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Abstract: In this communication, we discuss the dynamical behaviour of driven simple
pendulum under the effect of nonlinear damping. We particularly consider the nonlinear
dampingterm proportional to the power of velocity and focus our attention on how the
damping exponent affects the global dynamical behaviour of the forced pendulum. We
obtain analytically the threshold condition for the occurrence of homoclinic bifurcation
using Melnikov technique and compare the results with the computational results. We
also identify the regions of the 2D parameter space (consists of external forcing
amplitude and damping coefficient) corresponding to the various types of asymptotic
dynamics uder linear (viscous or friction like) and nonlinear (drag like) damping. We
also analyse how basin of attraction patterns corresponding to various attractors change
with the introduction of nonlinear damping as well as damping strength.
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Nonlinearity is abundant in nature. It is having an increasingly important impact
on a variety of applied subjects ranging from the study of turbulence and the
behavior of weather, through the investigation of electrical and mechanical
oscillations in engieering systems, to the analysis of various biological,
ecological and economic phenomena. The nonlinearity in the dynamical systems
may exist in various forms e.g., in a mechanical system: the nonlinearity may be
due to the presence of nonlinear elagpidfgy elements, nonlinear damping,
systems with fluids, nonlinear boundary conditions etc., in an electromagnetic
system: the nonlinear resistive, inductive, capacitive elements, hysteresis
properties of ferromagnetic materials, nonlinear active elemémsvhcuum
diode, transistor etc. may be responsible for nonlinearities in the system. The
oscillatory motion of driven simple pendulum has been the most investigated
motion in physics as well as in various fields of science and technology. The
driven simpge pendulum is one of the most commoramples of nonlinear
systems [l (under the large amplitude oscillations) exhibiting chaotic motion
and it is also isomorphic to many nonlinear systems such as Josephson junctions
and the phasieckedloop configuratbn of a voltagecontrolled oscillator
(VCO) etc R, 3. Itis very important to point out here that seemingly simple
situation of a driven pendulum is quite complex due to fact that the parameter
space is very large. Besides the amplitude and frequentheafriving force,

one has to investigate the rotd strength of dissipation/damping as the
simultaneous consideration of supply and dissipation of energy in the oscillatory
system decides the boarder of stability and instability. In addition to this the
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type of dissipation/damping (whether linear or nosdir) also plays a major role

in deciding the global dynamical behavior of the oscillatr Puring the last
decade there has been a growing interest to study some of the ubiquitous
nonlinear physical oscillators (e.g. forced Duffing, escape oscillRayleigh
Duffing oscillator etc.) under the presence of nonlinear damgh@j flue to the

fact that the nonlinear dissipation/damping is necessary in several engineering
applications such as rolling in ship dynamié§ pibration isolators 10|, drag

forces in flow induced vibrationd [l] etc.

The simple pendulum is essentially a nonlinear dynamical system modeled by a
second order nonlinear differential equation but in many practical situations it is
described by a linear differential equation due tolsamaplitude oscillations.

Very few nonlinear systems can be solved explicitly hence one has to resort to
numerical techniques to understand the dynamics of such systems.
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Fig. 1. The plot of ® @ I @é ffoed p , (b) phase trajectories of
undamped and unforced simple pendulum

We consider the following form of generalized driven simple pendulum to
understand the effect of nonlinear damping on its global dynamical behavior
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p (i.e a uni mass particle in a cosine potential which

has minima at ¢¢ “and local maxima at ¢c¢ p “, where n=0, 1,
as shown in Fig 1(a)).
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Fig. 3. Dynamical behavior of iven simpeé pendulum under linear/viscous
damping (p = 1) as a function of forcing amplitude (F)for ph ¢foand

| T® : (a) bifurcation diagram showing route to chaos, (b) all three Lyapunov
exponents and (c) the Kaptorke dimension

The solution of the unperturbed system (2) obtainemtegrating it is given as
w06 ¢ QEOAT Fo (3)
WO ¢ii OBDfo (4)
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Fig. 4. Dynamical behavior ofriven simpé pendulum under drag lilkdamping

(p =2) as a function of forcing amplitude (F) for ph ¢foand| ™ :

(a) bifurcation diagram showing route to chaos, (b) all three Lyapunov
exponents and (c) the Kaptorke dimension

Now we apply MelZhto &btan the homaelnid bifdrcatjorl
condition in the driven simple pendulum with nonlinear damping (Eq. (1)). The
Melnikov function gives the distance between the stable and unstable manifolds
of a saddle point in forced systems, hence the simple zdrd®e Melnikov



