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Abstract. We propose a calculation method of the bifurcation point for an impact oscillator
with periodic function. First, we show a physical model and explain its dynamics. Next, the
Poincaré map is constructed for the following analysis. Furthermore, we specify the deriva-
tive of the Poincaré map to calculate the bifurcation point. Finally, we apply the proposed
method for a rigid overhead wire-pantograph system and confirm the validity of the method
for calculate the bifurcation point in an impact oscillator.
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1 Introduction

The switching system depending on its state and a periodic interval has the inter-
rupted characteristics (we call these systems as interrupted system in this paper).
In particular, impact oscillator is the interrupted system; impact oscillator has the
characteristics that the solution jumps when the trajectory hits the border. Impact
oscillator can be observed in many engineering field. Thus, analyzing the qualitative
property of the impact oscillator is a crucial topic from the practical view point.

On the other hand, the impact oscillators have rich compelling phenomena. For
instance, bifurcation phenomena can be observed in impact oscillator depending on
its complex impact behavior and many researchers have analyzed it since old times,
e.g., bifurcation analysis in impact-dampers [1] [2], in spiking neuron model [3] [4],
in forest fire model [5], and so on. However, it is difficult to calculate the exact
solution in the impact oscillators if the system is high-dimensional or the system
has the nonlinear property. For this reason, there are few calculation method for the
bifurcation point in the impact oscillator. In the previous work, we have proposed
the calculation method for the bifurcation point of the fixed point [6]. Although, it
is possible to calculate the bifurcation point for the fixed point in a wide parameter
space by solving the characteristic equation iteratively. Hence, we improve previous
method in order to calculate the bifurcation point for the fixed point more effectively
in this paper. Here, we propose a calculation method of the bifurcation point for an
impact oscillator with periodic function.

First of all, we show the two-dimensional differential equation of impact oscil-
lator. Next, we define the function of jump and Poincaré map. Furthermore, we



describe the derivative of Poincaré map to solve the characteristic multiplier for the
fixed point. In addition, we can calculate the bifurcation point by solving a simulta-
neous equation of the fixed point and the characteristic equation. Finally, we apply
this method for a rigid overhead wire-pantograph system [7] to confirm the validity
of the method.

2 Analytical method

2.1 Poincaré map
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Fig. 1. Two-dimensional impact oscillator.

We consider the impact oscillator shown in Fig. 1. The solutions in Fig. 1 can
be described by the following two-dimensional system



























dx
dt
= f (x, v,λ)
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dt
= g(x, v,λ)

, (1)

where the parameters t, x, v and λ satisfy t ∈ R, x, v ∈ R
2, f , g : R

2 → R
2. Now,

Eq. (1) is written as follows:

{

x(t) = ϕ(t; x0, v0,λ), x(0) = x0

v(t) = φ(t; x0, v0,λ), v(0) = v0
, (2)

where x0 and v0 means the initial value at time t = 0. Next, we define the following
local section Π ∈R

2 by using scalar function q : R
2 ∈R

2.



Π = {x, v ∈ R
2 : q0(x, v) = 0, q : R

2 → R}, (3)

q(t + T ; x, v) = q(t; x, v). (4)

Also, the map P is written by using functions r and s. If x reaches toΠ , the solutions
are jumped by the map P :

P : R
2 → R

2,
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where τ0 denotes the time when the solution reaches to Π . The discretized solutions
x1 are expressed as
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Next, we define the maps as follow:

M0 : R
2 → Π1

x0 7→ x1a−,
M1 : Π0 → R

2

x1a+ 7→ x1.
(7)

Consequently, the Poincaré map is given by

M : R
2 → R

2

x0 7→ M1 ◦ P ◦ M0.
(8)

In the following analysis, we discuss the derivative of the Poincaré map written as
follows:
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Now, derivative of the function P is given by next equation depending on the initial
value.
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Furthermore,































∂x1a−

∂x0

∂x1a−

∂v0

∂v1a−

∂x0

∂v1a−

∂v0































=

































∂ϕ

∂t

∣

∣

∣

∣

∣

t=τ0

∂τ0

∂x0

∂ϕ

∂t

∣

∣

∣

∣

∣

t=τ0

∂τ0

∂v0

∂φ

∂t

∣

∣

∣

∣

∣

t=τ0

∂τ0

∂x0

∂φ

∂t

∣

∣

∣

∣

∣

t=τ0

∂τ0

∂v0

































+































∂ϕ

∂x0

∂ϕ

∂v0

∂φ

∂x0

∂φ

∂v0































. (11)

We should remark that the function

q(τ0(x0, v0); x0, v0,λ) = 0 (12)

is differentiable for x0. Hence,
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∂x0
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2.2 Derivation method of bifurcation curve

A fixed point of the Poincaré map is given by
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The characteristic equation for the fixed point is expressed

χ(µ) = det |µI2 − DM(x0)| . (16)

Therefore, simultaneous equation is written as
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Eq. (17) can be calculated for the unknown variables, x0, v0, and a bifurcation
parameter λ by using Newton’s method. Then, the Jacobian matrix of F is
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The characteristic equation and the Poincaré map can be differentiated in a similar
way.

3 Example of the application

3.1 A rigid overhead wire-pantograph system

We apply the method to a rigid overhead wire-pantograph system shown in Fig.
2 [7]. The basic element of the pantograph model is composed of a spring, damper
and mass, respectively. The mass of the pantograph model impacts the oscillat-
ing stopper. The considered model can be described by the following differential
equation
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

















dx
dt
= v

dv
dt
= −x − 2ζv

, (19)

where a damping ratio, the displacement, and the velocity in the pantograph model
are expressed in ζ, x, and v. The normalized equation of the overhead wire model is
given by

S (t) = ε sinΩt + 1, (20)

where the displacement of rigid overhead wire, the amplitude, and the angular fre-
quency are expressed in S (t), ε, and Ω here. When x(t) reaches to S (t), the velocity
of mass changes as follows:

v+ = −αv− + (1 + α)
dS (t)

dt
. (21)

Note that v+ is the velocity after the impact, and v− is the previous velocity. Also, α
is a coefficient of restitution between the pantograph model and the overhead wire
model.
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Fig. 2. A rigid overhead wire-pantograph system.

3.2 Application result

Figure 3 shows the numerical results with variousΩ. The point in the phase plane of
Fig. 3 indicates the periodic solution. By calculating Fig. 3, we can confirm period
doubling bifurcation between Ω = 5.64 and Ω = 5.65. Figure 4 shows the one-
dimensional bifurcation diagram about x and Ω. Also, we can verify the bifurcation
in Fig. 4.
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Fig. 3. Solutions and phase plane (α = 0.5, ε = 0.068, ζ = 0.1).



Table 1. Calculation of the fixed point and characteristic multiplier with Ω (α = 0.5, ε =
0.068, ζ = 0.1).

Ω µ1 µ2 x v Remarks

5.64000 -0.20420 -0.97974 1.13916 -0.47575 Stable
5.64400 -0.20246 -0.98832 1.13920 -0.47511 Stable
5.64800 -0.20076 -0.99687 1.13923 -0.47446 Stable
.
..

.

..
.
..

.

..
.
..

.

..

5.64947 -0.20014 -1.00000 1.13925 -0.47422 Period-doubling bifurcation
...

...
...

...
...

...

5.65000 -0.19992 -1.00114 1.13925 -0.47414 Unstable
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x k PD

Fig. 4. One-dimensional bifurcation diagram (α =
0.5, ε = 0.068, ζ = 0.1).

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 5  5.5  6  6.5  7

Period-1  orbit

PD

Fig. 5. Two-dimensional bifurcation
diagram (α = 0.5, ε = 0.068).

Table. 1 shows the fixed point and the characteristic multiplier. This table can be
calculated by solving Eq. (15), (16). The fixed point exists stable untilΩ = 5.64950.
After this value, the fixed point become unstable because of period-doubling bifur-
cation. Next, Figure 5 shows the two-dimensional bifurcation diagram for various of
Ω and ζ. In this figure, the curve indicates the bifurcation point of period-doubling
bifurcation from period-1 solution to period-2 solution. We found this curve by cal-
culating Eq. (17). Therefore, the method can effectively obtain the region of the
bifurcation point of period-1 solution.

4 Conclusion

In this paper, we have proposed a calculation method of the bifurcation point for
an impact oscillator with periodic function. First, we defined the Poincaré map
and showed the derivative of the map. Next, we expressed the fixed point and the
characteristic equation by using the Poincaré map and its derivative. Finally, we
applied this method for a rigid overhead wire-pantograph system, and we could



confirm the validity of this method. The future work is establishment of the method
which is capable of adapting various subharmonic solution.
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