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Abstract: This paper discusses chaos synchronization and chaotic masking of the three 
dimensional finance system based on Pecora - Carroll technique. Using theory, chaos 
synchronization and chaotic masking of three dimensional chaotic finance systems is 
analysed newly. Numerical simulations obtained applying Pecora Carroll method is 

effective for chaotic finance system evaluation. Moreover synchronization and masking 
communication simulation results are used to visualize the effectiveness of chaotic finance 
system also performed on the application of secure communication to chaotic finance 
system. 
Keywords: Chaotic finance system, chaos synchronization, chaotic masking, secure 
communication.  

 

1. Introduction 
Chaos is a class of complex behaviors that emerges from nonlinear dynamical 

systems and is ever present both in the technological and natural world. Over the 

last three decades, chaos has been extensively studied within the scientific, 

engineering and mathematical communities. Chaos behavior can occur 

everywhere, even in very simple and low-dimensional nonlinear systems. On the 

other hand, for nonautonomous systems. There are many examples, such as 

Lorenz and Rossler systems that have been widely studied [1, 2]. Up till now, 

various chaotic systems and their electronic circuits are introduced [3-9].  

Synchronization of dynamical systems is an ability of one system to dynamical 

behavior of another system in a precise manner. Synchronization of chaos and 
controlling chaos are two subjects that are key to the use of chaos as a mean of 

information transport. The chaotic synchronization was described for the first 

time by Afraimovich et al [10] and later applied to secure communications by 

Pecora and Carroll [11]. Chaos synchronization has become an active research 

subject in nonlinear science because of its many potential applications in physics, 

secure communication, chemical reactor, biological networks, economics, 

artificial neural networks, etc. Beginning with many synchronization methods 

have been put forward for chaotic systems, such as drive, response control [12] 

coupling control [13,14], self-adaptive control [15], predictive control [16], 

observed-based control [17], impulsive control [18,19] and feed-back control etc. 
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Especially, several theoretical studies and laboratory experimentations about 

chaos synchronization have been applied to the secure communication. 

Synchronization of chaotic systems and chaos based secure communication has 

become an area of active research in recent years [20-22]. Different approaches 

are proposed and being pursued. Among themes the technique of Pecora-Carroll 
who show that, when a state variable from a chaotically evolving system is 

transmitted as an input to a replica of part of the original system, the replica 

subsystem (receiver) sometimes synchronizes to the original system (transmitter). 

Thus, they suggest that this phenomenon of chaos synchronism may serve as the 

basis for new ways to achieve secure communication. Chaotic signals depend 

very sensitively on initial conditions, and have unpredictable features and noise 

like wideband spread spectrum. So, it can be used in various communication 

applications because of their features of masking and immunizing information 

against noise. This paper focuses on the chaos synchronization and chaotic 

masking of the three dimensional finance system based on Pecora - Carroll 

technique. The paper is organized as follows. In Section II, simulink, simulations 

of chaotic finance system. In Section III, the Pecora-Carroll method is applied to 
synchronize chaotic finance system. In Section IV, the chaotic masking 

communication method of chaotic finance system. Section V contains 

conclusions.  

 

2. Simulink, Simulations of Chaotic Finance System  
Chaotic situation in economics was first found in 1985. It has been imposed on 
the prominent economics at present, because the occurrence of the chaotic 

phenomenon’s in the economic system means that the macro-economic operation 

has in itself the inherent indefiniteness. Researches on the complicated economic 

system by applying nonlinear methods have been fruitful [23-25]. In the field of 

finance, stocks and social economics, due to the interaction between nonlinear 

factors, with the evolution process from low dimensions to high dimensions, the 

diversity and complexity have manifested themselves in the internal structure of 

the system and there exists extremely complicated phenomenon and external 

characteristics in such a kind of system. So it has become more and more 

important to make a systematic and deep study in the internal structural 

characteristics in such a complicated economic system. In this paper, we study 

the chaotic simulation, synchronization and masking of a nonlinear finance 
system. According to the mathematical model, an increase in the investment need 

leads to an increase in the rise of interest rate and an increase in the interest rate 

leads to a decrease in the change of the investment rate since the interest rate is 

the price which equilibrates savings and investment need in the loanable funds 

market. An increase in the price elasticity of demand of goods leads to a decrease 

in the change of price index as ceteris paribus it reduces the total expenditure.  

 

The state equations of chaotic finance system are written below [26].  

 

ẋ = z + xy − ax 



𝑦̇ = 1 − 𝑏𝑦 − 𝑥2 

𝑧̇ = −𝑥 − 𝑐𝑧 
where x is interest rate, y is invest need, z is price index number. a is saving rate, 

b is average investment cost which is per output, c is elasticity of demands of 
commercials. Mathematical model of a finance system is constructed by using 

MATLAB-Simulink program as shown in Figure 1. 

 

 
 

Fig. 1. Simulation scheme of chaotic finance model 

 

Assume that a=0.0001, b=0.1, c=1 and initial value is x=0.1, y=0.23, z=0.3. 

Chaotic time series and phase portraits of the system are shown in Figure 2. 
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Fig. 2. (a) Phase portraits of x-y chaotic attractor (b) Phase portraits of x-z 

chaotic attractor (c) Phase portraits of y-z chaotic attractor (d) Phase portraits of 

x-y-z chaotic attractor 

 

  



3. Synchronization of Chaotic Finance System 
At first synchronization of chaotic signals seems to contradict the sensitivity to 

initial conditions that characterize a chaotic systems, but 1986, Afraimovich, 

Verichev and Rabinovich studied two identical chaotic systems with mutual 

coupling. [10]. Independent work done four years later by Pecora and Carroll [11] 

not only demonstrated chaotic synchronization but also quantified their 

predictions through the use of the conditional Lyapunov Exponent. Their system 

differed from Afraimovich et al.’s. Instead of two mutually coupled systems, they 

studied the systems which could be decomposed into a drive system and a 

response subsystem. Synchronization between chaotic systems has received 

considerable attention and led to communication applications. There are two 

major methods for coupling and synchronizing identical chaotic systems, the 
cascading method and the one-way coupling method. With these methods, a 

message signal sent by a transmitter system can be reproduced at a receiver under 

the influence of a single chaotic signal through synchronization. This paper 

presents the study of numerical simulation and masking of chaos synchronization 

for chaotic finance model. The method of synchronization is Pecora-Carroll (P-

C) method; drive subsystem and response subsystem were constructed. Figure 3 

shows block diagram of a cascaded synchronization system, pointed out 

simulation modeling and outputs of P-C Synchronization of chaotic finance 

model. 
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Fig. 3. (a) Block diagram of P-C synchronization (b) P-C synchronization of 

chaotic finance model 

 

 



Figure 4 and Figure 5 shows chaotic signals of drive and response system before 

synchronization. 

 

 
Fig. 4. Chaotic time series of drive and response system before synchronization 

 

 
Fig. 5. Chaotic attractor of drive and response system before synchronization 

 

Synchronization of chaotic motions among coupled dynamical systems is an 

important generalization from the phenomenon of the synchronization of linear 

system, which is useful and indispensable in communications. There are two 

major methods in chaos synchronization of coupled identical systems; the 

cascading method and the one way coupling method. The idea of the methods is 

to reproduce all the signals at the receiver under the influence of a single chaotic 

signal from the driver. Therefore, chaos synchronization provides potential 

applications to communications and signal processing. However, to build secure 

communications system, some other important factors, need to be considered. The 

initial values of the two subsystems are different, the initial value of the drive 
system is (0.1, 0.23, and 0.30), the initial value of the response subsystem is (0.25, 

0.50, and 0.70). Simulation results show that the two subsystems synchronize 

well. Figure 6 shows implementing the P-C Synchronization of chaotic finance 

model. 

 



 
 

Fig. 6. Chaotic time series of drive and response system after synchronization  
 

 
Fig. 7. Synchronization between z and zr with an offset value. 

 

The periodogram analyzes the variation of the series as a whole into periodic 

components of different frequencies. An estimate of the spectral density of 

chaotic finance attractor is shown Figure 8 and Figure 9. 

 

 
Fig. 8. Periodogram of z chaotic attractor 

 

 
Fig. 9. Periodogram of zr chaotic attractor 

http://en.wikipedia.org/wiki/Spectral_density


4. CHAOTIC MASKING OF CHAOTIC FINANCE SYSTEM 
By using Pecora and Caroll method the response system is able to generate the 

same chaotic signal as signal generated by drive circuit. Thus the system can be 

used for chaotic masking model. Figure 10 shows the block diagram of transmitter 

and receiver system [27]. 

 

 
Fig. 10. Chaotic signal masking system principle 

 

Figure 10 which contain the principle and Simulink scheme of a general secure 

communication system that employs the masking technique pointed out as 

follows. Figure 11 shows the simulink model of chaotic finance system with 

signal masking. The parameters of transmitter and receiver are identical for 

implementing chaotic masking application. The presence of the chaotic signal 

between the transmitter and receiver has proposed the use of chaos in secure 

communication systems.  

 
 

Fig. 11. Simulink masking scheme of chaotic finance system 

+ 

Transmitter Receiver 



Transmitter and receiver systems are identical except for their initial values, in 

which the transmitter system is 0.1, 0.23, 0.30 and the receiver system is 0.25, 

0.50, and 0.70 as shown in Figure 9. It is necessary to make sure the parameters 

of transmitter and receiver are identical for implementing the chaotic masking 

communication. In this masking scheme, a low-level message signal is added to 
the synchronizing driving chaotic signal in order to regenerate a clean driving 

signal at the receiver. Thus, the message has been recovered by using the signal 

masking approach through cascading synchronization in the chaotic finance 

model. Computer simulation results have shown Figure 12 and Figure 13. The 

transmitted signal is a sinus wave of amplitude 1V and Frequency 10 Hz.  

 

 
Fig. 12. Transmitted signal s(t) = z(t) + i(t). 

 
The information signal I(t) is a sinusoidal signal of amplitude 1. The information 

signal is added to the z (t) chaotic signal and a sum signal s(t) = z(t) + i(t) is 

feed to the receiver. In the receiver system chaotic signal zr(t) is generated and it 

is subtracted from sum signal to get the required received information signal ir(t).  

 

 
Fig. 13. Information i(t) and retrieved ir(t) signals ( sinus waves) has 1 V 

amplitude and frequency 10 Hz. 

 

 

 



5. Conclusions 
This paper focuses on the chaotic finance model and its synchronization of chaotic 

attractor and applications in signal masking communications. Chaotic finance 

model were designed and simulated Matlab-Simulink program. Pecora Caroll 

identical cascading synchronization method and masking communication are 

newly applied to the chaotic finance model.  We have demonstrated that have 

been applied to secure communications in chaotic finance system. It is clearly 

seen that the driver and receiving host are synchronized and there exists a tangent 

with an angle of 45 degree as shown in Figure 6. Furthermore, as it is depicted in 

Figure 7, the periodogram of z and zr are identical. This study indicates that the 

security communication signals should be employed via chaotic financial 

equations and the information signal has been carried with the chaotic signal as 
shown in Figure 12. 
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