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Abstract: The asymptotic mean square stability of stochastic synchronization of chaotic recurrent

neural networks with time varying delays using adaptive feedback control is analyzed. In this paper, by

utilizing tracking controller,the adaptive synchronization control is designed. Which ensures that the

synchronization error of chaotic recurrent neural network system is asymptotically mean square stable.
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1. Introduction

Chaos occurs in dynamics nonlinear deterministic systems. The causes that determine the oc-

currence of chaos are not fully known. There are three possible causes identified for determine the

occurrence of chaos; first one is the growth of control factor to a high value, second one is the nonlinear

interaction of two or more physical operations and another one is the effect of noise presence.A chaotic

process is highly sensitive to the variations of the parameters describing the initial state [13, 14]. For

example any change of the initial conditions of today’s atmosphere conditions will causes of major

change of the tomorrow’s atmosphere conditions. A chaotic process is initially generated in deter-

ministic system yet its evolution in time is apparently random [11]. A chaotic system dimension in

the phase state is characterized by the value called Lyapunov exponent. A chaotic process will have

at least one positive Lyapunov exponent. Its magnitude versus time indicates the starting movement

from which the process become chaotic. A negative Lyapunov exponent indicates how rapidly the

system restores its initial state after a perturbation.
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A neural network is a mathematical model relaying on the model of biological neurons. A neural

networks can acquire knowledge from the environment through a learning process and the inter neu-

ron connection strength is used to store the knowledge. Artificial neural networks offer qualitative

methods for business and economic systems. Chaotic dynamics have been observed in many arti-

ficial neural systems either in a continuous systems [1, 12, 15] or discrete systems [2, 7, 8, 16].The

idea of chaotic synchronizing of two independent copies of identical chaotic dynamical systems have

been increasing recent interest. Chaotic synchronization plays a crucial role in information process-

ing in living organisms and could lead to important applications in speech and image processing.

Moreover due to the important role that secure communications plays in industrial and banking com-

munications, the potential application of neuro chaotic synchronization to secure communications is

receiving increased attention. Recently the synchronization of chaotic recurrent neural networks with

time varying delays using adaptive feedback control was proposed [3, 10] .In this paper, synchroniza-

tion of noise-perturbed synchronization of chaotic recurrent neural networks with time varying delays

using adaptive feedback control is analytically investigated.In this paper we organize a synchronization

strategy by noise-perturbed synchronization of chaotic recurrent neural networks with time varying

delays using adaptive feedback control in section 2. In section 3 we present control design and outline

of stochastic synchronization in recurrent neural network with time varying delays. Finally concluding

remarks and references close the paper.

2. The synchronization description and preliminaries

Consider the chaotic neural network

dx(t) = [−cx(t) +Af(x(t)) +Bf(x(t)) +Bf(x(t− τ(t)) + J ]dt (1)

where x(t) = (x1(t), x2(t), x3(t), ..., xn(t))
T ∈ R

nis the state vector of the neural network; C is a

diagonal matrix with ci > 0, i = 1, 2, 3, ..n., A = (aij)n×n is a weight matrix; B = (bij)n×n is the

delayed weight matrix;J = (J1, J2, ..., Jn)
T ∈ R

n is the input vector function; τ(t) is the transmission

delay;f(x(t)) is the activation function.

In order to obtain our main results,assume the following condition hold.

(A1) The activation function f is bounded and satisfy the Lipschitz condition

|f(x1)− f(x2)| ≤ kj |x1 − x2|, ∀x1, x2 ∈ R,
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(A2).τ(t) ≥ 0 is a differential function with τ∗ = max(τ(t)) and 0 ≤ τ̇ (t) ≤ σ < 1 , for all t.

According to the drive-response concept,the controlled chaotic neural network system can be described

by the following equation

dy(t) = [−cy(t)+Af(y(t))+Bf(y(t))+Bf(y(t−τ(t))+J+u(t)]dt+

n
∑

i=1

[σij(t, e(t), e(t−τ(t)))]dwj(t)

(2)

where y(t) = (y1(t), y2(t), y3(t), ..., yn(t))
T ∈ R

n and u(t) is driving signal,then the initial condition of

the controlled network system can be described by

yi(t) = χi(t) (3)

Let us define the synchronization error e(t) = x(t) − y(t).Therefore, the dynamics of synchronization

error between the master and slave systems given in equations (1) and (2) can be described by

ė = Ẋ − Ẏ (4)

de(t) = dx(t) − dy(t) (5)

de(t) = [−cx(t) +Af(x(t)) +Bf(x(t)) +Bf(x(t− τ(t)) + J ]dt−

[[−cy(t) +Af(y(t)) +Bf(y(t)) +Bf(y(t− τ(t)) + J + u(t)]dt

+

n
∑

i=1

[σij(t, e(t), e(t− τ(t)))]dwj (t)]

de(t) = [−c(x(t)− y(t)) +A(f(x(t)) − f(y(t))) +B[f(x(t− τ(t))) − f(x(t− τ(t))) − u(t)]dt

−

n
∑

i=1

[σij(t, e(t), e(t− τ(t)))]dwj (t)] (6)

de(t) = [−c(e(t)) +A(g(e(t))) +B[g(e(t− τ(t))) − u(t)]dt−

n
∑

i=1

[σij(t, e(t), e(t− τ(t)))]dwj(t)] (7)

Lemma 2.1. (Schur Complement) Given constant matrices Ω1,Ω2 and Ω3 with appropriate

dimensions, where ΩT
1 = Ω1 and ΩT

2 = Ω2 > 0, then

Ω1 +ΩT
3 Ω

−1
2 Ω3 < 0
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if and only if






Ω1 ΩT
3

∗ −Ω2






< 0, or,







−Ω2 Ω3

∗ Ω1






< 0.

Lemma 2.2. [6] Let
∑

1,
∑

2,
∑

3be the real matrices of appropriate dimensions with
∑

3 > 0, then

for any vectors x and y with appropriate dimensions

2xTΣT
1 Σ2y ≤ xTΣT

1 Σ3Σ1y + xTΣT
2 Σ

−1
3 Σ2y

Lemma 2.3. [5] Given a continuous non linear system ẋ = g(x(t), t) where x(t) is an n × 1 vector;

let v(x,t) be the associated Lyapunov function with the following properties

(λ1 ‖x‖)
2 ≤ v(x, t) ≤ (λ2 ‖x‖)

2, ∀x, t ∈ R
n × R (8)

v̇(x, t) ≤ −λ3v(x, t) + λ4e
−αt, ∀x, t ∈ R

n × R, (9)

where λ1, λ2, λ3, λ4 and α are positive constants. If the Lyapunov function satisfies (8) and (9), the

state x(t) is exponentially stable in the sense that

‖x‖ ≤ [(
λ2

λ1
‖x(0)‖)2e−λ3t +

λ4

λ2
1

e−αt]
1

2 , λ3 = α

≤ [(
λ2

λ1
‖x(0)‖)2e−λ3t +

λ4

λ2
1(λ1 − α)

(e−αt − e−λ3t)]
1

2 , λ3 6= α (10)

3. main result

Controller design and adaptive synchronization scheme:

The controller should have perfect tracking capacity in order to allow the possibility of tracking

convergence. This means that eq → 0 as t → ∞ and for ėq → 0 as t → ∞.An adaptive controller

differs from an ordinary controller in that the controller parameters are time-varying and there is a

mechanism for adjusting these parameters. The basic idea in adaptive control is to estimate uncertain

signals and use the estimated parameters in the controller computation. For adaptive control the

unknown parameters have to be constants or must vary considerably slower than the controller is to

achieve proper tracking control behavior in systems.For the possibility of tracking convergence the

controller should define the adaptive control u(t)

u(t) = γPe(t) +
1

2
ρ
‖e(t− τ(t)‖2 ‖M‖

P ‖e(t)‖
−

1

2

k2eT (t)e(t)P−1QT
1 Q1e(t)

k ‖Q1‖ ‖e(t)‖
2
+ ǫe−αt
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Theorem 3.1. Suppose (A1) and (A2) hold.Consider system (7) with the control law(12). Then

the controlled slave system(2) will be globally synchronized with the master system(1) in the sense of

equation(10) with

λ1 =
√

λmin(P ), λ2 =
√

λmax(P ), λ3 =
λmin(Ω)

λmax(P )
, λ4 = ǫ

and if λ3 < 1 and here exist matrices P , Q1, Q2 a diagonal matrix K > 0 and a positive scalar

γ > 0,τ > 0 and ρ > 0 such that the following LMI holds



















−PC − CTP + 1+τ∗

1−σ
KTQ2K +KTQ1K +MTρM P PA PB

∗ γ−1 0 0

∗ 0 −Q1 0

∗ 0 0 −Q2



















< 0.

proof : Consider the following Lyapunov functional

V (t) = eT (t)Pe(t) +
1

1− σ

∫ t

t−τ(t)

gT (e(s))Q2g(e(s))ds,

then its derivative can be obtained by ito formula, that

dV (t) = LV (t)dt+ 2eT (t)Pσ(e(t), e(t− τ(t))dw(t),

where

LV (t) = Vt(e(t), t) + Ve(e(t), t)f(t) +
1

2
trace[σ(e(t), e(t− τ(t)))Veeσ

T (e(t), e(t− τ(t)))],

here,Vt(e(t), t) =
gT (e(t))Q2g(e(t))

1−σ
− gT (e(t− τ(t)))Q2g(e(t− τ(t))) , Ve(e(t), t) = 2eT (t)P and

Vee(e(t), t) = 2P , then the equation (15) become

LV (t) =
1

1− σ
gT (e(t))Q2g(e(t))− gT (e(t− τ(t)))Q2g(e(t− τ(t))) +

2eT (t)P [−c(e(t)) +A(g(e(t))) +B[g(e(t− τ(t))) − u(t)] +

trace[σ(t, e(t), e(t − τ(t)))PσT (t, e(t), e(t− τ(t)))]

= 2eT (t)P [−c(e(t)) +A(g(e(t))) +B[g(e(t− τ(t))) − u(t)] +

1

1− σ
gT (e(t))Q2g(e(t))− gT (e(t− τ(t)))Q2g(e(t− τ(t))) +
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trace[σ(t, e(t), e(t − τ(t)))PσT (t, e(t), e(t− τ(t)))]. (16)

consider the assumption

trace[σ(t, e(t), e(t− τ(t)))PσT (t, e(t), e(t− τ(t)))] ≤ ρ[eT (t)MTMe(t) + eT (t− τ(t))MTMe(t− τ(t)),

substitute the consideration in equation(16),we get

≤ eT [−PC − CTP ]e(t) + 2eT (t)PA(g(e(t))) + 2eT (t)PBg(e(t− τ(t))) − 2eT (t)Pu(t) +

1

1− σ
gT (e(t))Q2g(e(t))− gT (e(t− τ(t)))Q2g(e(t− τ(t))) +

ρ[eT (t)MTMe(t) + eT (t− τ(t))MTMe(t− τ(t)),

from lemma (2.3) and tacking Σ3 as the identity matrix

2eT (t)PA(g(e(t))) ≤ eTPAQ−1
1 ATPe(t) + gT (e(t))Q1g(e(t))

2eT (t)PBg(e(t− τ(t))) ≤ eTPBQ−1
2 BTPe(t) + gT (e(t− τ(t)))Q2g(e(t− τ(t))),

therefore the equation become

LV (t) ≤ eT (t)[−PC − CTP + PAQ−1
1 ATP + PBQ−1

2 BTP ]e(t) + gT (e(t))Q1g(e(t)) +

gT (e(t− τ(t)))Q2g(e(t− τ(t))) − 2eT (t)Pu(t) +
1

1− σ
gT (e(t))Q2g(e(t))−

gT (e(t− τ(t)))Q2g(e(t− τ(t))) + ρ[eT (t)MTMe(t) + eT (t− τ(t))MTMe(t− τ(t))

= eT (t)[−PC − CTP + PAQ−1
1 ATP + PBQ−1

2 BTP +MTρM ]e(t) +

1

1− σ
gT (e(t))Q2g(e(t)) + eT (t− τ(t))MT ρMe(t− τ(t)) − 2eT (t)Pu(t). (17)

consider the assumption

gT (e(t))Q1g(e(t)) ≤ eT (t)KTQ1Ke(t)

gT (e(t))Q2g(e(t)) ≤ eT (t)KTQ2Ke(t).

whereKis a positive constant matrix, then the equation (17) become
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LV (t) ≤ eT (t)[−PC − CTP + PAQ−1
1 ATP + PBQ−1

2 BTP +MTρM ]e(t) + eT (t)KTQ1Ke(t) +

1

1− σ
eT (t)KTQ2Ke(t) + eT (t− τ(t))MT ρMe(t− τ(t)) − 2eT (t)Pu(t)

= eT (t)[−PC − CTP + PAQ−1
1 ATP + PBQ−1

2 BTP +MTρM +KTQ1K +

1

1− σ
KTQ2K]e(t) + +eT (t− τ(t))MT ρMe(t− τ(t)) − 2eT (t)Pu(t)

≤ eT (t)[−PC − CTP + PAQ−1
1 ATP + PBQ−1

2 BTP +MTρM +KTQ1K +

1

1− σ
KTQ2K +

τ∗

1− σ
KTQ2K]e(t) + +eT (t− τ(t))MT ρMe(t− τ(t)) −

1

1− σ
KTQ2K +

τ∗

1− σ
KTQ2K − 2eT (t)Pu(t)

≤ −eT (t)[PC + CTP − PAQ−1
1 ATP − PBQ−1

2 BTP −MTρM −KTQ1K −

1

1− σ
KTQ2K −

τ∗

1− σ
KTQ2K]e(t) + ‖eT (t− τ(t))‖

2
ρ ‖M‖ −

1

1− σ
KTQ2K +

τ∗

1− σ
KTQ2K − 2eT (t)Pu(t).

now substitute nonlinear adaptive feed back control

u(t) = γPe(t) +
1

2
ρ
‖e(t− τ(t)‖

2
‖M‖

P ‖e(t)‖
−

1

2

k2eT (t)e(t)P−1QT
1 Q1e(t)

k ‖Q1‖ ‖e(t)‖
2 + ǫe−αt

,

then,

LV (t) ≤ −eT (t)[PC + CTP − PAQ−1
1 ATP − PBQ−1

2 BTP −MTρM −KTQ1K −

1

1− σ
KTQ2K −

τ∗

1− σ
KTQ2K]e(t)−

τ∗

1− σ
gT (e(t))Q2g(e(t)) +

k| ‖e(t)‖2 | ‖Q1‖ ǫe
−αt

k| ‖e(t)‖
2
| ‖Q1‖+ ǫe−αt

≤ −eT (t)Ωe(t) +
k| ‖e(t)‖2 | ‖Q1‖ ǫe

−αt

k| ‖e(t)‖
2
| ‖Q1‖+ ǫe−αt

−
τ∗

1− σ
KT eT (t)Q2Ke(t)

≤ −eT (t)Ωe(t) +
k| ‖e(t)‖2 | ‖Q1‖ ǫe

−αt

k| ‖e(t)‖
2
| ‖Q1‖+ ǫe−αt

−
τ∗

1− σ
KT eT (t)Q2Ke(t),
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where Ω = PC+CTP−PAQ−1
1 ATP−PBQ−1

2 BTP−MTρM−KTQ1K− 1
1−σ

KTQ2K− τ∗

1−σ
KTQ2K,

LV (t) =
k| ‖e(t)‖

2
| ‖Q1‖ ǫe

−αt

k| ‖e(t)‖
2
| ‖Q1‖+ ǫe−αt

−
τ∗

1− σ
KT eT (t)Q2Ke(t)

dV (t) ≤ [
k| ‖e(t)‖

2
| ‖Q1‖ ǫe

−αt

k| ‖e(t)‖
2
| ‖Q1‖+ ǫe−αt

−
τ∗

1− σ
KT eT (t)Q2Ke(t)]dt+ 2eT (t)Pσ(e(t), e(t − τ(t))dw(t). (18)

Taking expectation to equation(18), then

V̇ (t) = [
k| ‖e(t)‖

2
| ‖Q1‖ ǫe

−αt

k| ‖e(t)‖
2
| ‖Q1‖+ ǫe−αt

−
τ∗

1− σ
KT eT (t)Q2Ke(t)]

=
k| ‖e(t)‖

2
| ‖Q1‖ ǫe

−αt

k| ‖e(t)‖
2
| ‖Q1‖+ ǫe−αt

−
1

1− σ

∫ t

t−τ(t)

gT (e(t))Q2ge(t)dt,

using the relation 0 ≤ ab
a+b

≤ a and by an lemma (2.3),we get

V̇ (t) ≤ −
λmin(Ω)

λmin(P )
v(t) + ǫe−αt

by using Lyapunov stability theorem, the error dynamic system is exponentially mean square stable

and the controlled slave system is globally synchronized with the master system.

4. Numerical Simulation

Consider the master chaotic neural network system [9] is ẋ(t) = [−cx(t) + Af(x(t)) + Bf(x(t)) +

Bf(x(t− τ(t)) + J ],where

C =







1 0

0 1






A =







2.1 −0.12

−5.1 3.2






, B =







−1.6 −0.1

−0.2 −2.4






J = −







0.01

0.1






,

x(t) =







sinhx1(t)

sinhx2(t)






, f(x(t)) =







tanhx1(t)

tanhx2(t)







therefore the master chaotic system is described by

ẋ1(t) = −sinhx1(t) + 2.1tanhx1(t)− 0.12tanhx2(t)− 1.6x1(t− τ(t)) − 0.1x2(t− τ(t)) − 0.01

ẋ2(t) = −sinhx2(t) + 5.1tanhx1(t) + 3.2tanhx2(t)− 0.2x1(t− τ(t)) − 2.4x2(t− τ(t)) − 0.1
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and their corresponding slave chaotic network system is

ẏ(t) = [−cy(t) +Af(y(t)) +Bf(y(t)) +Bf(y(t− τ(t)) + J + u(t)]dt+ Zdw(t), where

Z =







−0.001

0.001






,

here the adaptive feed back control u(t) = 0.00136 then the slave chaotic system is described by

ẏ1(t) = −sinhy1(t) + 2.1tanhy1(t)− 0.12tanhy2(t)− 1.6y1(t− τ(t)) − 0.1y2(t− τ(t)) − 0.01− 0.001dw(t)

ẏ2(t) = −sinhy2(t) + 5.1tanhy1(t) + 3.2tanhy2(t)− 0.2y1(t− τ(t)) − 2.4y2(t− τ(t)) − 0.1 + 0.001dw(t).

Now we assume the values τ∗ = 0.1, σ = 0.5, γ = 3
4

K =







0.2 0

0 0.2






and M =







0.1 0

0 0.2






.

Solving the LMI(13) in theorem(3.1) by invoking the MATLAB LMI control Toolbox[4], we obtain

the solution as ρ = 0.00136

P = 1.0e− 0004×







0.1380 0.0120

0.0120 0.0218






, Q1 = 1.0e− 0003×







0.1844 −0.0235

−0.0235 0.1435






and

Q2 = 1.0e− 0004×







−0.1312 0.0280

0.0280 −0.1440






.

When ρ is 0.00136, the stochastic recurrent neural system is marginally synchronized and the ρ value

is less than zero the system is exponentially mean square stable. The above results show that all con-

ditions stated in theorem (3.1) have been satisfied and hence the synchronization of chaotic recurrent

neural networks with stochastic time varying is exponentially mean square stable. The synchro-

nization portrait between the master and corresponding slave chaotic system with initial condition

[0.1, 0.1]T ,noise [0.01, 0.01]T ,and their corresponding time delay τ = 1is as follows
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5. Conclusion

A new sufficient condition is derived to guarantee the exponential mean square stability of the

equilibrium point for Stochastic synchronization of chaotic recurrent neural networks with time vary-

ing delays. To the best of our knowledge, the results presented here have been not appeared in the

related literature. The synchronization stability criteria is expressed in terms of LMIs, which is less

conservative and can be easily verified by using MATLAB LMI control Toolbox.
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