (48)  

that limits the resolution of spatial measurements, one introduces the temporal 

uncertainty principle [36] 

 

 p k     (49)  

that limits the resolution of time measurements. 

 

8  Implications to Continuum Hypothesis 

 
 In this section, some of the implications of the model, Fig. 1, to Hilbert’s 

first problem namely the continuum hypothesis [103, 109] will be presented.  

Historical development of the concept of continuum has been reviewed in an 

excellent book by Bell [103].  In the following, it will be shown that the results 

of the present field theory discussed in sections 2-7 will facilitate the 

understanding of the various concepts of the continuum hypothesis such as 

“points”, “aggregates”, and “infinity” discussed by Bell [103]. 

 The most central concept of continuum hypothesis is that of the “atom” or 

mathematical “point” as emphasized by Poincaré [110] who posed the question 

“What is a point?”. As seen in Fig. 1, the definition of point most naturally 

depends on the scale being considered such that  
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(Atom) = (Element) = (System) (50)  

Empirical observations across the entire spatial scales shown in Fig. 1 suggest 

that there are no limits of either infinitely large  > g or infinitely small  < t.  

This is in harmony with the philosophy of Anaxagoras who said [103] 

 

“Neither is there a smallest part of what is small, but there is always 

a smaller, for it is impossible that what is should ever cease to be” 

 

The above statement could also be made about the impossibility of existence of 

the largest part of what is large if with Newton one conceives that the universe 

is infinite.  

 While atoms are assumed as points, elements are considered to be extended 

in accordance with the perceptions of Poincaré [103] 

 

“we cannot say that our element is without extension, since we 

cannot distinguish it from neighboring elements and it is thus 

surrounded by a sort of haze.  If the astronomical comparison may 

be allowed, our ‘elements’ would be like nebulae, whereas the 

mathematical points would be like stars” 

 

The above statement exactly corresponds to the scale of equilibrium planetary 

dynamics EPD  = p in Fig. 1 where atoms correspond to planets.  

 The objection emphasized by Bois-Reymond [92] as to how to construct a 

finite extension from collection of many points that are devoid of size is now 

resolved by the definition of point in (50), besides the fact that points, “atoms”, 

are considered to be under constant motion except at the absolute zero 

temperature T = 0.  Also, the invariant fractal definition of point resolves the 

objection of Democritus [111] 

 

“It is contended that division is possible; very well, let it be 

performed. What remains? No bodies; for these could be divided 

still further, and the division would not have progressed to the 

ultimate stage. There could only be points, and the body would have 

to be composed of points, which is evidently absurd” 

 

Since as stated by Anaxagoras it is impossible that what is should ever cease to 

be, the possibility of Aristotle’s potentially infinite division cannot be ruled out 

just because of limitation of available energy or human imagination.   

 Similar considerations also apply to the mathematical theory of time in 

describing the temporal continuum discussed by Weyl [112] 

 

“Exact time- or space-points are not the ultimate, underlying, 

atomic elements of the duration or extension given to us in 

experience. On the contrary, only reason, which thoroughly 

penetrates what is experientially given, is able to grasp exact ideas” 
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 Another significant feature of continuum is that of the element, aggregate or 

condensation of points [103].  According to the physical model, the formation 

and stability of atomic aggregates, clusters, is due to Poincaré stress in the 

invariant Schrödinger equation (38). The formation of numerical point 

aggregates in mathematics is related to the formation of atomic clusters, de 

Broglie wave packets, in physics through the connection between distribution of 

normalized spacing between zeroes of Riemann zeta function and NMB 

distribution shown in Figs. 7 and 9 as discussed above.    

 Although Weyl suggested that [112] 

 

“A ‘hierarchical’ version of analysis is artificial and useless.  It loses 

sight of its proper object, i.e. number”, 

 

the results presented in Sections 2-7 prove otherwise.  Indeed, the hierarchical 

model shown in Fig. 1 is both natural and harmonious with empirical 

observations and provides a useful visual and geometrical tool for the 

description of the concepts of continuum, point, limit, and infinite.  For 

example, the problem of Anaxagoras that a continuum cannot be composed of 

discrete elements [112] 

 

 “chopped off from one another, as it were, with a hatchet”, 

 

could be resolved by the hierarchical model of coordinates shown in Fig. 8 

while addressing Aristotle’s concern [111] 

 

“if the continuous line is divided into two halves, the one dividing point 

is taken for two; it is both beginning and end .  But as one divides in 

this manner, neither the line nor the motion are any longer continuous 

…In the continuous there is indeed an unlimited number of halves, but 

only in possibility, not in reality” 

 

According to Fig. 8, specification of the exact location of the cut to an infinite 

degree of accuracy requires one to decompactify the finite intervals (0 , 1) to 

infinitely smaller scales (0, 1), (0, 1), … within the hierarchy. 

 It appears that in Fig. 8 finite completed intervals have been constructed by 

adding an infinite number of elements thus contradicting Gauss [113]. 

 

“I object to the use of an infinite magnitude as something completed; 

this is never admissible in mathematics.  One must not interpret infinity 

literally when, strictly speaking, one has in mind a limit approached 

with arbitrary closeness by ratios as other things increase without 

bounds.” 

 

However, because of the transcendental nature of the number  in the measure 

defined in Eq. (41) strictly speaking the intervals in Eq. (42) are never 

completed.   

761



 The transcendental numbers constituting an uncountable subset of any 

interval play a central role in Cantor’s [114] concept of completed infinite 

discussed by Casti [104] 

 

“Put another way, Cantor knew there were far more real numbers than 

could be accounted for by the relatively small set of algebraic numbers. 

Where did all these real numbers come from? The only thing they could 

be is the mysterious transcendental numbers.  So, like the postulated 

“dark matter” of the universe that physicists believe constitutes the 

mass needed to keep the universe from flying off to infinity, the 

transcendental numbers keep real numbers “together,” so to speak- 

even though Cantor could not find a single,  concrete example of one of 

them.” 

 

In the light of the fact that according to Fig. 7 numbers are related to kinetic 

theory of gas and quantum mechanics, the connection between “dark matter” 

recently defined in terms of particle potential energy in thermodynamics [32] 

and transcendental number in the above quotation from Casti [104] may indeed 

prove to be more than a mere analogy. 

 According to Figures 8 and 9, one requires 
o

  to count numbers on the 

interval (0-1) at a given number of digits of the transcendental measure, and 

1
  to count the interval with the addition of the next digit to the transcendental 

measure , and so on ad infinitum.  Hence, to count the numbers of all the 

intervals of all scales one requires  

1 2 1 1 1 2 1
,  ,   ... ,  , ,   ...

o o   
     

     
 (51)  

thus suggesting that Cantor’s [114] Continuum Hypothesis is not true and there 

exist continua of first, second, … orders 
1 2
,  , ... C C C


 in harmony with the 

perceptions of Poincaré and Gödel [103, 104].  Also, the hierarchies of turbulent 

fields in Fig. 1 suggest that Gödel’s incompleteness theorem be viewed as the 

closure problem of turbulence [36].  That is, specification of the exact state of 

the system at any scale  is impossible because of the external effects of the 

adjacent scales +1 and -1 from both boundaries without and within the 

system.  Since the model presented herein may lead to modification of the ZF 

axiomatic system, the implication of the result in Eq. (51) on the un-decidability 

of the Continuum Hypothesis [104, 115] requires further investigation. 

 

9  Concluding Remarks 
 

 If the signature of a good physical theory is its harmony with prior existing 

theories and empirical observations, then the scale invariant statistical theory of 

fields presented herein has been successful in satisfactory descriptions of 

relativistic effects, physical foundations of quantum mechanics, distribution of 
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spacing of zeroes of Riemann zeta function, and quantum nature of both space 

and time hence justifying further development of the theory in all these areas.   
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Abstract. Some of the implications of a scale invariant model of statistical mechanics to 
the physical and quantum nature of both space and time as well as quantum mechanics 
are described. At thermodynamic equilibrium, the velocity, energy, and speed of particles 
are shown to be governed by invariant Gaussian, Planck, and Maxwell-Boltzmann 
distribution functions. Physical space or Casimir vacuum is identified as a compressible 
tachyon fluid, Planck compressible ether, such that Lorentz-FitzGerald contractions 
become causal (Pauli) in accordance with Poincare-Lorentz dynamic theory of relativity 
as opposed to Einstein kinematic theory of relativity. Also, some of the implications of 
the model to the physical foundation of Riemann hypothesis are discussed. In particular, 
normalized spacing between non-trivial zeroes of Riemann zeta function are found to 
follow normalized Maxwell-Boltzmann distribution function. 
 
1  Introduction 

 
 Similarities between stochastic quantum fields [1-17] and classical 
hydrodynamic fields [18-30] resulted in recent introduction of a scale-invariant 
model of statistical mechanics and its applications to thermodynamics [31, 32], 
fluid mechanics [33], and quantum mechanics [34-36].   
 In the present study, further implications of scale invariant model of 
statistical mechanics to the quantum nature of space and time and theory of 
relativity are investigated and physical foundations of quantum mechanics will 
be described.  Also, normalized spacing between non-trivial zeros of Riemann 
zeta function are shown to follow normalized Maxwell-Boltzmann distribution 
function thus clarifying the physical foundation of noncommutative geometry of 
space.   Finally, some of the implications of the model to Hilbert number one 
problem namely the continuum hypothesis in general and hierarchical 
description of analysis in particular is presented. 
 
2  A Scale Invariant Model of Statistical Mechanics 
 
 Following the classical methods [19, 37-41] the invariant definitions of 
density , and velocity of atom u, element v, and system w at the scale  are 
given as [33]  
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mp 1
ρ n m m f du          ,          
       
   u v     (1)  

1

mp 1m f d             ,         

         v u u w v     (2)  

where 
mp

v  is the most probable velocity. Also, the invariant definition of the 

peculiar and diffusion velocities are introduced as  

        ,          
     
    V u v V v w         (3)  

such that   

1 
V V   (4)  

 The scale-invariant model of statistical mechanics for equilibrium galactic-, 
planetary-, hydro-system-, fluid-element-, eddy-, cluster-, molecular-, atomic-, 
subatomic-, kromo-, and tachyon-dynamics at the scale g, p, h, f, e, c, m, a, 
s, k, and t is schematically shown on the left hand side and the corresponding 
laminar flows on the right hand side of Fig. 1.  
                      

                           

LHD  (J + 7/2) 

LPD   (J + 9/2) 

LGD (J + 11/2) 

GALAXY

GALACTIC CLUSTER

LCD  (J + 1/2) 

LMD  (J - 1/2)

LSD  (J - 5/2) 

LED  (J + 3/2) 

LFD  (J + 5/2) 

LAD  (J - 3/2) 

LKD  (J - 7/2) 

LTD  (J - 9/2) 

EDDY

FLUID ELEMENT

HYDRO-SYSTEM 

PLANET 

MOLECULE

CLUSTER

ATOM 

SUB-PARTICLE

PHOTON 

EDDY

FLUID ELEMENT

HYDRO-SYSTEM 

PLANET 

GALAXY

GALACTIC CLUSTER

MOLECULE

CLUSTER

ATOM 

SUB-PARTICLE

PHOTON 

TACHYON 

ECD (J) 

EMD (J -1) 

EAD (J -2) 

ESD (J -3) 

EKD (J-4 ) 

ETD (J -5) 

EED (J+1) 

EFD (J +2) 

EHD (J +3) 

EPD  (J+4 ) 

EGD  (J +5) 

Lt

Lt

Lk

Lk

Ls

Ls

La

La

Lm

Lm

Lc

Lc

Le

Le

Lf

Lf

Lh

Lh

Lp

Lp

Lg

UNIVERSE

 
 
Fig. 1 A scale-invariant model of statistical mechanics. Equilibrium--
Dynamics on the left-hand-side and non-equilibrium Laminar--Dynamics on 
the right-hand-side for scales  = g, p, h, f, e, c, m, a, s, k, and t as defined in 

Section 2. Characteristic lengths of (system, element, “atom”) are
e e e

(L ,  , )   

and  is the mean-free-path [36].   
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For each statistical field, one defines particles that form the background fluid 
and are viewed as point-mass or "atom" of the field.  Next, the elements of the 
field are defined as finite-sized composite entities composed of an ensemble of 
"atoms" as shown in Fig. 1.  Finally, the ensemble of a large number of 
"elements" is defined as the statistical "system" at that particular scale. 
 Following the classical methods [19, 37-41], the scale-invariant forms of 
mass, thermal energy, linear and angular momentum conservation equations at 
scale  are given as [33] 
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involving the volumetric density of thermal energy 
i i i

ρ h
  

   , linear 

momentum
i i i

ρ
  
p v , and angular momentum

i i i
ρ

  
  .  Also, i is the 

chemical reaction rate and h  is the absolute enthalpy [33] 

o

o o

T T T T
o

iβ fi pi pi pi piT 0 T 0
c dT c dT c dT c dTh h

    
          (9)  

 
In equation (9) the standard heat of formation of specie i is defined as [35] 
          

o
T

o

fi pi0
c dTh

 
   (10)  

 

The definition in Eq. (10) avoids the conventional practice of arbitrarily setting 
the standard heat of formation of “naturally” occurring species equal to zero.  
Furthermore, the definition of absolute enthalpy in Eq. (9) in harmony with 
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Nernst-Planck third law of thermodynamics [33] establishes an absolute basis for 

measurement of  energy iβ
0 h  as T 0 .  The partial stress tensor ij

P  is [37] 

ijβ β iβ iβ jβ jβ β β
m (  )(  )f du  P u v u v  (11)  

 
The derivation of Eq. (7) involves the definition of the peculiar velocity in Eq.  
(3) along with the identity 

i j i i j j i j i j
( )( )

         
      V V u v u v u u v v  (12)  

 

 The invariant model of statistical mechanics shown in Fig. 1 and described 
by equations (1)-(4) suggests that all statistical fields are turbulent fields and 
governed by equations (5)-(8) [33, 35].  First, let us start with the field of 
laminar molecular dynamics LMD when molecules, clusters of molecules 
(cluster), and cluster of clusters of molecules (eddy) form the “atom”, the 

“element”, and the “system” with the velocities m m m
( ,  , )u v w .  Similarly, the 

fields of laminar cluster-dynamics LCD and eddy-dynamics LED will have the 

velocities c c c
( ,  , )u v w  and e e e

( ,  , )u v w  in accordance with equations (1)-(2).  
For the fields of EED, ECD, and EMD typical characteristic “atom”, element, 
and system lengths are [35] 

 

5 3 1

e e e

7 5 3

c c c

9 7 5

m m m

EED    ( ,  , L ) (10 , 10 ,  10 ) m

ECD    ( ,  , L ) (10 , 10 ,  10 ) m

EMD   ( ,  , L ) (10 , 10 ,  10 ) m

  

  

  

 

 

 







 
(13)  

 

 If one applies the same (atom, element, system) = ( ,  , L )
  
   relative sizes 

in Eq. (13) to the entire spatial scale of Fig. 1 and considers the relation between 

scales as 
1 2

  L=
  
  then the resulting cascades or hierarchy of overlapping 

statistical fields will appear as schematically shown in Fig. 2.  According to Fig. 

2, starting from the hydrodynamic scale 3 1 1 3
(10 10 10 10,  ,  ,  )   after seven 

generations of statistical fields one reaches the electro-dynamic scale with the 

element size 17
10

  and exactly after seven more generations one reaches Planck 

length scale 3 1/ 2 35( G / c ) 10 m , where G is the gravitational constant. 

Similarly, seven generations of statistical fields separate the hydrodynamic scale 
3 1 1 3

(10 10 10 10, , , )   from the scale of planetary dynamics (astrophysics) 17
10 and 

the latter from galactic-dynamics (cosmology) 35
10  m. Since invariant 

Schrödinger equation was recently derived from invariant Bernoulli equation 
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[36], the entire hierarchy of statistical fields shown in Fig. 1 is governed by 
quantum mechanics. There are no physical or mathematical reasons for the 
hierarchy shown in Fig. 2 not to continue to larger and smaller scales ad 
infinitum. Hence, according to Fig. 2 contrary to the often quoted statement by 
Einstein that God does not play dice; the Almighty appears to be playing with 
infinite hierarchies of embedded dice. 
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Fig. 2 Hierarchy of statistical fields with ( ,  , L )     from cosmic to Planck 

scales [36] 
 
It is reasonable to associate a “force” with every one of the five distinguishable 
primary scales (chromo-dynamics, electro-dynamics, molecular-dynamics, 
planetary-dynamics, and galactic-dynamics) identified in Fig. 2.  Following the 
classical conventions [42, 43] the force “carrier” particle of each scale could be 
identified as  
 
Gluon = Strong force 
W+, W, Zo = Weak force 
Photon = Electromagnetic force 
Star = Astrophysical force 
Galaxy = Cosmic force 
 
According to Fig. 2, besides the four well-known forces (strong, weak, 
electromagnetic, gravitational), a new force called cosmic-force is identified for 
description of quantum cosmology with galaxies acting as elementary 
“particles” that exchange between different galactic clusters (cosmic energy-
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levels) that are governed by Schrödinger equation as discussed in Sec. 5.  The 
quantum nature of gravitation and gravitational forces associated with 
superluminal particles called tachyons (gravitons) will be discussed in Sec. 4. 
 
3  Vacuum Fluctuations and Stochastic Nature of Planck and 
Boltzmann Constants 

 For all equilibrium statistical fields on the left hand side of Fig. 1 since the 
mean velocity of particle or Heisenberg-Kramers virtual oscillator [44] 
vanishes, the particle energy can be expressed as 

2 2 1/ 2 2 1/ 2m u p                (14)  

where m<u2>1/2 = <p> is the root-mean-square momentum.  Equation (14) 
can be expressed in terms of the stochastic Planck and Boltzmann factors  

2 1/ 2

2 1/ 2

h p

k p

  

  

   

   
 (15)  

 
For the EKD scale one obtains the universal constants of Planck [45] and 
Boltzmann [32]  
 

2 1/ 2 34

k k k

2 1/ 2 23

k k k

h h m c 6.626 10    J-s

k k m c 1.381 10   J/K





     

     
 (16)  

Also, parallel to de Broglie hypothesis for the wavelength of matter waves [2]  

h / p
 

   (17)  

the frequency of matter waves is given by [32] 

k / p
 

   (18)  

resulting in the gravitational mass of photon [32] 
 

3 1/ 2 41

k
m (hk / c ) 1.84278 10   kg (19)  

that is much larger than the reported [46] value of 51
4 10

  kg.  Finite photon 
mass [35] was anticipated by Newton [47] and is in accordance with Einstein-de 
Broglie theory of light [48-53]. Avogardo-Loschmidt number is identified as 
[32]  
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o 2 23

k
N 1 / (m c ) 6.0376 10   molecules/mole    (20)  

Also, by Eq. (20) the atomic mass unit becomes 

2 1/ 2 27

k
amu m c (hkc) 1.6563 10  kg/kmol     (21)  

Since all baryonic matter is known to be composed of atoms, Eqs. (21) and (19) 
suggest that all matter in the universe is composed of light [35] and hence is of 
electromagnetic nature.  The metamorphosis of matter into radiation and vice-
versa was recognized by Newton [47] 
  

 “Qu.30. Are not gross bodies and light convertible into one another, 
and may not bodies receive much of their activity from the particles of 
light which enter their composition? The changing of bodies into light, 
and light into bodies, is very comfortable to the course of Nature, 
which seems delighted with transmutations. And among such various 
and strange transmutations, why may not Nature change bodies into 
light and light into bodies?” 

 
The result in Eq. (21) namely electromagnetic nature of all matter was 
anticipated by both Lorentz [54] and Poincaré [55]. 
 Equation (16) and (20) lead to the modified universal gas constant  
 

o o
R N k 8338   J/(kmol-K) = J/kcal   (22)  

 

The modified universal gas constant Ro was recently identified [56] as De Pretto 
number 8338 J/kcal that appeared in the mass–energy equivalence equation of 
De Pretto  [57] 
 

2 2E mc  Joule = mc / 8338   kcal  (23)  

Unfortunately, the name of Olinto De Pretto in the history of evolution of mass 
energy equivalence is little known. Ironically, Einstein’s best friend Michele 
Besso was a relative and close friend of Olinto De Pretto’s brother Augusto De 
Pretto.  The relativistic form of Eq. (23) was first introduced by Poincaré [55] 

2

r
m cE   (24)  

where 2 2

r o
m m / 1 v / c  is Lorentz relativistic mass. Since the formula (23) 

is the only equation in the paper by De Pretto [57], the exact method by which 
he arrived at the number 8338 is not known even though one possible method 
was recently suggested [56]. The important contributions by Hasenöhrl [58] and 
Einstein [59] were discussed in a recent study [60]. 
 The equality of rest or gravitational mass and dynamic or inertial mass may 
be established by first noting that the rest mass of a “particle” identified as a 
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stable stochastically-stationary cluster of “molecules” under harmonic 
oscillations about its center of mass could be expressed as [35] 

                                                         

oc o o o o o

2 2

t k o

oE H  T S  U p V 3NkT NkT

                                              4NkT N m c M c

      

  
 (25)  

Hence, the rest mass of cluster 
oc

M  is defined as the mass of the total number of 

photons composing the cluster 
 

oc mc am sa ks k kc k
M 4N N N N m  = 4N m  (26)  

 
and the multiplicative number four arises from the number of degrees of 
freedom per photon respectively associated with translational, rotational, 
vibrational and potential energies [32].  Next, the total energy of a the same 
cluster now with its center of mass possessing a constant convective velocity v 
in an arbitrary coordinate direction is expressed as 

                                                                
2 2 2

c oc c c oc mc m c oc mc am a c

2 2

oc mc am a c oc mc am sa s c

2

oc mc am sa s c

2

oc mc am sa ks k c
2

E E m v /2 = E (4N m v )/2 E (4N N m v )/2 

E (4N N m v )/2 E (4N N N )m v / 2

E (4N N N m v ) / E (4N N N N m )v / 2

                                              

    

   

   

2

oc Ic c
       E M v / 2                   

 (27)  

 
Hence, both rest energy and dynamic energy involve the same mass leading to 
equality of rest mass and inertial mass in equations. (25) and (27) 

oc Ic
M M    (28)  

By equation (27) the total energy of a moving particle follows relativistic energy 
transformation of Poincaré-Einstein [55, 61-63, 64] 

 

2 oc

c oc oc c
2 2

c

E
E E M v / 2

1 v / c
  


 

(29)  

The equivalence principle namely the equality of rest mass and gravitational 
mass could be obtained by expressing the total rest energy and gravitational 
potential energy to be discussed in the following Section. 
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4 Physical Space Identified as a Compressible Fluid that is 
Casimir Vacuum or Aristotle Fifth Element 
 
 A most significant implication of the model in Figs. 1 and 2 concerns the 
nature of physical space, Casimir [65] vacuum, that is identified as a tachyonic 
fluid that is de Broglie hidden thermostat [3]. It is emphasized that space is the 
tachyonic fluid itself and not merely a container that is occupied by this fluid, as 
in the classical theories of ether [66].  Using a glass of water as an example, the 
physical space is analogous to the water itself, and not to the glass.   
 Both Descartes and Huygens recognized the significant role of Aristotle 
ether in phenomena of gravitation and optics.  For example, in harmony with the 
scale-invariant model of statistical mechanics shown in Fig. 1, the propagation 
of light in a medium called ether was suggested to be analogous to propagation 
of sound in air by Huygens [67] 
 

“As regards the different modes in which I have said the movement of 
Sound and of Light are communicated, one may sufficiently 
comprehend how this occurs in the case of Sound if one considers that 
the air is of such nature that it can be compressed and reduced to a 
much smaller space than that which it ordinarily occupies,”    
 
“Now in applying this kind of movement to that which produces Light 
there is nothing to hinder us from estimating the particles of the ether 
to be of a substance as nearly approaching to perfect hardness and 
processing a springiness as prompt as we choose. It is not necessary to 
examine here the causes of this hardness, or of that springiness, the 
consideration of which would lead us too far from our subject. I will 
say, however, in passing that we may conceive that the particles of the 
ether, notwithstanding their smallness, are in turn composed of the 
other parts and that their springiness consists in the very rapid 
movement of a subtle matter which penetrates them from every side 
and constrains their structure to assume such disposition as to give to 
this fluid matter the most overt and easy passage possible.This accords 
with the explanation which Mr. Des Cartes gives for the spring, though 
I do not, like him, suppose the pores to be in the form of round hollow 
canals.  And it must not be thought that in this there is anything absurd 
or impossible, it being on the contrary quite credible that it is this 
infinite series of different sizes of corpuscles, having different degrees 
of velocity, of which Nature makes use to produce so many marvelous 
effects,” 

 
Also, the fundamental role of physical space in constitution of matter according 
to modern particle physics was anticipated by Leibniz who stated [68] 
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“If space is an absolute reality, far from being a property or accident 
opposed to substance, it will have a greater reality than substances 
themselves,”  

 
“As for my own opinion, I have said more than once that I hold space 
to be something merely relative, as time is, that I hold it to be an order 
of coexistences, as time is an order of successions … I have many 
demonstrations to confute the fancy of those who take space to be a 
substance, or, at least, and absolute being.  But I shall only use, at 
present, one demonstration, which the author here gives me occasion to 
insist upon. I say, then, that if space were an absolute being, something 
would happen for which it would be impossible that there should be 
sufficient reason--which is against my axiom.  And I can prove it thus.  
Space is something absolutely uniform, and without the things placed 
in it, one point of space absolutely does not differ in anything from 
another point of space. Now, from hence it follows (supposing space to 
be something in itself, besides the order of bodies among themselves) 
that is impossible there should be a reason why God, preserving the 
same situations of bodies among themselves, should have placed them 
in space after one certain particular manner and not otherwise--why 
everything was not placed the quite contrary way, for instance, by 
changing east into west.  But if space is something else but this order of 
relation, and is nothing at all without bodies but the possibility of 
placing them, then those two states, the one such as it is now, the other 
supposed to be quite contrary way, would not at all differ from one 
another. Their difference therefore is only to be found in our chimerical 
supposition of the reality of space in itself. But in truth, the one would 
exactly be the same thing as the other, they being absolutely 
indiscernible, and consequently there is no room to inquire after the 
reason for the preference of the one to the other.”  

 
Similar arguments concerning the important role of the ether as the seat of 
gravitational and electromagnetic phenomena were raised by Newton [47]  
 

“Qu.19. Doth not the refraction of light proceeds from different density 
of this aethereal medium in different places, the light receding always 
from the denser parts of the medium? And is not the density thereof 
greater in free space and open spaces void of air and other grosser 
bodies, than within the pores of water, glass, crystal, gems, and other 
compact bodies?  For when light passes through glass or crystal, or 
falling very obliquely upon the farther surfaces thereof is totally 
reflected, the total reflection ought to proceed rather from the density 
and vigor of the medium without and beyond the glass, than from the 
rarity and weakness thereof. 
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Qu.22. May not planets and comets, and all gross bodies, perform 
their motions more freely, and with less resistance in this aethereal 
medium than in any fluid, which fills all space adequately without 
leaving any pores, and by consequence is much denser than quick-
silver or gold?  And may not its resistance be so small, as to be 
inconsiderable? For instance: if this aether ( for so I will call it ) 
should be supposed 700,000 times more elastic than our air, and 
above 700,000 times more rare, its resistance would be above 
600,000,000 times less than of water.  And so small a resistance would 
scarce make any sensible alteration in the motions of the planets in ten 
thousand years.  If anyone would ask how a medium can be so rare, let 
him tell me how the air, in the upper parts of the atmosphere, can be 
above hundred thousand thousand times rarer than gold.” 

 
The state of opposition by scientists at the time against the concept of ether was 
most eloquently described by Maxwell [69] 
 

“There appears to be, in the minds of these eminent men, some 
prejudice, or a priori objection, against the hypothesis of a medium in 
which the phenomena of radiation of light and heat and the electric 
action at a distance take place. It is true that at one time those who 
speculated as to the cause of the physical phenomena were in the habit 
of accounting for each kind of action at a distance by means of a 
special aethereal  fluid, whose function and property it was to produce 
these actions. They filled all space three and four times over with 
aethers of different kinds, so that more rational inquirers were willing 
rather to accept not only Newton's definite law of attraction at a 
distance, but even the dogma of Cotes, that action at a distance is one 
of the primary properties of matter, and that no explanation can be 
more intelligible that this fact. Hence undulatory theory of light has 
met with much opposition, directed not against its failure to explain the 
phenomena, but against its assumption of the existence of a medium in 
which light is propagated.” 

 
 The existence of the medium called ether was also found to be 
indispensable for the proper description of electrodynamics according to Lorentz 
[70, 71] 
 

“I cannot but regard the ether, which can be the seat of an 
electromagnetic field with its energy and its vibrations, as endowed 
with certain degree of substantiality, however different it may be from 
all ordinary matter,” 

 
The participation of ether in the transmission of perturbations as well as the 
possible granular structure of space were anticipated by Poincaré [72] 
 

779



“We might imagine for example, that it is the ether which is modified 
when it is in relative motion in reference to the material medium which 
it penetrates, that when it is thus modified, it no longer transmits 
perturbations with the same velocity in every direction.” 

 
“We know nothing of the ether, how its molecules are disposed, 
whether they attract or repel each other; but we know this medium 
transmits at the same time the optical perturbations and the electrical 
perturbations;” 

 
 

 “The electrons, therefore, act upon one another, but this action is not 
direct, it is accomplished through the ether as intermediary.” 

 
Also, the notion of ether was considered by Einstein as not only consistent with 
the general theory of relativity, but in his opinion according to GTR space 
without ether is unthinkable [73] 
 

“Recapitulating, we may say that according to the general theory of 
relativity space is endowed with physical qualities; in this sense, 
therefore, there exists an ether. According to the general theory of 
relativity space without ether is unthinkable; for in such space there 
not only would be no propagation of light, but also no possibility of 
existence for standards of space and time (measuring-rods and clocks), 
nor therefore any space-time interval in the physical sense.  But this 
ether may not be thought of as endowed with the quality characteristic 
of ponderable media, as consisting of parts which may be tracked 
through time.  The idea of motion may not be applied to it.” 

 
 The statement "space without ether" shows that ether was considered as a 
medium that filled the space rather than being the space itself.  Also, because 
stochastic Planck and Boltzmann constants relate to vacuum fluctuations [32], 
contrary to the above statement by Einstein, the idea of rest rather than motion 
may not be applied to the ether.  In other words, stochastic ether cannot satisfy 
both the principles of relativity and quantum mechanics if it is at rest.  
Ironically, parallel to static rather than dynamic vacuum at Planck scale, 
Einstein also chose a static rather than dynamic universe at cosmic scale (see 
Fig. 1) that resulted in his introduction of the cosmological constant. 
 After the development of quantum mechanics it was suggested by Dirac 
[74] that stochastic ether could satisfy both quantum mechanics and relativity 
theory 
 

“We can now see that we may very well have an aether, subject to 
quantum mechanics and conforming to relativity, provided we are 
willing to consider the perfect vacuum as an idealized state, not 
attainable in practice. From experimental point of view, there does not 
seem to be any objection to this. We must make some profound 
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alterations in our theoretical ideas of the vacuum.  It is no longer a 
trivial state, but needs elaborate mathematics for its description.” 

 
Hence, the concept of "empty” space in the following statement by Hawking 
[75] 
 

“Maxwell's theory predicted that radio or light waves should travel at 
a certain speed.  But Newton's theory had got rid of the idea of absolute 
rest, so if light was supposed to travel at a fixed speed, one would have 
to say what that fixed speed was to be measured relative to. It was 
therefore suggested that there was a substance called "ether" that was 
present everywhere, even in "empty" space.  Light waves should travel 
through the ether as sound waves travel through air, and their speed 
should therefore be relative to the ether.”  

 
 

corresponds to Casimir vacuum [65] and not to the white hole that is a 
singularity of the field where the fabric of space has been ruptured. 
 If physical space is identified as a compressible medium, it is expected that 
the zero-point energy of Casimir vacuum [65]  will be associated with a 
corresponding zero-point pressure. Indeed, a modified van der Waals equation 
of state was recently introduced [76]  
 

r

rg ra rv c2

c r r

T1 9 3
p p p Z

Z 1 / 3 8 8
( )

v v
   


 

 
  

 (30)  

 
where Zc is the critical compressibility factor, that leads to a finite and positive 
vacuum pressure. Because thermodynamic pressure could be identified as 
volumetric energy density of the field [32], negative pressures should be non-
physical.  Therefore, the reduced pressure in Eq. (30) must be identified as a 

gauge pressure 
rg

p  defined as the difference between absolute pressure 
ra

p  and 

the vaccum pressure 
rv

p . In the limit of infinite expansion V    resulting in 

a
p 0  equation (30) leads to vacuum pressure 

 

rv

c

3 / 8
p 1 0

Z
    (31)  

 
Because the critical compressibility factors of most substances are known [77]  

to be less than that of van der Waals fluid
cvdw

Z 3 / 8 , the vacuum pressure in 

Eq. (31) will be always positive as is to be expected. The pressure of matter pm 
and anti-matter pam will be respectively larger and smaller than that of vacuum  
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WH BHam v m
0 p p p p p        (32)  

and ultimately limited by the pressure of white hole 
WH

p 0  and black hole 

HB
p    as two singularities of the field. 

 When space is considered to be a tachyonic compressible fluid [36], Planck 
compressible ether [70], parallel to atmospheric air that becomes compressible 
when Mach number Ma = v/a approaches unity, the ether that constitutes the 
physical space becomes compressible when Michelson number defined as Mi = 
v/c approaches unity, with a and c denoting the velocity of sound and light 
respectively. Hence, changes of density when tachyon fluid is brought to rest 
isentropically will be given by [36, 78] 
 

1 1

1 1
2

o

o

2

2

M 1 v M 1
ρ ρ 1 1

2 c 2
Mi

V V

    
    

   
     

 (33)  

 
where the Poisson coefficient is  = cp/cv. The notation of subscript in Eq. (33) 
is opposite to that in conventional gas dynamics [79] where stagnation 
quantities correspond to moving fluid such as stagnation 

enthalpy
o

2mv / 2h h  . With  = 4/3 for photon gas and assuming that the 

transverse coordinates do not change [80] for one dimensional compressible 
flow, Eq. (33) leads to Lorentz-FitzGerlad contraction [54, 32, 36] 

 

o

o o

2 2 2 2

2 2

ρ
1 v / c 1 v / c ρ

1 v / c
      ,      ,     V V    


   

(34)  

 
Thus, Ma >1 (Mi >1) corresponds to supersonic (superchromatic) flow, leading  
to formation of Mach (Poincaré-Minkowski) cone that separates the zone of 
sound (light) from the zone of silence (darkness) [78]. 
 In supersonic flows, although the sound signals at scale  = m are confined 
to Mach cone, light signals at the much smaller scale of = k can travel ahead 
of the cone.  Similarly, in superluminal flows, light signals will be confined to 
Poincaré-Minkowski cone, whereas exceedingly week tachyon signals 
associated with gravitational radiation [81] are expected to travel ahead of the 
cone.  The name Poincaré-Minkowki cone is suggested because both Poincaré 
in 1906 [62] as well as Minkowski in 1908 [82] described a four dimensional 
manifold with three real space and one complex time dimensions.    
 In view of the above considerations and in harmony with ideas of Darrigol 
[83] and Galison [84], one can identify two distinct paradigms of the special 
theory of relativity [36] 
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(A) Poincaré-Lorentz 
Dynamic Theory of Relativity 
 

 Space and time (x, t) are altered due to causal effects of motion on the 
ether. 

 
(B) Einstein 

Kinematic Theory of Relativity 
 

Space and time (x, t) are altered due to the two postulates of relativity: 
 
1- The laws of physics do not change form for all inertial frames of 

reference. 
 

2-  Velocity of light is a universal constant independent of the motion of its 
source. 
 

According to dynamic theory of relativity the relativistic effects are causal as 
emphasized by Pauli [80] and induced by the dynamic effects of motion on the 
manifold of space, ether.  It is also noted that strictly speaking, both postulates 1 
and 2 above are not valid.  This is because the speed of light is not a constant 
but a function of temperature of Casimir [65] vacuum and hence decreases ever 
so slowly with the expansion of the universe thus appearing as constant on time 
scales relevant to human civilization. Also, the postulate of relativity is not valid 
since all inertial frames are distinguishable from one another through 
measurements with respect to stochastically stationary isotropic cosmic 
background radiation of Penzias-Wilson [85]. It appears that such 
distinguishability was known to Poincaré based on fundamental principles as 
suggested by the lecture he delivered in London in 1912 shortly before he died 
[86] 
 
 
 

“Today some physicists want to adopt a new convention.  It is not that 
they are constrained to do so; they consider this new convention more 
convenient; that is all.  And those who are not of this opinion can 
legitimately retain the old one in order not to disturb their old habits.  I 
believe, just between us, that this is what they shall do for a long time 
to come,” 
 

The perceptions of Poincaré concerning relativity theory are known to be also 
shared by Lorentz who stated in a 1915 lecture at the Royal Academy of 
Sciences in Amsterdam [87] 
 

I could point out to you [if I had more time] how Poincaré in his study 
of dynamics of electron, about the same time as Einstein, formulated 
many ideas that are characteristic for his theory, and also formulated 
what he calls “le postulat de relativité” 
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 It is important to emphasize that the dynamic versus kinematic theories of 
relativity identified in paradigms (A) versus (B) above are experimentally 
distinguishable from each other. This is because higher local densities will be 
measured by an observer moving with respect to a stochastically-stationary 
compressible medium as schematically shown in Fig. 3.  
 

                                 
 
Fig. 3 Density of a medium as measured by an observer that is (A) stationary 
(B) moving with respect to the medium [32]. 
 
Therefore, even though Lorentz-FitzGerald contractions leads to identical 
predictions in one-dimensional experiments, future multi-dimensional 
experiments will allow detection of transverse topological change of space 
curvature due to compressibility effects (Fig. 3) in paradigm (A).  
 In summary, one must conclude that the collective intuition of many 
scientists since Aristotle quoted above about the existence of ether has been 
correct and physical space as granular and compressible medium in harmony 
with perceptions of Lorentz, Poincare, Planck, and Dirac can account for 
observed relativistic effects.  Moreover, such a medium naturally explains the 
existence of both electromagnetic as well as gravitational waves. Therefore, 
Lorentz [54] stationary ether is indeed an acceptable model of physical space if 
following Dirac [74] one recognizes that ether is stochastically-stationary as 
was emphasized earlier in this Section.   
 
5  A New Physical Foundation of Quantum Mechanics 
 
 According to a recent study [34], the energy spectrum of all isotropic 
equilibrium statistical fields shown in Fig. 1 will be governed by the invariant 
Planck energy distribution law [45, 35, 36]  
 

3

h / kT3

dN 8 h
d

u e 1
  



  





 
 

V
 (35)  

when the energy of each oscillator is  = h.  In another recent investigation 
[34] the invariant Maxwell-Boltzmann distribution function  
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was directly derived from the invariant Planck energy distribution function.  
This result is to be expected since particle speeds are related to the square root 
of their kinetic energy. Hence, under thermodynamic equilibrium, the speed of 
particles will be governed by the invariant Maxwell-Boltzmann distribution 
function [35] leading to a hierarchy of embedded distributions at …ECD, EMD, 
and EAD … scales as shown in Fig. 4. 
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Fig. 4 Maxwell-Boltzmann speed distribution viewed as stationary spectra of 
cluster sizes for ECD, EMD, and EAD scales at 300 K [32].  
  
 According to Fig. 4, one may view Maxwell-Boltzmann distribution as 
distribution of stochastically stationary particle cluster sizes that could be also 
identified as different “energy levels” of quantum mechanics.  Hence, one may 
introduce a new paradigm of the physical foundation of quantum mechanics 
according to which Bohr stationary states [44] correspond to the stochastically 
stationary sizes of particle clusters, de Broglie wave packets, governed by 
Maxwell-Boltzmann distribution function. For example, in iso-tropic turbulence 
corresponding to equilibrium eddy-dynamic at scale  = e, the statistically 
stationary sizes of “eddies” or “clusters of molecular-clusters” are governed by 
Maxwell-Boltzmann distribution function [35]. Hence, one views the transfer of 
a cluster from a small rapidly oscillating eddy j to a large slowly oscillating 
eddy i as transition from the high energy level j to the low energy level i (Fig. 4) 
as schematically shown in Fig. 5. 
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Fig. 5 Transition of cluster cij from eddy-j to eddy-i leading to emission of 
molecule mij. 
 
Such a transition will be accompanied with emission of a “molecule” that will 

carry away the excess energy 
ji j i j i

h( )
    

          in harmony with Bohr 

[44] theory of atomic spectra.  Therefore, the reason for the quantum nature of 
“molecular” energy spectra in equilibrium isotropic turbulent fields is that 
transitions must occur between eddies whose energy levels must satisfy the 
criterion of stationarity imposed by Maxwell-Boltzmann distribution function 
[36].   
 The invariant conservation equations for an incompressible and irrotational 

 
  v   flow with the velocity potential 


  lead to the invariant Bernoulli 

equation [36] 
 

2(ρ ) ( ρ )
p constant 0

t 2

   



 

   
    

 
 (37)  

Comparison of Eq. (37) with Hamilton-Jacobi equation [2] resulted in the 

introduction of the invariant action S ( , t) ρ
  

  x  and quantum mechanics 

wave function ( , t) S ( , t) ρ
   

     x x  to derive from Eq. (37) the invariant 

time-dependent Schrödinger equation [88, 36] 
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  (38)  

It is therefore clear that the potential energy U


in Eq. (38) like pressure in Eq. 

(37) acts as Poincaré stress [61-63] and is responsible for stability of “particles” 

or de Broglie wave packet [35]. In view of the fact that pressure U p n U
   
   

[36] plays the role of potential in Eq. (38), anticipation of an external pressure 
or stress being the cause of particle stability by Poincaré [61-63] is a testimony 
to the true genius of this great mathematician, physicist, and philosopher. 
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 Since in the absence of spin, a Bernoulli equation (37) and thereby a 
corresponding Schrödinger equation (38) could be derived for each statistical 
field shown in Fig. 1, the entire hierarchy of statistical fields from cosmic to 
photonic scales is governed by quantum mechanics. For example, at cosmic 

scale the wave function 
g
( , t) x  will correspond to Hartle-Hawking [89] wave 

function of the universe. The wave-particle duality of galaxies has been 
established by their observed quantized red shifts [90].  
 Naturally, an invariant statistical theory of fields covering the entire 
hierarchy shown in Fig. 1 is “literally” the theory of everything (TOE).  This is 
because the resulting generalized invariant Boltzmann statistical mechanics and 
the associated generalized thermodynamics [35] will provide for bridging the 
gap between quantum mechanics QM on the one hand and general theory of 
relativity GTR on the other hand.  Thus, the origins and physical nature of 
gravitational forces could be associated with pressure gradients in tachyon fluid 
constituting the physical space.   
 In view of the above discussions, it is interesting to examine some of the 
implications of the model [35] to another recent model of TOE namely the 
string theory. According to an excellent summary of the historical developments 
of main ideas of string theory given by ‘t Hooft [42], in the original model of 
string theory particles were represented as strings with a quark and anti-quark at 
each end.  However, as the energy of the field is increased, it is found that string 
theory is no longer accurate and instead particles are found to follow SU(3) 
model of quantum chromodynamics [42].   
 To relate the scale invariant model of statistical mechanics (Fig. 1) to string 
theory, one must first identify how the notion of representing elementary 
particles as “string” could arise in the first place. In a recent study on application 
of the model in Fig. 1 to transport phenomena [91] a hydrodynamic description 
of Faraday line of force was presented as string of alternating electrons and 
positrons, “like beads on a necklace” to borrow the words of ‘t Hooft [42], as 
schematically shown in Fig. 6  
 
 
 
 

                      

FARADAY LINE 
OF FORCE

OD

ID OJ

ID

OD

ID

OD

OD
IJ

ID

IJ

 
 
 

Fig. 6 Faraday line of force as electron (black) and positron (white) string with 
inflow jet (IJ) of one matching the outflow jet (OJ) of its neighbor. Also shown 
are alternating outflow (OD) and inflow discs (ID) [91].  
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As discussed in [91], it is known that particle rotation induces polar inflow-jets 
IJ and equatorial outflow-disc OD. As a result, stable hydrodynamic 
configuration occurs when spinning particles form a string of particle and anti-
particle or “hole” such that inflow-jet IJ of particle matches the outflow-jet OJ 
of the adjacent “hole” as shown in Fig. 6. It is emphasized that “hole” 
represents a spherical configuration composed of the background fluid 
surrounding the particles [91].  Clearly, the strings composed of alternating 
quark/anti-quark of string theory in chromodynamics [42] resembles Faraday 
line of force composed of string of alternating electron/positron [91] shown in 
(Fig. 6) in electrodynamics in harmony with perceptions of Dirac [92].    
 It is now clear that when stable hydrodynamic “strings” shown in Fig. 6 
form at exceedingly small scales of electrons or photons, the entire string is 
small enough to be misunderstood as an “elementary particle”.  However, as the 
system energy is increased, the resulting strong fluctuations are expected to lead 
to breakup of strings into more “elementary” particles namely electrons or 
quarks composing them. Consequently, at higher energies rather than following 
the predictions of string theory particles are found to follow SU(3) model of 
quantum chromodynamics [42]. It appears therefore that string theory could be 
identified as a “model” of such stable hydrodynamic structures within the field 
at very small scales.  Finally, since each statistical field is composed of 
spectrum of identical particle clusters with stationary size governed by 
Maxwell-Boltzmann distribution function (Fig. 4), particle clusters (energy-
levels) could be considered as different stochastically stationary sizes of 
identical particle strings. Also, since such hydrodynamic lines of force [91] 
could be either open or closed, at Planck scale of tachyon-dynamics they could 
correspond to Ashtekar-Smolin-Rovelli [42] quantum-loop theory of 
gravitation. 
    
6   Distribution of Spacings between Zeros of Riemann Zeta 
Function 
 
 The scale invariant model of statistical mechanics (Fig. 1) also impacts 
analytical number theory and hence Hilbert’s number eight problem namely 
Riemann hypothesis.  Since Maxwell-Boltzmann speed distribution in Eq. (36) 
gives distribution of sizes of particle clusters, if expressed in dimensionless 
form it can also be viewed as distribution of sizes of “clusters of numbers” or 
Hilbert “condensations”. Therefore, a recent study [35] was focused on possible 
connections between the result in Eq. (36) and the theoretical findings of 
Montgomery [93] and Odlyzko [94] on analytical number theory and what is 
known as Montgomery-Odlyzko  law  [93-94]   

 
“The distribution of the spacings between successive non-trivial zeroes 
of the Riemann zeta function (suitably normalized) is statistically 
identical with the distribution of eigenvalue spacings in a GUE 
operator” 

788



The pair correlation of Montgomery [93] was subsequently recognized by 
Dyson to correspond to that between the energy levels of heavy elements [95-
96] and thus to the pair correlations between eigenvalues of Hermitian matrices 
[97].  Hence, a connection was established between quantum mechanics on the 
one hand and quantum chaos [98] on the other hand.  However, the exact nature 
of the connections between these seemingly diverse fields of quantum 
mechanics, random matrices, and Riemann hypothesis [95-96] is yet to be 
understood. 
 When particle speeds (cluster sizes) in Eq. (36) are normalized through 
division by the most probable speed (the most probable cluster size) one arrives 
at normalized Maxwell-Boltzmann (NMB) distribution function [35] 

j j

2
2[(2/ ) ]jx

x8 /  (2 / )( ) [ ]  e






  
   (39)  

The additional division by the “measure” 
β
π 2/ in Eq. (39) is for coordinate 

normalization discussed in [35] and shown in Fig. 8. Direct comparisons 
between Eq. (39) and the normalized spacings between the zeroes of Riemann 
zeta function and the eigenvalues of GUE calculated by Odlyzko [94] are shown 
in Fig. 7. 
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Fig. 7 Probability density of normalized spacings between zeroes n of 

Riemann zeta function 12 12n     , normalized spacings between 
eigenvalues of GUE [94], and the NMB distribution in Eq. (39). 
 
Therefore, a definite connection has been established between analytic number 
theory, the kinetic theory of ideal gas, and the normalized spacings between 
energy levels in quantum mechanics [35].  
 If one considers in the spirit of Pythagoras and Plato that pure “numbers” 
are the basis of all that is physically “real”, then these “atomic” prime numbers 
applied to construct p-adic statistical field and their associated p-adic matrices 
[35] may lie at the foundation of Riemann hypothesis in harmony with 
noncommutative geometry [99]. That is, when the physical space or Casimir 
vacuum [65] is itself identified as a fluid governed by a statistical field [35, 36], 
it will have an energy spectrum given by Schrödinger equation (38) of quantum 
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mechanics that in view of Heisenberg [100] matrix mechanics will be described 
by noncommutative geometry [99].   
 Although the exact connection between noncommutative geometry and 
Riemann hypothesis is yet to be understood according to Connes [99] 
 

“The process of verification can be very painful: one’s terribly afraid 
of being wrong…it involves the most anxiety, for one never knows if 
one’s intuition is right- a bit as in dreams, where intuition very often 
proves mistaken” 

 
the ideas suggested above and further described in [35] may help in the 
construction of the physical foundation of such a mathematical theory. 
 
7  Quantum Nature of Space, Time, and Dimension 
 
 The application of scale invariant model of statistical mechanics to the 
problems of infinitesimals and nonstandard analysis [101-104] resulted in the 
introduction of logarithmic coordinates and definition of “dimensionless” or 
“measureless” numbers  as [81] 
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In accordance with Eq. (39) and in view of the connection between particle 

speed and its thermal wavelength
j mp j j

m

1
v v/ ( / )

   

  described in [35], the 

coordinate in Eq. (40) is normalized by the number of particles in the most 

probable element
AE

N

.  The “measure” / 2


   is chosen [81] due to 

Gauss’s error function on account of the equilibrium, i.e. random, distribution of 

particles (Fig. 4).  According to Eq. (40) the range ( 1 ,1 )
 

  of the outer 

coordinate x will correspond to the range 
1 1

( , )
 

   of the inner coordinate 

1x   leading to the coordinate hierarchy schematically shown in Fig. 8.   
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Fig. 8 Hierarchy of normalized coordinates for cascades of embedded 
statistical fields [81]. 
 
 According to the hierarchical model shown in Fig. 4, since the “atom” of 
statistical field at scale  is the most-probable cluster of “atoms” of statistical 
field of the lower scale , the zero-measure 0 of scale will be related to 
unity 1 of the lower scale  as schematically shown in the hierarchy of 
Maxwell-Boltzmann distributions in Fig. 9.  
 

                             
 
 

Fig. 9 Maxwell-Boltzmann speed distribution as a function of oscillator 
wavelengths (j/mp)1 [35]. 
 

According to Fig. 9, the interval (0, 1)

 of scale  becomes (1, )


 of  scale.   

However, the interval (0, 1)


 is only revealed at  scale and is not 

observable at the larger scale  (Figs. 8-9).  The line composed of hierarchy of 
(0, 1) intervals may be expressed in terms of Gauss error function as 

1
x N erf (x )

  
 . 

 For finite systems, the “infinity” of scale  will correspond to maximum 

possible number of elements within the system
ES max AS

N N
 

 , when only a 

single “atom” occupies each element 
AE

N 1

 , with the length L


 such that 
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one arrives at a coordinate hierarchy 

1 1 1

  

    L ________________1 ______ 0

                                         L _____1 __ 0

                                                                             

  

  

 (42)  

 Following the classical methods [105-106] for systems of embedded 
statistical fields (Fig. 1) the logarithmic coordinate (Fig. 8) results in definition 
of invariant fractal dimension as [81] 

AS 2 AS 2

AE ES 1

AE 2 2

ln N ln N
N N

ln N ln r
D  

  

 

     (43)  

where
ES 2

N


and 
AS 2

N


 are the number of elements and atoms in the system, 

AE 1
N


 is the number of atoms in element, and 

2
r


 is the size of the coarse–

graining.  Hence, dimension of physical space is identified as the number of 

embedded elements within its atom.  Each (atom) decompactifies into 
ES 1

N


 

independent (elements) that constitute D dimensions along which (atoms) 
i.e. numbers could be placed similar to Cartesian coordinates (x, y, z).  One 
notes that such “space” dimension D will be energy dependent and since 

number of elements in each “atom” could be very large 710 , fractal dimension of 
typical statistical field shown in Fig. 1 could be very large [107].  

 Invariant definitions for (system, element, atom) lengths (L ), ,   and 

velocities ( , , )  w v u  lead to invariant definitions of (system, element, atom)  

"time"  [36] 

( , , t ) (L , , )/ w / v / u
            (44)  

Hence, the instanton [42] or atomic time t 0
 
 of scale will have a finite 

duration 
1

t
 

  on a clock at the lower scale 1 [36] leading to the 

following hierarchies of time elements  

e c m s k
...       ...           (45)  

 
for the statistical fields shown in Fig. 1.  Clearly, the most fundamental and 
universal physical time is the time associated with the tachyon fluctuations 

k tt    of Casimir vacuum [65].  
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 Recently [32] Kelvin absolute temperature scale [degrees K] was identified 
as a length scale [meter] and related to particle de Broglie 

wavelength 2 1/ 2T
 
   .  Also, statistical time durations or periods are related 

to frequency 2 1/ 2


   .  Since particle energy is 

2 2 2m m v kT
             it is clear that the connections between 

space and time and hence relativistic effects are causal [36, 80, 83-84] and 
governed by thermodynamics [32, 34, 108] in accordance with Poincaré-Lorentz 
dynamic theory of relativity described in Section 4. 
 From the invariant definitions of atomic, element, and system times in Eq. 
(45)  

t =  =  (46)  

one can form a finite time duration by addition of many instants of time and 
write 

 = t =  (47)  

since the instanton [42] of scale  will have a finite duration when measured by 
a clock at the lower scale of .  Also, parallel to Heisenberg [100] spatial 
uncertainty principle 
 

 p h     (48)  

that limits the resolution of spatial measurements, one introduces the temporal 
uncertainty principle [36] 
 

 p k     (49)  

that limits the resolution of time measurements. 
 
8  Implications to Continuum Hypothesis 
 
 In this section, some of the implications of the model, Fig. 1, to Hilbert’s 
first problem namely the continuum hypothesis [103, 109] will be presented.  
Historical development of the concept of continuum has been reviewed in an 
excellent book by Bell [103].  In the following, it will be shown that the results 
of the present field theory discussed in sections 2-7 will facilitate the 
understanding of the various concepts of the continuum hypothesis such as 
“points”, “aggregates”, and “infinity” discussed by Bell [103]. 
 The most central concept of continuum hypothesis is that of the “atom” or 
mathematical “point” as emphasized by Poincaré [110] who posed the question 
“What is a point?”. As seen in Fig. 1, the definition of point most naturally 
depends on the scale being considered such that  
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(Atom) = (Element) = (System) (50)  

Empirical observations across the entire spatial scales shown in Fig. 1 suggest 
that there are no limits of either infinitely large  > g or infinitely small  < t.  
This is in harmony with the philosophy of Anaxagoras who said [103] 
 

“Neither is there a smallest part of what is small, but there is always 
a smaller, for it is impossible that what is should ever cease to be” 
 

The above statement could also be made about the impossibility of existence of 
the largest part of what is large if with Newton one conceives that the universe 
is infinite.  
 While atoms are assumed as points, elements are considered to be extended 
in accordance with the perceptions of Poincaré [103] 
 

“we cannot say that our element is without extension, since we 
cannot distinguish it from neighboring elements and it is thus 
surrounded by a sort of haze.  If the astronomical comparison may 
be allowed, our ‘elements’ would be like nebulae, whereas the 
mathematical points would be like stars” 

 
The above statement exactly corresponds to the scale of equilibrium astro-
dynamics EPD  = p in Fig. 1 where “atoms” correspond to stars.  
 The objection emphasized by Bois-Reymond [92] as to how to construct a 
finite extension from collection of many points that are devoid of size is now 
resolved by the definition of point in (50), besides the fact that points, “atoms”, 
are considered to be under constant motion except at the absolute zero 
temperature T = 0.  Also, the invariant fractal definition of point resolves the 
objection of Democritus [111] 
 

“It is contended that division is possible; very well, let it be 
performed. What remains? No bodies; for these could be divided 
still further, and the division would not have progressed to the 
ultimate stage. There could only be points, and the body would have 
to be composed of points, which is evidently absurd” 

 
Since as stated by Anaxagoras it is impossible that what is should ever cease to 
be, the possibility of Aristotle’s potentially infinite division cannot be ruled out 
just because of limitation of available energy or human imagination.   
 Similar considerations also apply to the mathematical theory of time in 
describing the temporal continuum discussed by Weyl [112] 
 

“Exact time- or space-points are not the ultimate, underlying, 
atomic elements of the duration or extension given to us in 
experience. On the contrary, only reason, which thoroughly 
penetrates what is experientially given, is able to grasp exact ideas” 
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 Another significant feature of continuum is that of the element, aggregate or 
condensation of points [103].  According to the physical model, the formation 
and stability of atomic aggregates, clusters, is due to Poincaré stress in the 
invariant Schrödinger equation (38). The formation of numerical point 
aggregates in mathematics is related to the formation of atomic clusters, de 
Broglie wave packets, in physics through the connection between distribution of 
normalized spacing between zeroes of Riemann zeta function and NMB 
distribution shown in Figs. 7 and 9 as discussed above.    
 Although Weyl suggested that [112] 
 

“A ‘hierarchical’ version of analysis is artificial and useless.  It loses 
sight of its proper object, i.e. number”, 

 
the results presented in Sections 2-7 prove otherwise.  Indeed, the hierarchical 
model shown in Fig. 1 is both natural and harmonious with empirical 
observations and provides a useful visual and geometrical tool for the 
description of the concepts of continuum, point, limit, and infinite.  For 
example, the problem of Anaxagoras that a continuum cannot be composed of 
discrete elements [112] 
 

 “chopped off from one another, as it were, with a hatchet”, 
 
could be resolved by the hierarchical model of coordinates shown in Fig. 8 
while addressing Aristotle’s concern [111] 
 

“if the continuous line is divided into two halves, the one dividing point 
is taken for two; it is both beginning and end .  But as one divides in 
this manner, neither the line nor the motion are any longer continuous 
…In the continuous there is indeed an unlimited number of halves, but 
only in possibility, not in reality” 

 
According to Fig. 8, specification of the exact location of the cut to an infinite 
degree of accuracy requires one to decompactify the finite intervals (0, 1) to 
infinitely smaller scales (0, 1), (0, 1), … within the hierarchy. 
 It appears that in Fig. 8 finite completed intervals have been constructed by 
adding an infinite number of elements thus contradicting Gauss [113]. 
 

“I object to the use of an infinite magnitude as something completed; 
this is never admissible in mathematics.  One must not interpret infinity 
literally when, strictly speaking, one has in mind a limit approached 
with arbitrary closeness by ratios as other things increase without 
bounds.” 

 
However, because of the transcendental nature of the number  in the measure 
defined in Eq. (41) strictly speaking the intervals in Eq. (42) are never 
completed.   
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 The transcendental numbers constituting an uncountable subset of any 
interval play a central role in Cantor’s [114] concept of completed infinite 
discussed by Casti [104] 
 

“Put another way, Cantor knew there were far more real numbers than 
could be accounted for by the relatively small set of algebraic numbers. 
Where did all these real numbers come from? The only thing they could 
be is the mysterious transcendental numbers.  So, like the postulated 
“dark matter” of the universe that physicists believe constitutes the 
mass needed to keep the universe from flying off to infinity, the 
transcendental numbers keep real numbers “together,” so to speak- 
even though Cantor could not find a single,  concrete example of one of 
them.” 

 
In the light of the fact that according to Fig. 7 numbers are related to kinetic 
theory of gas and quantum mechanics, the connection between “dark matter” 
recently defined in terms of particle potential energy in thermodynamics [32] 
and transcendental number in the above quotation from Casti [104] may indeed 
prove to be more than a mere analogy. 

 According to Figures 8 and 9, one requires o  to count numbers on the 

interval (0-1) at a given number of digits of the transcendental measure, and 

1  to count the interval with the addition of the next digit to the transcendental 

measure , and so on ad infinitum.  Hence, to count the numbers of all the 
intervals of all scales one requires  

1 2 1 1 1 2 1
,  ,   ... ,  , ,   ...

o o   
            (51)  

thus suggesting that Cantor’s [114] Continuum Hypothesis is not true and there 

exist continua of first, second, … orders 1 2,  , ... C C C in harmony with the 

perceptions of Poincaré and Gödel [103, 104].  Also, the hierarchies of turbulent 
fields in Fig. 1 suggest that Gödel’s incompleteness theorem be viewed as the 
closure problem of turbulence [36].  That is, specification of the exact state of 
the system at any scale  is impossible because of the external effects of the 
adjacent scales +1 and -1 from both boundaries without and within the 
system.  Since the model presented herein may lead to modification of the ZF 
axiomatic system, the implication of the result in Eq. (51) on the un-decidability 
of the Continuum Hypothesis [104, 115] requires further investigation. 
 
9  Concluding Remarks 
 
 If the signature of a good physical theory is its harmony with prior existing 
theories and empirical observations, then the scale invariant statistical theory of 
fields presented herein has been successful in satisfactory descriptions of 
relativistic effects, physical foundations of quantum mechanics, distribution of 
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spacing of zeroes of Riemann zeta function, and quantum nature of both space 
and time hence justifying further development of the theory in all these areas.   
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Abstract. The extension of classical mechanics, which occurs at the transition to the 

mechanics of structured particles (SP), is submitted. The mechanics of SP  is con-

structed based on the principle of duality symmetries and the corresponding represen-
tation of energy including replacing of the material point (MP) on the SP, where SP is 

equilibrium system from a great number of the potential interaction MP. The mecha-

nism of symmetry breaking and the nature of irreversibility in classical mechanics are 

discussed. Shown how into the frame of classical mechanics the concept of dynamical 
entropy can introduce, and how the mechanics of nonequilibrium systems can be con-

structed in the thermodynamic approach of the local equilibrium. Also shown why the 

hypothesis of holonomic constraints which used in the derivation of canonical La-

grange equation, eliminates the possibility of describing of irreversible dynamics and 
how it can be compensated. Difference of SP mechanics from the mechanics of MP is 

discussed. 

Keywords: Classical mechanics, Lagrange equation, irreversibility, holonomic con-

strains, entropy, chaos. 

 
1 Introduction 

  
All physical bodies in nature have an internal structure. Therefore, the work 

of the external forces goes on their movement and to change their internal 

energy. This means that each particles of the body at the same time involved 

into the thermal motion, and in the motion of a body in space. The change in 

internal energy of the body is going due to the change of the relative veloci-

ties of the molecules. The motion of the body is determined by the average 

speed of all molecules in laboratory coordinate system. 

In accordance with the molecular-kinetic theory all bodies can be imagine as 

system of potentially interacting material points (MP) [1, 2, and 7]. In this 

case the energy of the system can be represented in the micro and macro var-

iables as the sum of the internal energy and the motion energy [1, 2]. Micro-

variables determine MP motion relative to the center of mass (CM), and 

macrovariables determine the motion of the CM of the body in space with the 

velocity corresponding to the average speed of the molecules in the laborato-

ry coordinate system. These two types of energy are independent. Indeed, the 

total kinetic energy of the body with its representation in the micro and mac-

803

mailto:vmsoms@rambler.ru


ro variables will be divided into two independent components: the sum of the 

square of the velocity of MP, and the sum of squares of velocities MP rela-

tive to the CM [3].  

If the forces of MP interaction are central, the corresponding potential com-

ponent of the internal energy depends only from micro-variables. The poten-

tial component of the body's energy in the field of the external forces, in gen-

eral, depends on the micro and macro variables. It is leads to engagement of 

micro and macro variables. 

From the standpoint of space-time symmetries, the dynamics of the bodies is 

determined by the principle of duality of the symmetries (PDS): the sym-

metry of space, and by the symmetry of the body [3, 4]. From the PDS is 

followed that for description of the dynamics of bodies we need to have two 

groups’ micro and macro of variables. This means that the motion equations 

for the system can be constructed based on the PDS, using micro and macro 

variables. The nature of the PDS is followed from the fact that the trajectory 

of bodies determined not only by the field of external forces or by the sym-

metry of space, but also by the nature of the internal forces, i.e. by the inter-

nal symmetries. This need stems also from the nature of the dissipative forces 

that determine the transition energy of motion into internal energy. Only 

when the energy represented as the sum of the internal energy and the energy 

of motion, the dissipative part of the energy can be defined. 

The group of symmetry which determines the body motion in the space, 

called as translational group of symmetry [4]. The second group of symmetry 

which formed by the micro variables, have no a name now. In accordance 

with the nature of the internal energy we will call it, as a group of chaotic 

motion symmetry. The independent of these two groups of micro and macro 

variables is demonstrates the deep essence of the dynamical nature of the 

bodies. 

The scalar invariant of each of these groups of symmetry is the energy. The 

energy is additive quantity; therefore the system motion is determined com-

pletely by the sum of the energy of motion and internal energy. That is the 

sum of the energy of motion and its internal energy is a conserved quantity 

along the trajectory of the body. It is the law of conservation of energy for 

structured bodies [5]. The engagement of micro and macro variables that 

have a place in inhomogeneous fields of external forces, leads to a violation 

of the translational symmetry. 

The work of the external forces for MP, which has no internal structure, is 

spent only on its motion in space. Therefore, the dynamics of a single MP is 

uniquely determined by its motion energy. This dynamics is reversible. The 

work of external forces on the motion of the system MP in space in generally 

go to the change in its motion energy, and the change in internal energy. The 
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change in internal energy of the system connected with the deformation of its 

shape and change speeds CM of the system. 

In classical mechanics, the motion of the MP is usually determined by the 

Lagrange equation. This equation follows from the D’Alembert equation and 

the hypothesis of the holonomic constraints [6]. But, as it turned out, this 

hypothesis restricts the region of application of the Lagrange equations by the 

description only linear, reversible of the processes in the dynamics of systems 

[4]. Therefore possibility of describing systems in the presence of 

nonholonomic constraints responsible for the non-linear transformation of the 

energy of different degrees of freedom in the frame of formalism of the 

classical mechanics is disappears. In particular, the possibility of describing 

the processes of transformation of the energy of motion of the body into the 

internal energy is excluded. 

It turns out that it is possible to obtain the motion equation of the MP, which 

will not contain the inherent limitations of the Lagrange equation. To do this, 

it should be derived by differentiation with respect to time of the total energy 

of the system. This energy must be submitted in connection with PDS in 

macro and micro variables [3, 5]. In this case the motion equation will 

already be applicable to describe the dynamics of systems, both with the 

holonomic and with the nonholonomic constraints. It can be used to describe 

the nonlinear dynamics of systems in non-homogeneous fields of forces 

because it takes into account the changes of the internal energy.  

Accounting for the changes in the internal energy of the system when its 

motion in non-uniform fields of forces, leads to the possibility of describing  

processes related to symmetry breaking in the dynamics of systems and their 

deterministic irreversibility in the frame of the laws of classical mechanics 

[5]. It allows us to enter in the framework of classical mechanics, the concept 

of dynamic entropy (D-entropy). 

The main objective of this work is to identify the new properties of the SP 

mechanics. On the basis of the PDS the general laws of the mechanisms of 

symmetry breaking in classical mechanics will be also discussed. For this, we 

first give some examples of well-known mechanisms of symmetry breaking 

in physics. We show why dynamics of the systems, determined on the basis 

of Lagrange's equations, is reversible. After that, we consider the limitations 

of classical mechanics, which preclude the description of dissipative 

processes. Next, basing on the PDS the mechanism of irreversibility in the 

classical mechanics will be explained. After that we consider an analogy 

between the mechanisms of symmetry breaking in the mechanics and physics 

of elementary particles. 

 

2 On the mechanics of structured particles 

 

In general, the system’s motion equation will be determined by the PDS, 

under the condition that each MP obeys the Newton laws. The body motion 

equation, which satisfies all these requirements, can be obtained by 

differentiating the dual energy over time. The energy must be submitted in 

the micro and macrovariables. In this case the motion equation written as 

follows [8]: 
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 - is a variation of the internal energy;

, 
env

i N iF (R ,r)- is a force which acted on the i -th 

MP from the side of external field of forces; i N ir=R +r , ir - are the coor-

dinates of the i -th MP relative to the CM.  

The first term in the right-hand side of eq. (1) is a potentiality force applied to 

the CM. This force changes of the SP kinetic energy. The second term is non-

linear and depends on both the micro and macro variables. This term changes 

the internal energy of the SP. I.e. the eq. (1) takes into account the non-linear 

transformation of the motion energy into internal energy in contrast to the 

canonical Lagrange equation or Newton motion equation. This 

transformation is responsible for the symmetry breaking of the time. It was 

shown that the magnitude of the change in internal energy is proportional to 

the gradients of external field of force [8].  

The responsible role of the nonlinear terms for the symmetry breaking of the 

time, clearly demonstrated through the numerical calculation of the passage 

of the oscillator through a potential barrier [8, 10]. It turned out that only 

through the nonlinear terms, providing an exchange of energy between dif-

ferent degrees of freedom, in particular, the mutual transformation of the os-

cillator motion energy and internal energy, the oscillator may pass through 

the potential barrier, even the barrier height is more than the motion energy of 

the oscillator. If neglected on the non-holonomic constraints, this effect dis-

appears. 

When the SP moves in a nonuniform field of external forces, the energy of 

motion can transform into the internal energy, but not vice versa. The reason 

of the irreversibility connected with the fact that the SP consists from the 

sufficiently large number of MP and in first approximation in equilibrium. In 

this case, the increase of the SP motion energy due to its internal energy is 

impossible. The motion equation for SP is irreversible. This is contrary to the 

reversibility of the Lagrange equations.  

We will show that this contradiction is primarily due to the limitations of the 

Lagrange equations and formalisms of classical mechanics as a whole. These 

limitations associated with the use of the hypothesis of holonomic constraints 

in the derivation of the Lagrange equation from the principle of d'Alembert 

[9]. 

 

3 Limitation of the classic mechanics 

 

Classical mechanics is built for the body model in the form of MP. MP does 

not possess by the structure. Therefore, the dynamics of MP is determined 

only by the symmetry of space, and MP motion invariant is energy of MP 

motion in the field of external forces.  
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To describe systems of MP the canonical formalisms of the classical mechan-

ics are used. For receipt of the Lagrange equations for MP systems, the hy-

pothesis of the holonomic constraints is used [6]. This hypothesis leads to the 

fact that the formalisms of the classical mechanics cannot describe irreversi-

ble processes.  

Below we will show briefly how this hypothesis excludes second term in the 

right hand side of the motion equations (1). This term is responsible for the 

non-linear transformation of the energy between various degrees of freedom 

that is the reason of the breaking of the symmetry of the time [8]. 

The Lagrange equation for a system of MP obtained using the principle of 

D’Alembert, provided that the work of the reaction forces due to the kinemat-

ical of constraints is zero. According to this principle, we have the following 

equation [6]:  

1

0
R

i i i

i

F p r


                                     (2) 

Here iF -is force, which acted on i -th МP; ip -is inertial force from i -th 

МP; ir - is a virtual displacement; 1,2...i R -is a number of МP in the 

system.  

In order to integrate eq. (2), go to independent generalized variables. Made in 

eq. (2) the necessary transformations, we obtain [6]: 

1 1

0
R R

l l l

l l l l

d T T
Q q

dt q q
 

 

     
      

     
            (3) 

Here t -is a time; T -is a kinetic energy for all МP; lq - are the generalized 

independent variables; lq - is a virtual displacement; 
lQ -is external force 

acted on l -th МP.  

For to obtain from eq. (3) the canonical equation of Lagrange, we use the 

hypothesis of holonomic constraints. Only in this case lq  does not depend 

on kq . I.e. the hypothesis of holonomic constraints provides conditions: 

0, .l l    Under these conditions, the eq. (3) is converted into a system 

of independent equations: 

0l

l l

d T T
Q

dt q q

   
    

   

                                  

(4) 

Thus, the requirement of holonomic constraints allow us to have a system of 

independent equations which is determined by the condition: 0l  . Nat-

urally, that it removes the possibility of describing the dynamics of systems 

in cases when there is engagement variables which defines a nonlinear trans-

formation of energies of the different degrees of freedom. 

Suppose, moreover, that the following condition have a place: 

807



i
l i

i l

r
Q V

q


  


 .                                     (5)  

Eq. (5) under the condition (3) can be written as: 

0
l l

d L L

dt q q

   
   

   

                                       

(6) 

where L T V   is a Lagrange function. 
 

The eq. (6) is a Lagrange equation. 

The Lagrange equation allows determining the dynamics of the system by 

calculating the dynamics of each MP. Hamilton's equations can be obtained 

from the Lagrange equations by replacing the velocities on moments [6]. 

The condition of the holonomic constraints is equivalent to the potentiality of 

collective forces (5) determining the motion of the system. This follows from 

the fact that one and the same Lagrange equation we can obtain as by the 

variational method, and by integrating of the D’Alembert equation with re-

spect to time provided potentiality external forces. Indeed, integrating the 

D’Alembert equation with fixed initial and final time of the trajectory of the 

system, we will have [9]: 

2 2

1 1

t t

t t
wdt Ldt A     ,                             (7) 

where 
2

1

t

t
A Ldt  -is action. From here we will have [6,9]:  

0A                                                      (8) 

Eq. (8) is the principle of least action. In accordance with this principal the 

motion of the system occurs in such a way that the definite integral becomes 

stationary value with respect to any possible variations in the position of the 

system with its fixed initial and final positions.  

Thus, the hypothesis of holonomic constraints which used in the derivation of 

the canonical Lagrange and Hamilton equations precludes the use of these 

equations for the description of irreversible processes.  

In the general case, when the hypothesis of holonomicity is not applicable, 

instead of eq. (8) we will have: 
dA A                                                     (9) 

Here 
dA  - is a term, caused by non-holonomic constraints and determined 

by the non-linear transformation of the energies for different degrees of free-

dom.  

In the simplest case 
dA  is bilinear function. For SP the 

dA  is determined 

the transformation of the motion energy into the internal energy.  

With the help of undetermined Lagrange multipliers, the Lagrange equation 

in principal can be transformed to the motion equation of the system which 

takes into account the dissipative forces [9]. But to do this it is necessary to 

have the analytical form of nonholonomic constraints which responsible for 

the dissipative transformation of the motion energy into the system’s internal 

energy. And in any case for determine the proportion of absorbed of the mo-

tion energy we need to submit the energy in dual form with the help of the 
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micro and macro variables. But much easier to find nonholonomic terms 

from the SP motion equation. 

 

4 Uncertainties of the system’s dynamic in classical mechanics 

 

Let us show how to find the value 
dA  (see. eq. (8)) from the SP motion 

equation. In according to the principle of d'Alembert, we will have for the 

MP system [9]. 

F ( v ) 0i i i i i

d
m r

dt
 

 
    

 
 .               (10) 

Here, the index i  runs through all the micro and macro variables.  

Multiply the i on dt and integrate in the interval from 1t t  to 2t t . 

We will have: 

2 2

1 1

F ( v ) .

t t

i i i i i

t t

d
dt m rdt

dt
 

 
   

 
                (11) 

In accordance with the SP motion equation, the forces, which responsible for 

the change in internal energy, depend on the velocity and cannot be defined 

as gradient of a scalar function. Monogenic nature of the active forces will 

only be for a potential component of the force that determines the SP motion. 

This means that the power function is exist only for the force which respon-

sible for the motion of the CM of SP.  

In accordance SP motion equation, it can be written as follows: 

2 2 2

1 1 1

F

t t t

env env env

i i N N

t t t

rdt U dt U dt         (12) 

Performing a standard conversion, for example, as it was done in [9], we 

write: 
2 2 2 2

2

1

1 1 1 1

21
v

2

t t t t
tenv

i N N i i i dis it
t t t t

dt M V dt U dt m r F drdt               ,                   

(13) 

where 
2/env ins

dis N N NF (Φ +E )V V - is a forces which responsible for the 

change of the SP internal energy. 

Using the notation: 
env

N N NL T U  , where 
2( ) / 2N N NT M V , we 

will have: 

2 2 2

2

1

1 1 1

v

t t t
t

i N i i i dis it
t t t

dt L dt m r F drdt                   (14) 

If it is required that ir  
to vanish at the ends of the interval 1t , and 2t we 

will have: 

809



2 2

1 1

t t

i dis i

t t

dt A F drdt     ,                                          (15) 

where 

2

1

t

t

A Ldt  . 

Hence we have: 

2

1

t

d

dis i

t

A F drdt   . I.e. the integral (15) is zero when

 
2

1

t

dis i

t

F drdt  =0. But this is zero only when the internal energy does not 

change along the trajectory of the system, i.e. when the SP motion energy is 

invariant. Thus, the symmetry breaking of the time in classical mechanics 

associated with a change in the internal energy of the system. This is equiva-

lent to the energy dissipation. It is only possible due to the structural body. 

Let we have the inequality: iR r . It means that the scale of the inhomo-

geneity of the external forces is much larger than the characteristic scale of 

the SP. Then the force in 
envF  (9) can be expanded in the small parameter. 

Keeping in the expansion of the zero-and first-order terms, we can write:
 

( )env env env

i i i iR R
F F r F   .  

Taking into account that 
1 1

0
N N

i ii i
v r

 
    and 0 01

N env env

i ii
F NF


  

0

envF , we will have [3, 5]: 

( ) ins

N N N NV M V E 
0 1

( )
Nenv env

N i i ii R
V F r F v


   .       (16) 

The second term in the right-hand side of (16), determines the change in in-

ternal energy. This term is a non-linear, and depends on the micro and macro 

variables. It is proportional to the difference between the forces exerted on 

the different areas of the system. The magnitude of this term is much smaller 

than the first term of the right hand side.  

Then, in according with the eq. (16), we will have for SP: 

 

2

1
[ { ( ) }/ ]

Nd env

N i i i N ii R
A V r F v V drdt


                (17) 

Thus, the dissipation is proportional to the gradient of the external forces. 

The dissipation is impossible for interacting of the structureless bodies. In its 

turn the formation of new structures is impossible without dissipative pro-

cesses. Therefore we come to conclusion about the infinite divisibility of 

matter. Consequently, due to Newton's laws and hierarchy of fundamental 

forces, the natural systems have a hierarchy structure. Therefore, dissipation 

and symmetry breaking of the time are the inherent properties of matter. This 

conclusion follows strictly from the PDS and Newton's laws.  

Since the internal and the motion energies are independent, the position of 
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the system in space ambiguous determined by the value of the field of forces 

at the point of the CM. This means of the ambiguity of phase trajectory of the 

SP and violation of the symmetry of time. 

 

5 Irreversibility in classical mechanics 

 

Almost all objects in nature are nonequilibrium systems. In the approxima-

tion of local thermodynamic equilibrium the nonequilibrium systems can be 

represented as a set of SP which in motion relative to each other  [1, 2]. Then 

the state of nonequilibrium systems will be determined by the 6R-1 coordi-

nates and velocities of each SP, where R – is the number of SP. The corre-

sponding phase space we call an S-space in order to distinguish it from the 

usual phase space for a set of MP [3, 5]. S-space is compressible, because the 

motion energy of SP is transformed irreversibly into their internal energy as a 

result of their interactions with each other. 

Thus, the state of the nonequilibrium systems is defined by two types of 

energy, each of which can be associated with its subspace. The SP motion 

energy corresponds to the subspace of macro variables. And the internal 

energy corresponds to the subspace of all micro variables for each MP. This 

means that to the each point of the S-space correspond some of the region 

of the micro-variables subspace. . It is means that between the point of the 

S-phase space defined by the coordinates and moments of all SP, and the 

state of the nonequilibrium systems the bijection do not exist.  

If the change of the internal energy for each of SP insignificantly and can 

be neglected, then the eq. (9) is transformed into the reversible of the New-

ton's motion equation. In this case, S-space is equivalent to the ordinary 

phase Space. 

The motion energies of each SP are irreversibly transformed into its internal 

energy. Therefore it is possible to introduce the concept of the dynamical 

entropy (D - entropy) as a relative increment of the internal energies for all 

SP. In according with such determination, the change in time of the D – en-

tropy, 
dS  of nonequilibrium systems is given by the formula [3, 8]: 

 

 1 1
[ ] /

LR Nd L

L ks k LL k s
S N F v dt E

 
                          (18) 

LE -is internal energy for L -SP; LN - is a number of MP in the L -SP; L

=1,2,3… R  - is a number of SP into NS; s - is external MP which interacted 

with k -th МP of L -СЧ; 
L

ksF -is a force, acted on k -th МP of SP from s -th 

МP another SP; kv -is a velocity k -th МP.  

From eq. (18) it follows that the NS comes into equilibrium when all the en-

ergy of the relative motion of SP transformed into their internal energy. This 

conclusion is in full compliance with the statistical nature of the equilibra-

tion. It also follows from the eq. (17). Indeed, according to the eq. (17) the 

transformation of the motion energy into the internal energy of the SP is only 

possible when the external field for her is nonhomogenious. For each SP the 
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such field is a field of the other SP. Since the rate of increase of the SP inter-

nal energy is proportional to the gradient of the external forces, this rate de-

creases with decreases of the energy of the relative motion of SP. When the  

relative velocities of all SP dissipates, the nonequilibrium systems equili-

brates. Equilibrium corresponds to the homogeneity of the field of internal 

forces. Such a scenario is consistent with the establishment of the equilibrium 

in connection with the eq. (17), according to which an increase in the internal 

energy of the SP in a uniform field is not possible. 

Let us note that the entropy for a system from a small number of MP, in con-

trast to the thermodynamic entropy, can be negative. It is also can be seen 

from numerical calculations [15] and also follows from the fact that the con-

cept of equilibrium of the system is applicable only for the case of a suffi-

ciently large number of MP in the system. And only for the system which can 

be considered as equilibrium the 
dS  coincides with the thermodynamic en-

tropy. 

Let us consider the mathematical explanation of nature of the mechanism of 

irreversibility due to the violation of the translational symmetry of the motion 

of the system in a nonuniform field of external forces [3-5]. 

Let we have the motion of an equilibrium system in a heterogeneous space.  

During this motion the part of the motion energy, value trE , is transformed 

into the internal energy. According to equation (17), this value is determined 

by small quadratic terms in the expansion of the field of external forc-

es. When the system moves in fairly strong gradients of external forces, its 

balance may be upset. Then it will be a set of equilibrium subsystems with 

non-zero relative velocity [7]. That is, part of the energy 
trE  will go on 

increasing energy of relative motion of the subsystems, and some will go to 

their thermal energy. This can be written as: 
tr tr h

insE E E    , where 

tr

insE - is energy of the relative motion of subsystems, and 
hE - is a heart 

internal energy. That is, we have the inequality:
tr

insE < trE . But return to 

the motion energy of the whole system can only part of the energy
tr

insE  

which determined by the small quadratic term in relative to 
tr

insE . We 

denote it’s as tr

retE . Thus we have:
tr tr

ins retE E  . Thus the return part of 

the motion energy of subsystems into kinetic energy of the entire system 

must also be the value of the quadratic variables that determine energy 
tr

insE

. That is, the inverse transformation of energy 
tr

insE  into kinetic energy of 

the system has to be determined by the terms not less than fourth order. 

Consequently, for the systems will always take place inequality: 
tr

insE <<

trE . This determines the tendency of the system to equilibrium and corre-

sponds to the second law of thermodynamics.  

From here is following that the spontaneous symmetry breaking in classical 

mechanics is a special case of the deterministic irreversibility. 
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In the following discussion, we relied on the Galilean relativity principle, 

according to which in equilibrium systems the occurrence of non-zero 

momentum of the system at the expense of its internal energy is impossible. 

 

6 About violation of the symmetry  

 

The modern concept of symmetries and their violation in physics is directly 

related to the mathematical concept of symmetry groups [4, 11]. Group theo-

ry methods are used in physics in those cases when we analyze the processes, 

in which there is no breaking of symmetry, or when we are want to know the 

final state of the system, and therefore the process of transition is actually 

given by the "hands" [12]. For example in quantum chromodynamics it is 

done by empirical selection of operators of the creation or annihilation of the 

particles. Only in this way we are able to use a strict and universal mathemat-

ical apparatus of the theory of groups. 

Symmetry breaking is always associated with non-linear processes. Indeed, 

the formal symmetry breaking is defined by the operators that depend on 

variables from several irreducible symmetry groups. For example, the trans-

formation of the motion energy into the internal energy of the system in an 

inhomogeneous field of forces is determined by the bilinear terms that de-

pend on the macro and micro-variables [3, 5, and 8]. I.e., the coupling func-

tions, which determine the transformation of one irreducible symmetry group 

to another, must depend on the elements from the two groups of symmetry. 

There are currently no universal methods for solving nonlinear equations. 

Therefore to describe the symmetry breaking is necessary to resort to private 

methods of solving various problems of dynamics, which are dictated by their 

physical statement [10]. 

In quantum field theory, quantum chromodynamics, there are known pro-

cesses of spontaneous symmetry breaking. Here the method of the renormali-

zation group analysis for describe their mechanisms is used. This method is 

based on a functional equation [12].  

Along with the renormalization group analysis method in physics developed 

method for solving a fairly wide range of tasks, based on the concept of su-

persymmetry. The most important property of supersymmetry is that it com-

bines continuous transformation (e.g., measures of translation) with a special 

type of discrete transformations (reflection-type). This method is applicable if 

there is a formal analogy between two of these types of transformations that 

are of a different nature. Availability of this analogy is the basis of super-

symmetry [12]. In these cases, a possibility of reducing the problem of one or 

another method to the problem with a new type of the expanded symmetry is 

used. 

Often, the need to explain the symmetry breaking leads to the development of 

the very foundations of physics and physical picture of the world as it was in 

the case of spontaneous symmetry breaking [13]. 

Thus, as a rule, now explain the mechanisms of the symmetry breakings are 

based on the phenomenological approaches in the physics. As usually, the 

initial and final state of the systems attempt to find, but the non-linear process 

of symmetry violations, often not considered. This is done in quantum chro-
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modynamics by the empirical selection of operators of the creation (annihila-

tion) of particles, gauge fields, the independent variables in connection with 

the initial and final states. And although the corresponding theory is not sel-

dom perfectly describe numerous experimental results; questions about the 

mechanisms of symmetry breaking remain unclear. On the other hand, it 

seems obvious that if the symmetry breaking permeates all areas of physics, 

the explanation of the nature of such violations should be universally appli-

cable, as in classical mechanics, and other branches of physics.  

Consequently, the question of how to develop generic methods of analysis 

and description of dynamic systems subject to symmetry breaking is still rel-

evant. Here, we are try to consider this question on example of a determinis-

tic mechanism of symmetry breaking of the time which was submitted in the 

framework of the mechanics SP [5]. 

Practically all the basic equations of the quantum mechanics, the physics of 

elementary particles, including the Schrödinger equation, Pauli, Dirac etc. 

derived from the Hamilton formalism [14, 15]. But this formalism is not 

acceptable for the analysis of processes of symmetry breaking of the time 

associated with the transformation of the motion energy of the particles into 

their internal energy or into the internal energy of their decay products. 

Let us consider interaction of the particles, for which is necessary to take 

into account quantum effects. For example, the scattering of the electron 

flux on nucleons. Let the new particles are produced in this case. This 

means that there may be a change in the internal energy of the products of 

interaction provided that the total energy of a system of interacting particles 

is constant. Since in this case the system’s motion energy decreases due to 

its transforming into the internal energy, the symmetry breaking of the time 

is observed. I.e. the condition (9) has a place. This condition is equivalent 

to the uncertainty principle [14], but the conditionality of the transfor-

mation of the motion energy of interacting particles into the internal energy 

of the reaction products. Thus, according to eq. (9) we will have:  

 
dA h ,                                                  (19) 

where h - is a Plank constant.  

This gives rise the next questions. How does this compare with the Heisen-

berg uncertainty principle? Is it somehow related to the fact that, according 

with the SP mechanics, even the smallest particle have a structure, i.e. each 

particle possess internal energy and the corresponding phase space? We re-

mark that if the uncertainty principle connected with the structure, the value 

of uncertainty will determine the parameters most small particle which may 

exist. I.e., in this case, the uncertainty principle can be interpreted so that the 

accuracy of determining the dynamics of a particle cannot exceed the accura-

cy of determination of the motion energy at each point in the phase space, 

which is restricted by the changes internal energy of the system. In connec-

tion with it, the question about the region of restriction of the basic equations 

of quantum mechanics is appearing. Is it necessary to expansion of the for-

malism of quantum mechanics, by analogy with the expansion of classical 

mechanics on the basis of accounting structuring particles? 

Thus, the problem of many-body mechanics, of quantum mechanics, ele-
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mentary particle physics, the problem of symmetry breaking in the process-

es of the particle interactions, etc. require analysis from the position of 

PDS. This follows from the fact that all particles, including the so-called 

elementary particles, have a structure. Therefore, an accurate description of 

the nature of interaction of bodies, their dynamics is impossible without 

taking into account the nonlinear transformation of the system’s motion 

energy into their internal energy.  

 

 

 

 

Conclusion 

 

In the nature all the bodies have a structure. Therefore, the body motion 

equation is determined by the PDS: the symmetry of the body and the sym-

metry of space, while the dynamics of unstructured body is determined only 

by the symmetry of space. The dualism of symmetry leads to a qualitative 

difference between their motion equations. Indeed, in the body motion equa-

tion, unlike Newton's motion equations for unstructured body; have an addi-

tional term connected with the change in its internal energy. 

The body can be represented as a system of the potentially interacting MP. In 

this case, in agreement with the duality principle of the symmetry, the body 

motion equation can be obtained from the dual energy expression by submit-

ting the energy as the sum of the internal energy and the system’s motion 

energy. This can be done in the space of independent micro and macro varia-

bles. Micro-variables determine of the internal energy and macro-variables 

determine the system’s motion energy. The dynamics of the body displayed 

in the dual-phase space: independent subspaces micro and macro variables. 

Separation of the full energy on the sum of the internal energy and the motion 

energy leads to the possibility of taking into account the dissipation in the 

description of the body’s dynamics. The dissipation is associated with a non-

linear transformation of the body’s motion energy into its internal energy and 

occurs when the body moves in the non-homogeneous fields of forces. 

The difference between irreversible SP motion equation and the reversible of 

the Lagrange equation does not mean their contradictory nature because the 

Lagrange's equation is obtained when the hypothesis of holonomic 

constraints have a place. This hypothesis is not satisfied when a nonlinear 

transformation of the energy of motion into internal energy is exists. But 

precisely such transformations of energy are responsible for the symmetry 

breaking of the time.   

In general, all natural physical objects are nonequilibrium. In the 

approximation of local thermodynamic equilibrium they can be represented 

as a set of interacting equilibrium subsystems. In a closed system, there is a 

transformation of the energy of relative motion of the subsystems into the 

internal energy, which is determined by the terms of the second and higher 

order smallness. At the same time, the reverse transformation is already 

determined by the terms of the double order of smallness relative terms 

which determined by direct transformation. The transition of the internal 
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energy of the equilibrium subsystems into the energy of their relative motion 

is prohibited by law of conservation of momentum. These facts is determines 

the nature of the equilibration. 

The principle of the energy duality allows entering into the mechanics of the 

concept of D-entropy as the ratio of change in internal energy due to the 

energy of motion, to the value of internal energy. The main advantage of the 

D-entropy can, perhaps, be called what it is completely derived from the 

dynamic characteristics of the system. For a small number of particles D-

entropy can be either positive or negative. For an equilibrium system D-

entropy is positive and increase only. It is corresponds to the second law of 

thermodynamics. For SP the D-entropy coincides with the Clausius entropy. 

According to the SP motion equation, its phase trajectory is the degenerate. 

Degeneracy due to the fact that each of the phase trajectories correspond to a 

set of internal states of the SP, which corresponding to the point of the S-

phase space. Each point of the S-phase space is defined up to a value
dA . 

The 
dA  is determined by a nonlinear transformation of the motion energy 

into internal energy. In the simplest case the 
dA  is a bilinear function. 

The 
dA  is similar to the uncertainty principle in quantum mechanics. Then 

the question is appearing: is not connected this the principle with that that all 

natural objects, no matter how small they were not, have an internal structure, 

which causes uncertainty in the phase trajectory for example in the strong 

interactions? 

Formation of structures is impossible without the dissipative processes. But 

the dissipation is not possible for nonstructured body. The infinite divisibility 

of matter is followed from here. Thus, the fact that the substance is a hierar-

chy of systems is a consequence of Newton's laws and the hierarchy of the 

fundamental forces. 
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Abstract. In this paper by using chaotic Cellular Neural Networks (CNNs), authors
investigate the synchronization of a complex network that displays the small-world
property. We consider two different models of chaotic CNNs to compose the complex
network. Newman-Watts algorithm is used to generate the long-range connections in
an arrangement of N -coupled chaotic CNNs, which will allow a faster communication
between the CNNs of the whole network. Authors will show how the small-world prop-
erty allows us to synchronize a complex network by using a small coupling strength.
Chaotic synchronization is achieved by using the complex systems theory. Numerical
simulations are provided to show the effectiveness of this method.

Keywords: Synchronization, Complex network, Small-world property, Chaotic Cel-
lular Neural Networks (CNNs).

1 Introduction

The so-called Cellular Neural Networks have been extensively studied since
their beginning three decades ago. The main interest on this systems was and
still is their ability for information or signal processing. The best features of
these systems are: on one hand, their ability of real-time signal processing; on
the other hand, their local interconnection makes them tailor-made for mono-
lithic implementation [1,2]. The acronym CNN for Cellular Neural Network
was first introduced by L.O. Chua and L. Yang in 1988 [1]. Since its inven-
tion, many applications for CNNs have been proposed in literature [1–8], with
special interest for image-processing tasks [9].

8thCHAOS Conference Proceedings, 26-29 May 2015, Henri Poincaré Institute,
Paris France
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We are interested in the application that interpreted CNN as Cellular Non-
linear Networks. This interpretation was a extension of the original paradigm
of CNN [2] proposed by Chua and Roska [10] in 1993. In this way, CNNs were
considered for generating chaotic and hyper-chaotic signals [2,11–13], auto-
waves, spiral waves and spatial-temporal chaos [14,15]. In this work, we are
interested in two different CNN that exhibit chaotic behavior, they will be
briefly explained later on.

In addition to the complexity generated by locally coupled nonlinear dy-
namical systems to generate a specific behavior (in this case chaotic), we ar-
range the resulting CNN in certain way to generate a small-world network to
be synchronize. Synchronization of complex networks has also been widely
studied; nowadays the two most important results derived from this intense
research are the following: firstly, the discovery that the behavior of biolog-
ical and non-biological systems can be modeled by the dynamics of complex
networks: modeling of economic systems [16], modeling of a community for en-
gineering purposes [17,18], the spread of epidemics in a population [19,20] and
modeling of the human brain [21]. Secondly, the influence or effect of topology
on the realization of system processes: spreading of rumors [22], generation of
memory capacity in a system [23] and fast transmission of information between
individuals [23,24] for instance. The previously mentioned papers show results
of complex networks arranged in small-world topology.

The small-world networks have their beginning in the 1960’s. Stanley Mil-
gram distributed letters to people in Nebraska to be sent to Boston by people
who might know the consignee. Milgram found that it had taken an average
of six steps for a letter to get from Nebraska to Boston [25,26]. The per-
formed experiment led to the well-known concept of six degrees of separation
[27]. Such networks became very popular after D.J. Watts and S.H. Strogatz
published the pioneering algorithm to introduce the small-world property to
a regular network. They showed that the network main characteristics were:
high clustering coefficient and short average path length [26].

This paper is organized as follows: In Section 2 a brief review on complex
networks and their synchronization is given. We also explain the Newman-
Watts small-world algorithm in this section. The models of the chaotic Cellular
Neural Networks (CNNs) which will be used as chaos generators are given in
Section 3. Synchronization of N -coupled chaotic CNNs is provided in Section
4. Some conclusions are given in Section 5.

2 Complex networks

In the present paper we will use the definition of a complex network as suggested
by Wang [28].

Definition 1 A complex network is defined as an interconnected set of os-
cillators (two or more), where each oscillator is a fundamental unit, with its
dynamic depending of the nature of the network.

Each oscillator is defined as follows

ẋi = f(xi) + ui, xi(0), i = 1, 2, . . . , N, (1)
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where N is the network’s size, xi = [xi1, xi2, . . . , xin] ∈ <n represents the state
variables of the oscillator i. xi(0) ∈ <n are the initial conditions for oscillator
i. ui ∈ <n establishes the synchronization between two or more oscillators and
is defined as follows [29]

ui = c

N∑
j=1

aijΓxj , i = 1, 2, . . . , N. (2)

The constant c > 0 represents the coupling strength. Γ ∈ <n×n is a constant
matrix to determine the coupled state variable of each oscillator. Assume that
Γ = diag(r1, r2, . . . , rn) is a diagonal matrix. If two oscillators are linked
through their k-th state variables, then, the diagonal element rk = 1 for a
particular k and rj = 0 for j 6= k.

The matrix A ∈ <N×N with elements aij is the coupling matrix which
shows the connections between oscillators, if the oscillator i-th is connected to
the oscillator j-th, then aij = 1, otherwise aij = 0 for i 6= j. The diagonal
elements of A matrix are defined as

aii = −
N∑

j=1,j 6=i

aij = −
N∑

j=1,j 6=i

aji i = 1, 2, ..., N. (3)

The dynamical complex network (1) and (2) is said to achieve synchroniza-
tion if

x1(t) = x2(t) = . . . = xN (t) as t→∞. (4)

In this paper networks with N chaotic CNNs as nodes are considered to be
synchronized.

2.1 Newman-Watts small-world algorithm

After Watts and Strogatz published their pioneering algorithm to generate
small-world networks in 1998, a revised version of that algorithm emerged one

Fig. 1. Small-world network created adding some links between randomly chosen pair
of chaotic CNNs. The solid lines are all the existing links. The dash-dot lines are the
links randomly added.
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year later. In 1999, M.E.J. Newman and D.J. Watts proposed a modified ver-
sion of the original small-world model [30,31]. Newman-Watts algorithm also
starts from the nearest-neighbor topology, which is a ring lattice with periodic
boundary conditions. The algorithm introduces the small-world property by
adding links to pairs of CNN randomly chosen. Restrictions are: a CNN cannot
have multiple links with another CNN or a link with itself. In Fig. 1 an example
of a small-world network created with this model is shown. Here, as mentioned
before N is the network’s size, k is the periodic boundary condition of the
nearest neighbor topology, the i-th CNN is connected with i±1, i±2, . . . , i±k;
p is the probability to add a link and N(N − (2k + 1))p/2 are the number of
long-range link.

The characteristics most affected by the small-world property will be: the
clustering coefficient C, which is defined as Ci = 2Ei/ki(ki − 1), where Ei
are the actual edges that exist between ki CNNs of the total possible number
ki(ki−1)/2; the average path length L, which is defined as the distance between
two oscillators averaged over all pairs of oscillators [28]. Due to the existence of
long-range links, the small-world network has high clustering coefficient C(p),
and a short average path length L(p).

In this paper we will use the Newman-Watts algorithm because as revised
version of the original Watts-Strogatz algorithm, it prevents from the genera-
tion of isolated clusters.

3 Cellular Neural Networks (CNNs) models

In this section the models of chaotic Cellular Neural Networks (CNNs) will be
presented and briefly described.

First of all, authors resort to the following definition of a Cellular Neural
Network (CNN) [1].

Definition 2 A standard CNN architecture consists of an M ×N rectangular
array of cells. Each cell is a dynamical system which has an input and a state
evolving according to some prescribed dynamical laws. Each cell is coupled only
among the neighboring cells lying within some prescribed sphere of influence
with radius r, i.e., the r-neighborhood of the cell. The cell in row i and column
j is denoted as C(i, j) and it is said to be isolated if it is not coupled to any
other cell.

Fig. 2. A two-dimensional isolated cell: input uij(t) ∈ <u, threshold zij(t) ∈ <z,
state xij(t) ∈ <x and output yij(t) ∈ <y

822



−1
−0.5

0
0.5

1

−2
−1

0
1

2
−6

−4

−2

0

2

4

6

x(t)y(t)

z
(
t
)

(a)

0 50 100 150 200
−1

0
1

x
(
t
)

0 50 100 150 200
−2

0

2

y
(
t
)

0 50 100 150 200
−5

0
5

t (sec)

z
(
t
)

(b)

Fig. 3. (a) View x− y − z for the chaotic attractor of the 3D CNN in Eqn. (5). (b)
x(t), y(t) and z(t) states variables obtained with x(0) = [−0.2, 0.1, 0.1]T .

The variables for an isolated cell are [1]: input u(t) ∈ <u, threshold z(t) ∈
<z, state x(t) ∈ <x and output y(t) ∈ <y. An example of an isolated cell is
given in Fig. 2. For this particular case, we used the following models.

3.1 Chaotic 3D CNN model

The chaotic 3D CNN [32] is described by the following equation

ẋ = −x + T tanh(x), (5)

where the state vector x ∈ <3, tanh(x) = [tanh(x1) tanh(x2) tanh(x3)]T and

T =

T11 T12 T13T21 T22 T23
T31 T32 T33

 =

1.49 2 1
−2 1.7 0
4 −4 2

 . (6)

The 3D CNN described in Eqn. (5) exhibits chaotic behavior for parameters
given in Eqn. (6) [32]. An example of the chaotic attractor and state variables
are shown in Fig. 3 (a) and Fig. 3 (b) respectively. They were obtained by
using the initial conditions x(0) = [−0.2, 0.1, 0.1]T .

3.2 Standard CNN model

In this work, we also consider the standard CNN model proposed in [1], which
is widely used for M×N arrays. The standard CNN equations are the following

ẋij = −xij+zij+
∑

kl∈Nr(i,j)

aklykl+
∑

kl∈Nr(i,j)

bklvkl, i = 1, . . . ,M ; j = 1, . . . , N,

(7)

yij = f(xij), (8)
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Fig. 4. (a) View x1 − x2 for the chaotic attractor of the standard CNN in Eqn.
(11)-(12). (b) x1(t) and x2(t) state variables obtained with x(0) = [−0.2, 0.1]T .

where zij is a scalar for simplicity, Nr(i, j) is the sphere of influence with radius
r, i.e., the r-neighborhood of the cell.

∑
kl∈Nr(i,j)

aklykl and
∑

kl∈Nr(i,j)

bklvkl are

the local couplings, and

f(xij) =
1

2
(|xij + 1| − |xij − 1|) . (9)

For the particular case where M = 3 and N = 4, the Eqns. (7)-(8) assume
the simpler form of a 3× 4 CNN array [1]

ẋ1 = −x1 + a00f(x1) + a01f(x2) + b00v1(t),
ẋ2 = −x2 + a0,−1f(x1) + a00f(x2) + b00v2(t),
y1 = f(x1),
y2 = f(x2),

(10)

where a00 = 2, a0,−1 = 1.2, a01 = −1.2, b00 = 1, v1(t) = 4.04sin
(
π
2 t
)

and
v2(t) = 0; then the set of equations (10) becomes{

ẋ1 = −x1 + 2f(x1)− 1.2f(x2) + 4.04sin
(
π
2 t
)
,

ẋ2 = −x2 + 1.2f(x1) + 2f(x2), (11)

with the nonlinear function

f(x1,2) =
1

2
(|x1,2 + 1| − |x1,2 − 1|) . (12)

Fig. 4 (a) and Fig. 4 (b) show an example of the chaotic attractor and the
state variables respectively generated with Eqns. (11)-(12).

In the remainder of the paper, complex networks with small-world topology
composed by the previously described CNN models will be synchronized.
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4 Synchronization of N chaotic CNNs via coupling
matrix

In this section, synchronization of complex networks composed of N -coupled
chaotic CNNs is achieved. Firstly, necessary conditions to achieve synchroniza-
tion are provided. Then, at the end of the section synchronization results are
shown.

4.1 Conditions for synchronization by using the coupling matrix

Suppose that there are no isolated clusters in the network, then the coupling
matrix A, obtained as explained in Section 2, is a symmetric irreducible matrix,
so one eigenvalue of A is zero and all the other eigenvalues are strictly negative,
this means, λ2,...,N (A) < 0.

Theorem 1 ([28]) Consider the dynamical network (1). Let

0 = λ1 > λ2 ≥ λ3 · · · ≥ λN , (13)

be the eigenvalues of its coupling matrix A. Suppose that there exist an n× n
diagonal matrix D > 0 and two constants d̄ < 0 and τ > 0, such that

[Df (s (t)) + dΓ ]
T
D + D [Df (s (t)) + dΓ ] ≤ −τIn, (14)

for all d ≤ d̄, where In ∈ <n×n is an unit matrix. If moreover,

cλ2 ≤ d̄, (15)

then the synchronization state (4) is exponentially stable.

The coupling strength c determines the stability of the synchronization state
(Eqn. (4)) through the control law (Eqn. (2)). It is obtained as follows

c ≥
∣∣∣∣ d̄λ2

∣∣∣∣ . (16)

4.2 Synchronization results

In this section two complex networks of identical chaotic Cellular Neural Net-
works will be synchronized. The original topology of the network is similar to
the one illustrated in Fig. 1 with N = 100 and a periodic boundary condition
k = 3. The long-range connections will be added as p grows according to the
Newman-Watts small-world algorithm. Every node in the network will be ei-
ther a chaotic 3D CNN described by Eqns. (5)-(6) or a chaotic standard CNN
described by Eqns. (11)-(12).

Considering a synchronization scheme of N -coupled chaotic CNN, the cou-
pling matrix is obtained as explained in Section 2. All its eigenvalues are
0 = λ1 > λ2 ≥ λ3 . . . ≥ λ100. For Case 1 and Case 2, initial conditions were
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Fig. 5. Lowest boundaries of c corresponding to λ2(p) for a complex network com-
posed of N = 100 CNN with a periodic boundary condition k = 3.

randomly generated for each oscillator within the range [−5, 5] without repeat-
ing them. The Gamma matrix is defined as Γ = diag(1, 0, 0) also for both
cases. This means that the synchronization is achieved by the first state vari-
able. According to Eqn. (2), the control laws ui1 for i = 1, . . . , 100 are given
by the A matrix nonzero elements.

For the computation of the coupling strength, we will use the data depicted
in Fig. 5. Firstly, we provide the second largest eigenvalue (“x”-mark in blue)
as a function of the probability p. Secondly, for each λ2, we computed the
coupling strength c value according to Eqn. (16). The obtained ratio is the
lowest boundary necessary for each type of CNN to reach synchrony and it
decreases as the probability increases.

Case 1: Synchronization of N chaotic 3D CNN By using d̄ = −1 we
stabilize the states of a single chaotic 3D CNN. Now, we compute from Eqn.
(16) that c ≥ |−1/λ2|. Note that we have only to determine λ2, which will
vary as the network varies through the probability p. In Fig. 5 the coupling
strength lowest boundary corresponding to each λ2 is given with “x”-mark in
black.

The equations that describe the complex network are given as follows

ẋi = −xi + T tanh(xi) + ui, i = 1, . . . , 100, (17)

and

T =

T11 T12 T13T21 T22 T23
T31 T32 T33

 =

1.49 2 1
−2 1.7 0
4 −4 2

 . (18)

For this case by using p = 0.15 and coupling strength at c = 1, the fol-
lowing synchronization results were obtained: In Fig. 6 the chaotic attractor
of the final dynamic of Eqns. (17)-(18) is shown. In Fig. 7 (a) the time
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Fig. 6. View x− y − z for the chaotic attractor of the 3D CNN of Eqns. (17)-(18).

evolution of the state variables is shown. Fig. 7 (b) provides the phase por-
traits between some state variables to verify synchronization, here the condition
x1(t) = x2(t) = . . . = xN (t) as t→∞ holds.

Case 2: Synchronization of N standard CNN By using d̄ = −10 the two
state variables x1(t) and x2(t) of a single standard CNN are stabilized. The
same way that in the previous case, we compute from Eqn. (16) the coupling
strength. In Fig. 5 the coupling strength lowest boundary corresponding to
each λ2 is given for this case with “x”-mark in magenta.

The equations that describe the complex network are given as follows
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Fig. 7. (a) State variables xj(t), yj(t) and zj(t) for j = 24, 49, 53, 63, 68 randomly
chosen. (b) Phase portrait between xi vs. xj ; i = 1, 50, 100; j = 10, 40, 70 state
variables.
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{
ẋi1 = −xi1 + 2f(xi1)− 1.2f(xi2) + 4.04sin

(
π
2 t
)

+ ui1,
ẋi2 = −xi2 + 1.2f(xi1) + 2f(xi2), i = 1, . . . , 100, (19)

with the nonlinear function

f(xi1,2) =
1

2
(|xi1,2 + 1| − |xi1,2 − 1|) . (20)

For this case by using p = 0.8 and coupling strength at c = 0.5, the following
synchronization results were obtained: In Fig. 8 the chaotic attractor of the fi-
nal dynamic of Eqns. (19)-(20) is shown. The time evolution of some state vari-
ables randomly chosen is shown in Fig. 9 (a). In Fig. 9 (b) synchronization can
be verified by the phase portraits between some state variables. As in the previ-
ous case, the synchronization condition x1(t) = x2(t) = . . . = xN (t) as t→∞
holds.

We highlight the fact that synchronization of complex networks of chaotic
CNN was achieved by using a small coupling strength c in small-world topology.
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Fig. 9. (a) State variables xj1(t) and xj2(t) for j = 23, 59, 72, 89, 100 randomly
chosen. (b) Phase portrait between xi vs. xj ; i = 23, 59, 72; j = 89, 94, 100 state
variables.
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5 Conclusion

In this work the synchronization of small-world networks composed by chaotic
Cellular Neural Networks (CNNs) was achieved. We highlight that it was
possible to synchronize chaotic CNN arrays disposed in a small-world topology
by using the Complex Systems Theory. A remarkable thing in this paper is the
fact that the complex networks under consideration, either composed by the 3D
CNN or the standard CNN, can achieve synchrony by using a small coupling
strength c. Numerical simulations showed that the bigger the probability p,
the easier to synchronize the complex network.
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Abstract. The research investigates the universal definition of Chaos, deduced with the 

help of the Universe's Model from the highest properties of our Universe. The universal 

definition generalizes the notions that were received earlier, and it is in full conformity 

with ancient mythology. It is shown that Chaos is involved in all phenomena of the 
Universe, and it is an essential precondition for their existence. Chaos is investigated in 

harmonic time classification of the Universe’s phenomena and some of its properties are 

identified, which are fundamentally differentiated up to the opposite ones. The general 

conditions of Chaos control for phenomena stabilization / destabilization are defined. The 
obtained definition can serve as a conceptual and methodological tool in specific research 

and development. 

Keywords: Chaos concept, Universe’s Model, Cosmogony, Cosmology. 

 

1  Introduction 
 

The concept of Chaos is a very fruitful developing scientific idea that has 

important fundamental results in many applications. Their number is 

continuously growing, which is a sign of the high potential of this concept.  

However, a great number of incipient alternative theories convincingly 

indicate the incompleteness of the Chaos concept and the need to search for the 

universal generalizing definitions and formalisms of different phenomena. 

Finally, all of them must tend to some integrated consolidation, approaching our 

Universe (Absolute). Each advance in this direction (absolutization) must open 

up fundamentally new opportunities in both scientific and applied aspects of this 

concept.  

The history of advancement of science points to the cosmogonical and 

cosmological origin of the concept of Chaos which participates in each 

Universe’s phenomenon. Therefore, it methodologically influences the whole 

science from the ancient mythology to ultramodern theories. It especially relates 

to chronically insoluble problems, complex phenomena, theories that are difficult 

to formalize, and the new scientific areas that have recently appeared, in 

abundance. 

The following definitions of Chaos are singled out today. For the first time 

Chaos (ancient Greek Χάος from χαίνω — I reveal / open wide) is defined in 

antique science as a general category of cosmogony, the initial state of the 

Universe, a formless totality of Matter and Space (in contrast to order) that seems 
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to come from the highest mysterious prehistoric knowledge. Modern 

mathematics, as a result of Henri Poincaré 's successful initiative, defines Chaos 

in a narrower sense as an aperiodic deterministic behavior of a dynamic system 

that is extremely sensitive to starting conditions [1]. In physical thermodynamics 

Chaos is understood through entropy as a disorder measure of elementary 

particles [2]. The other definitions usually come to the disorder, too, which is 

understood as irregularity of phenomena [3-4].  

In this paper a universal generalizing scientific definition of Chaos which 

well coordinates with the highest concepts of our Universe is offered for 

discussion. The definition should be applicable to all Universe’s phenomena and 

opens up fundamentally new opportunities for their cognition. Special attention is 

paid to the substantiation of this concept in the paper. 

 

2  Substantiation of the Universe’s Theory (Model) 
 

Definition. The Universe’s Theory (Model) is a formal representation of our 

Universe as a single whole.  

For the substantiation of the concept of the Universe’s Theory (Model) we 

shall classify the main stages of an advancement of science depending on the 

extent of abstraction of the Universe’s phenomena (Table 1): 

 
№ Stages Main content 

1 Empirical  Accumulation of empirical knowledge  

2 Mythological  Initial formalization of knowledge  

3 Antique  Categorization of knowledge  

4 Dogmatic  Axiomatization of knowledge  

5 Universal  Universalization of knowledge  

6 Absolute Absolutization of knowledge 

 

Table 1. Classification of the Main Stages of Abstraction of World Science 

 

1) Primary empirics was the first to appear, 2) which was generalized further 

by the elementary myths and legends 3) that were later abstracted by the classical 

concepts of ‘category – induction – deduction 4) up to the achievement of certain 

high-level concepts (axioms, dogmas), the deduction from which generated the 

divided among themselves and relatively closed internally coordinated particular 

systems of concepts in different subject domains which formed modern 

dogmatized science (stage 4) (Figure 1). 

Dogmatization streamlined knowledge in particular areas, however it is 

applicable to simple phenomena only that fit into one such an area, and it is not 

applicable to complex phenomena involving several areas. Besides, the most 

important highest connecting Universe’s concepts are left out of examination [5]. 

Moreover, the well-known Gödel's theorem of the growth of incompleteness of 

formalisms of complex phenomena with their complication (using logical 

832



equations as an example), in fact, eliminates the possibility of full cognition of 

nature that can be observed even now [6].  

 

  

Figure 1. The scheme of science dogmatization 

 

Proceeding from the above-mentioned classification, further development of 

science (stage 5) is carried out by the growth of abstraction up to the achievement 

of the highest Universe’s concept (Universe’s (Absolute) Dogma (Axiom)), for 

which the conditions of K. Gödel's theorem are not satisfied and full deduction of 

all the Universe’s system of concepts (the Absolute Theory (Model) – (AT, AM)) 

is allowed (Figure 2).  

 

 

Figure 2. The scheme of the Universe’s abstractness and science universalization 
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As any knowledge in terms of absoluteness is incomplete, a partial copy of 

Absolute Model is used, in which all the basic (at that moment) contradictions 

are removed: 1) internal (among themselves) and 2) external (with the Universe) 

ones, (the Universe’s Theory (Model) – (UT, UM)). Hypothetically, the UM in 

its development gives the perspective of full and exact formalization of all the 

phenomena up to the Universe in general. 

It is possible to show that any dogmatization always generates insoluble by 

its means problems, and universalization always solves them successfully owing 

to the peculiarity of the structure of our Universe. 

Specifically, the UM possesses the following unique properties: 

• it is the only one unlike a totality of dogmatic models, because such is by 

definition our Universe; 

• it is also by definition applicable to all Universe’s phenomena; 

• it radically changes the general scientific paradigm and reforms knowledge; 

• each of its applications radically changes any particular system of concepts 

for the Universe’s (universal) system of concepts according to the principle of an 

enclosure in the latter; 

• it allows continuous development as far as cognition is in progress 

(absolutization – stage 6 in Table 1) according to the paradigm of enclosed quasi-

Universes [7]. 

The problem of the UM is that it can in no way be deduced from the current 

knowledge (world science), and for this purpose it is necessary to do some 

original fundamental research which for the first time was successfully 

completed by the author as a result of the long scientific activity.  

 

3  The Concept of the Universe’s Theory (Model) 
 

Despite its seeming insolubility, the UM is quite a concrete system of concepts of 

4 components [5, 7-9]:  

• the initial concept of the Universe – the Absolute Chaos / Harmon; 

• the system of 7 universal postulates; 

• the system of starting universal concepts;   

• the universal methodology of cognition. 

The Absolute Chaos (Absolute Nothing) and Harmon (Absolute Everything) 

mutually transform into each other. Harmon is self-defined as an infinitely 

recursively enclosed complete (C) infinite (I) directed (D) graph (G) CIDG 

(CIDG), the vertices of which are the same graphs (Figure 4). If Nothing does not 

have a structure (Figure 3), then Harmon contains all possible within its 

framework structures, generating Universe’s Chaos. 
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Figure 3. The scheme of Absolute 

Chaos (Absolute Nothing). No 

structure. 

Figure 4. The scheme of Harmon (Absolute 

Everything) (for n=6, the number of internal 

entities must be infinite). The arrows 

symbolize the equivalence of the Harmon’s 
internal entities to the Harmon itself 

 

The universal postulates are the properties inherent to each Universe’s entity. 

Absoluteness is the origin of the Universe from the initial entity – the 

Absolute that generates all the rest of the Universe’s entities as its partial copies 

(Figure 5).  

 
 

Figure 5. The scheme of absoluteness postulate 

 

Abstractness is the division of the Universe into the system of mutually 

enclosed abstract Worlds (AW) in the form of the Universe’s abstract Pyramid 

(UAP) up to the level of the real World (RW) (Figure 2). The entities of the UAP 

(abstracts, concepts, categories) are invisible and sequentially enclosed up to the 

visible entities of the RW (phenomena). 
Harmonicity is general connectivity (harmony) of entities and the initial 

Superlaw, directing the movement of entities towards maximization of harmony 
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Cognoscibility is a basic possibility of full cognition of each entity by any 

other entity, beginning with a zero starting ability of cognition. 

Holographicity is the only possible strict consistent interrelationship of the 

Universe’s entities when every entity comprises all the other entities, directly or 

indirectly, without the possibility of change of the whole system of entities. 

Totalitarianism is strict observance of Universe’s concepts (formalization) 

according to the principle "It is possible only what is allowed".  

Structuring is arrangement of all the Universe’s entities as infinite 

interrelated enclosed structures of relations (copies of such structures), leading to 

structural character of any cognition and formalization. For this reason only 

modified ER-diagrams are used in this paper, the solid arrows of which 

correspond to the copies of entities. 

Definition. Starting universal concepts are such concepts, from which 

cognition begins. 

Definition. Entity is a part of the Universe singled out by a certain relation as 

a comprehensive whole. 

Definition. Relation is a copy of one entity (object) in another entity (subject). 

Definition. Property is the structure of relations. 

The universal methodology of cognition is the mechanisms of copying by the 

cognizing subject of invisible Universe’s concepts into visible real copies 

(abstract virtualization) which are the development of classic induction, 

axiomatization and deduction. 

 

4  The Universe’s Cosmogony 
 

In order to meet universality requirements, the UM presupposes the following 

hypothetical scheme of a Cosmogony that includes emergence, existence and the 

end of the Universe that determines the initial properties of the Universe’s 

entities (Figure 6). 

 

 
 

Figure 6. The scheme of the universal Cosmogony 
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Quasi-Chaos (the Universe) with some residual Harmony. At the same time UAP 

is formed and there arise Time which harmonize the Universe back into Harmon 

that then condenses into Absolute Chaos. The phenomena of condensation / 

decondensation is widely known in physical statistics of particles with integer 

spin (bosons). 

 

5  The Harmonic Dichotomy of Phenomena 
 

Each phenomenon contains a partially bound group of enclosed components, on 

which a virtual local harmon can be drawn as a complete subgraph (Figure 7). 

The available part of relations of a local harmon determines the internal harmony 

of phenomena, and the missing part of relations – the internal disharmony 

(chaos) of a phenomenon. 
 

 

 

Figure 7. The scheme of harmonic dichotomy of a phenomenon on harmony 

and chaos for n=6 
 

Two important Universe’s concepts – Harmony and Chaos – are thus 

deduced naturally from the highest properties of our Universe. 

Definition. Harmony is the availability of relations.  

Definition. Chaos is the absence of relations. 

Chaos is a resource of phenomenon harmonization. It is shown that chaos 

generates problems of phenomena existence, the classification of which is 

provided in [5, 7-9], and directs the movement of phenomena together with the 

Superlaw of harmonization. A phenomenon becomes invisible, stops and 

disappears from the environment with the exhaustion of chaos.  

Thus, harmony stabilizes a phenomenon, and chaos destabilizes it. Chaos 

entails phenomenon irregularity that can be erroneously taken for the main 

property of Chaos.  

Local harmonization all over the Universe leads to the state of Harmon with 

the above-mentioned cosmogonical consequences. 
 

6  Chaos in Different Harmonic Time Classes of Phenomena 
 

According to the UM the Universe’s phenomena are classified depending on 

extent of their internal development and its activation by external environment 

in Time (Table 2).   

Phenomenon 
harmony 

Phenomenon (Chaos) 
disharmony 

Local harmon 
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Class Name Internal 

 structure 

Harmonious resource Harmony 

type 

Characteristic 

quantity 

1 Quasi-Chaos 

(Thermodynamics) 

No Real relations in the 

Present 

Starting Entropy 

2 Natural selection 

(Mechanics) 

Present + virtual relations during 

the interval in the Past  

Passive Energy 

3 Life (Intelligence) Copy of STM-

Complex  

+ virtual relations during 

the interval in the Future 

Active Harmony 

4 The highest 

Intelligence 

A real STM-

complex  

+ real Present on all 

Time axis 

Highest Harmony 

5 Harmon Absolute Absolute connectedness Absolute Harmony 

6 Absolute Chaos No There are no relations No  No 

 

 

Table 2. The universal harmonic classification of phenomena in Time 

 

Class 1 does not activate the internal structure of phenomena by external 

relations and maintains relations only in the current Present. Class 2 partially 

activates the internal structure of phenomena and in addition to class 1 displays 

relations with the Past which create such a structure. Class 3 develops the internal 

structure of phenomena up to the level of subjective analogues of Space, Time 

and Matter (STM-Complex) and in addition to Class 2 displays relations with the 

Future by means of prediction. 

The classes have characteristic quantities, defining interaction with Chaos 

and Harmony (Table 3). Chaos of the enclosed phenomena in class 1 grows, in 

class 2 – conserves, in class 3 – decreases in Time, and Harmony as an antipode 

of Chaos changes in the opposite direction, respectively. Thus, the Chaos and 

Harmony mutually turn into each other, and classes have different mechanisms 

of such transformation but in a manner that common Harmony of the bound 

phenomena tends towards the increase with the decrease of Chaos. 
 

Class Name Characteristic 

quantities 

Quality of harmonization 

1 Chaos (Thermodynamics) Entropy Disintegration of an entity 

2 Natural selection (Mechanics) Energy Conservation of an entity 

3 Life (Intelligence) Harmony Development of an entity 

 

Table 3. The characteristic quantities of harmonic classes of phenomena in 

Time 

 

Such a difference between the classes is caused by the emergence of an 

additional channel of virtual connectivity (Harmony) in Time, fundamentally 

different from the Shannon channel that acts in the real Space. The channel in 

Time supplements the channel in Space by the emergence of an virtual interval in 
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subjective Time around a moving point in the Present of classes 2 - 3 phenomena 

that increases harmonizing ability of phenomena (Figure 8). 

 

 
 

Figure 8. The scheme of Time virtualization of an object by a subject in class 3 
 

A certain Universe’s quantity of connectivity, Harmony, is thus substantiated 

which is present in each Universe’s phenomenon together with Chaos, its 

addition to Harmon. The exact physical nature of these quantities and 

mechanisms of their action are still not known and are revealed in the most 

general form, however, they are key conditions of the UM’s justifiability.   

 

7  The Fundamental Hypothetical Character of Subjective 

Concepts  
 

It is necessary to distinguish between 1) absolute precise concepts as part of the 

Universe and 2) their approximate but usually partial and distorted subjective 

copies inside the cognizing phenomena (Figure 9) [10].  

 

 
 

Figure 9. The illustration of possible distortions of subjective concepts 
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at the current moment of cognition. Therefore, only subjective concepts are 

subject to universalization. 

Universalization actualizes the following fundamental properties that 

substantiate the given interpretation of the concepts of Chaos / Harmony: 

• Any dogmatic system of concepts follows from an initial concept which 

follows further from a more common concept, etc. with the formation of the 

infinite directed upwards hierarchy of concepts, in which there is no opportunity 

to determine the initial entity of the Universe. This problem is solved in the 

given UM by means of self-determination of the Universe with use of the 

concepts of Absolute Chaos and Garmon as well as the mechanisms of 

condensation / decondensation (see part 3). 

• Any attempts to use the so-called precise particular formalizms are doomed 

to failure owing to the fundamental incompleteness of any intermediate (not 

absolute) cognition. This problem is overcome by the principle of consecutive 

concretization of hypotheses that involves approximate concepts with the 

surmountable distance among them by means of detailed elaboration in the 

process of cognition that remains the only means of extreme research in modern 

science. 

Definition. A hypothesis is a statement, the falsity of which is not proved.  

Consequence. Every universal concept is hypothetical up to the achievement 

of the Absolute level, at which it becomes absolute. 

• The postulate of a holographic character of the Universe allows compatible 

hypotheses and rejects incompatible ones in the UM. 

Consequence. A larger system of the universal concepts has a higher degree 

of its substantiation (absoluteness) but a lower degree of its hypothetical 

character. 

Consequence. The substantiation and hypothetical character of a concept is a 

measured quantities. 

Consequence. More general (higher) universal concepts generate more 

substantiated and less hypothetical systems of concepts. 

Consequence. The universal concept becomes absolute when it is deduced 

from the full system of universal concepts that, besides, turns out to be absolute, 

too. 

Consequence. With sufficient substantiation more absolute universal 

systems of concepts include less absolute universal systems of concepts. 

Thus, 1) the whole intermediate knowledge is always hypothetical, 2) 

thoroughly substantiated if it is deduced from the sufficiently universal system 

of concepts and 3) absolute with the complete coincidence with the absolute 

system of concepts of the Universe (completion of cognition of the Universe 

which is theoretically acceptable). It means that even elementary multiplication 

table is hypothetical, as it is empirical, and it is not deduced from the highest 

Universe’s concepts and, consequently, its consistency is not proved in all 

conditions of the Universe, the deviation from which is observed in modern 

physics. 

 

8  Computational Aspects of Chaos 
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The UM has a qualitative character and focuses on manual (brain) use owing to 

the exceeding complexity of structural concepts (in comparison with scalar and 

vector quantities of particular theories). 

However, it is already possible even now to use some approximate formulas 

for basic universal concepts and obtain acceptable results. It is simply sufficient 

to evaluate Chaos / Harmony by the absence / quantity of relations or by the 

volumes of relations. 

As far as numbers are a particular case of a concept, and concepts have a 

structural character, then structurization of traditional theories into the form of 

the universal ER-diagrams  and application of the UM can give new corollaries 

unattainable by other formalizms in principle. 

 

9  The Mythological Aspects of Chaos 
 

The universal concept of Chaos, that is obtained in a complicated analytical 

way, is surprisingly coordinated with the mythological concepts which 

convincingly testify to the existence in the past of a high-level universal 

scientific source, the ideological symbols of which lost their initial meaning 

today and can only be restored in comparison with analytical formalizms, for 

example: 

Mandala (Sanskrit − circle) is a spiritual and ritual symbol in Hinduism, 

Buddhism, etc., representing the Universe in the basic form of a circle of 

repeating mosaic with a center point and radial balance. Mandala represents the 

cosmos metaphysically or symbolically and a microcosm of the Universe with 

the axis mundi (cosmic axis, world axis, world pillar, columna cerului, center of 

the world, world tree), and it seems to emerge from the initial Chaos. Despite a 

multitude of variations, the mandala has a common scheme of the Harmon as 

decondensation (inversion) of Absolute Chaos (Figure 3-4). 

Prana in the Hindu religion together with the similar concepts (Yin & Yang, 

Qi, Ruah, etc.) in other world views is associated with a certain infinite 

pervasive Universe’s energy substance. However, analytically, it makes the 

greatest sense as an infinite recursively enclosed chaotic structure of relations of 

entities, in which there are no unstructured elements (atoms), but there are 

standard structures of relations. 

Yin & Yang in Chinese and other philosophies describe the emergence and 

interaction of different natural forces from the initial state of rest or emptiness 

until the state of rest is reached again. Analytically, it has a sense of 

composition of concepts from the diametrically opposite (absence / existence) 

initial concepts, especially of the highest level that are present in all the 

subsequent concepts of the UAP. Such are the Complexes of Space, Time and 

Matter participating in each phenomenon in particular. 

Qi, Ruah, and Spirit in different ancient cultures (Chinese, Hebrew, Latin, 

respectively) are understood as a certain stream of energy (‘vital force’) 

circulating in phenomena and binding them together in especially living nature. 
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Analytically, they are fully explained by the existence, movement and 

interaction of Harmony. 

Ancient universal and modern philosophical concepts are very confused and 

overlap each other. For the first time, the Universe’s Theory reasonably deduces 

them and gives more precise definitions that need to be identified in the 

environment. All of them have structural nature. 

 

Conclusions 
 

Hypothetically, the universal definition of Chaos in aspect, based on 

connectivity, applies this concept to all Universe’s phenomena in all spheres. 

The universalization of Chaos concept opens up new opportunities for modern 

science because Chaos is present in each Universe’s phenomenon. Such 

opportunities are created by the increase in the level of phenomena abstraction 

and by the involvement of the highest uniting properties of our Universe that 

allow to reveal unexpected properties and interrelationship of phenomena. The 

obtained properties, the above-mentioned structurization of concepts and 

coordination with the formats of the Universe’s Model are relevant conceptual 

and methodical means in concrete research and development. 
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