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Abstract. We calculate the fractal dimension of the infinite cluster, minimal path

and its backbone for a square network of percolation by using box counting
algorithms. We find for d=2, Dmin= 1.136; Df= 1.7197 ; Dbb= 1.63.
The numerical values of these exponents are in good agreement with recent
theoretical predictions.
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1 Introduction
Usually, the start of percolation theory is associated with a 1957 publication of
Broadbent and Hammersley which introduced the name and dealt with it more
mathematically, using the geometrical and probabilistic concepts[1]. Percolation
is an important area of research in physics (e.g. Stauffer and Aharony,[2];
Bunde and Havlin,[3]; Stanley et al.,[4]. Applications of this research are
exceedingly broad and range from modeling forest fires to predicting human
social phenomena [5] (Solomon et al., 2000). Berkowitz and Balberg [6] and
Berkowitz and B., Klafter [7] have reviewed applications in groundwater
hydrology and soil physics. Sahimi [8] has discussed many other applications.
In most of the problems adressed, only one parameter is used; the bond
probability or the site occupancy probability. Percolation theory deals with the
size of the clusters when this parmeter varies.
In the bond problem, each bond of L is occupied (or open, or working, etc) with
probability p or vacant(or blocked, or defective, etc) with probability 1-p.
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Occupied bonds are connected if they meet at a common site, and a connected
set of s bonds form a bond cluster of size s. In the site problem, each site is
occupied with probability p and vacant with probability 1-p. Occupied sites are
connected to form site clusters if they are adjacent through the bonds of L
For an infinite lattice L there is a critical probability
for
the bond or site problems such that for
, all clusters wil be finite while
for
there will, with positive probability be an infinite cluster in L. The
infinite cluster is called a percolation cluster. We can define the percolation
probability, , as the probability that a site chosen at random, belongs to an
infinite percolating network. Then
, vanishes below
and is nonzero
above ; close to we can define a "critical exponent" β by postulating
for p slightly above pc. For p>pc in the vicinity of percolation
a very large number of sites connected to the infinite cluster are located on what
are called dead ends which are connected to the infinite cluster at only one
point[9]. If current were to flow only through bonds that connect one side of the
system to the other, these dead ends would be avoided. If all dead ends are
pruned from the cluster, what remains is called the backbone which coincides
with the minimal path.
In percolation theory, the structure of clusters can be described efficiently with
the concept of fractal that we describe briefly in this paper.
The main purpose of this work is to implement some algorithms founded on
Monte-Carlo methods in order to simulate an infinite percolating network and
its backbone and to calculate the fractal dimension of each both.

2 Models
The theory of fractals has become one of the most researched ones in modern
times, and there are applications all over society. In technology, in physics, in
computer graphics, in art.
Mandelbrot [10] introduced the word "fractals" to describe objects with fractal
dimensions Df smaller than the Euclidean dimensionality d of the underlying
lattice or space [11]. In general, two kinds of fractals can be distinguished:
deterministic fractals (self-similar) such as the family of the Sierpinski gaskets
(Gefen et al[12] and random fractals (statistically self-similar) such as the
percolation clusters[10].
As mentioned in the introduction, the infinite cluster (at a percolation threshold)
is a fractal object, of fractal dimensionality [ 13,14]
(1)
Where d is the Euclidean dimension of the lattice, vp, βp are the critical
exponents of the percolation transition [13]
To define Df, we first review some simple ideas of dimension in ordinary
Euclidean geometry. Consider a circular or spherical object with a mass M and
radius r. If the object radius is increased from r to 2r, the mass of the object is
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increased by 22 if the object is circular, or by 23 if the object is spherical. We
can express this relation between mass and length as:
(2)
Where Df is the dimension of the object.
Equation (2) implies that if the linear dimension of an object is increased by a
factor k while preserving its shape, then the mass of this object is increased by
. This mass-length scaling relation is closely related to our intuitive
understanding of dimension. Note that if the dimension of the object Df and the
dimension of the Euclidean space in which the object is embedded, d, are
identical, then the mass density
(3)
Scales as

An object whose mass-length relation satisfies (3) with
is said to be
compact
We denote objects as fractals if they satisfy equation (2) with a value of
different from the spatial dimension d. Note that if an object satisfies (2) with
< d, its density is not the same for all r, but scales as:
(4)
Because
, a fractal object becomes less dense at larger length scales. The
scale dependence of the density is a quantitative measure of the ramified or
stringy nature of fractal objects. That is, one characteristic of fractal objects is
that they have holes of all sizes.
Another important characteristic of fractal objects is that they look the same
over a range of length scales. This property of self-similarity or scale invariance
means that if we take part of a fractal object and magnify it by the same
magnification factor (r) in all directions, the magnified picture is
indistinguishable from the original.
The dimension is one of the most important parameters for the description of a
fractal curve. It can be calculated by various methods, which we will recall
some in this article [14]. They will all give, theoretically, the same result in the
limit. But it is important to note that they are not always equivalent. The
accuracy of the results depends greatly on the methods used, and some of them,
especially the most commonly held, do not provide evaluation of the fractal
dimension with an error of 10% at 20% [15]
The fractal properties of the backbone and the minimal paths, which are
particularly important for flow and transport processes, must also be considered.
To characterize a fractal set, one must estimate the fractal dimension Df. The
simplest method of measuring Df is the so-called box counting method, which
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can be described as follows. The fractal set is completely covered by nonoverlapping spheres (in a general sense) of Euclidean size r. The number N(r)
of such spheres required is then plotted and the following relation is used,
(5)
As we have said previously, the theory of fractals can be treated as a statistical
process and so has been modeled a number of times using Monte-Carlo
computer simulations [13,16]. Monte Carlo methods tend to be used when it is
infeasible or impossible to compute an exact result with a deterministic
algorithm.
We present the results of Monte Carlo calculations of the fractal dimension of
an infinite percolating network and its backbone .

3 The algorithms
Calculating the fractal dimension of the backbone (skeleton) of the infinite
cluster from a square lattice
Our algorithm is based on a very simple idea. Consider a square lattice with N x
N sites. A site can be occupied or empty, so its state can be represented using a
boolean variable, say true for occupied or false for empty.
The programs starts with each of the sites “closed” and are represented by a
black square. As you can plainly see, all the squares are black
When a square turns blue it’s considered to be “full” which it means that the
open site ( white) was connected to the top of the grid, or connected to another
neighboring site ( the 4 immediate squares around it) that were connected to the
top of the grid. This connecting continues until the grid percolates.
As sites are continuing to be opened, more and more squares begin to get and
blue in response. When the systems percolates, this wave of blue squares will
form a path from top of the grid to the bottom of the grid (figure 2). So once
more sites are opened, it’s only a matter of time until the grid percolates, or
forms a path from the top of the grid to the bottom of the grid.
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Figure 1: Spanning cluster tenuous and not compact

Figure 2: infinite cluster above threshold

Initialize all sites to be blocked.
Repeat the following until the system percolates:
First of all, we randomly generated sites of square lattice by taking a percentage
of active sites p> pc (near the percolation threshold) so that we can have finite
clusters and the infinite cluster.
First step is to inject the color red in the active sites located in the first line.
A (1, j) = 2 implies A (1, j) = 5
Start condition:
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If A (1, j) = 5 and A(2,j)=2 implies A(2,j)=5 and A(1,j) =6
The second step is as follows
If at least one neighbor site 5 is 2, then the site 5 becomes 6 and Site 2
becomes 3.
The instruction is repeated until the last line. The next step is to replace the box
3 per box 5.
The first operation of the second step is repeated until the appearance of box
A (a, j) = 3 (the first box in the last line = 3) and box A (a, j) = 3 becomes a box
A (a, j) = 6.
Third step is to eliminate all sites that do not have the number 6
If A (i, j) = 5 or A (i, j) = 2, then it becomes A (i, j) = 8, where only the
appearance boxes 6.
To eliminate these dead ends we must repeat steps which consist in reverse
matrix
A (i, j) = A (a-i +1, a-j +1) and A (i, j) = 6 turns in A (i, j) = 2 and repeat step 1
repeatedly

4 Results
4.1 Results for visualize the minimal path and estimation of its fractal
dimension
For square lattice with 60x60 sites

a)

b)

c)

d)
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e)
Figure 3: a) above threshold Visualization percolation cluster. b) and c)
elimination of certain sites of infinite cluster d) appearance of backbone e)
appearance of minimal path . A= 60, Nbr =105 ; Dmin=1.136
Using the box-counting dimension we found Dmin =1.136

4.2 Results for visualize the backbone and estimation the fractal dimension
from the percolation threshold for a square lattice percolation.
For A=30

a) Infinite cluster

b) appearance of backbone

Figure 4: visualization of Backbone for A=30,N=259,Dbb=1.63
We found Dbb =1.63
4.3 Results for visualize the Infinite cluster and estimation the fractal
dimension from the percolation threshold for a square lattice percolation
Network 200x200 size
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Figure 5: visualization of percolation cluster A=200 ; Df=1.7197
For network 200x200 sizes, we found, the fractal dimension Df=1.7197

Conclusions
In this paper, we have calculated the dimension fractal of the infinite cluster, the
backbone and the minimal path for square lattice of sites, using box counting
algorithm. Our results for 2D, are agree with some authors
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Abstract. In the present work we present a possibility to model morphology of surfaces
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theory based on the map for fractal evolution of measure and method for reconstruction
of dynamical chaos.
Keywords: Semiconductor, Fractal, Nanostructure, Quantum Nanowire.

1

Introduction

At the present time nanocluster semiconductor films have been attracting
considerable attention because they may have different applications in new
electronic devices. Modern methods of microscopy (such as atomic-force,
scanning tunneling, etc.) demonstrate the nanocluster structure of semiconductor
thin films. As usual, such structures are irregular, self-affine, and self-similar.
So, we can consider nanoclusters as fractal and multi-fractal objects. Selfsimilarity means that similarity factors are equal each other for all variables.
Self-affinity corresponds to different values of similarity factors for different
variables.
Nanostructures can be classified into different types (for example, we can
consider nanostructures as quantum dots, quantum wires, and superlattices
(quantum wells)). These types of nanostructures are widely used in modern
electronics, for example, for creation of lasers, solar cells, detectors, quickoperating devices and so on.
Surfaces of semiconductor thin films containing quantum-sized structures
with specified geometrical and topological characteristics have the unique
optical properties. Using of such semiconductor films in electronics can lead to
increasing of efficiency of optoelectronic devices, particularly, for increasing of
efficiency of solar cells. For example, nanostructured semiconductor films can
be used as covering of surfaces of optoelectronic devices for reduction of
scattering and reflection of light.
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2 Map for fractal evolution of measure
For modeling of morphology of surfaces of semiconductor thin films containing
quantum-sized structures of different types we must know distribution of
electrons, holes and impurities depending on fractal dimension of their sets. For
this aim in the present work we use the universal map for fractal evolution of
measure [1, 2].
From the criterion of fractal measure it is possible to obtain the universal
map describing its alternated evolution. The map describes chaotic oscillations
with characteristics corresponding to criteria of self-organization.
Let us to consider evolution on time of x(t) which is the module of a
function related with fractal measure (we consider measure as an additive value
characterized by a measurable set) as

∆x

dx (t )
 dx (t ) 
= sign 

dt
 dt 

∆t

1− γ 0

,

(1)

where γ 0 is a statistical characteristic of the set of t. Parameter γ 0 is used for
supporting the Lipshitz–Hölder condition due to limitation of
increment of function

∆x

dx
. Module of
dt

which is relative dimensionless scale of

measurement of x(t)) can be replaced according to the condition of the fractal
measure x(t) as
 x 
x = x0 ( ∆ x ) − ( D − d ) , ∆ x = 
 x 
 0 

−

1

γ

, γ = D−d ,

(2)

where x0 is non-fractal regular measure, D is fractal dimension of the set of

x(t) , d is topological dimension of measure for a carrier. By the substitution of
Eq. (2) to Eq. (1) we can obtain the equation with finite differences.
Let us designate the discrete form of the sign function as µi . ∆t > 0 ,
 dx(t ) 
therefore, signum function sign 
 depends only on value of ∆xi . We can
 dt 
define its variation on discrete variable i as

µi +1 =

∆xi +1
∆xi

xi = xi+1

=

dxi +1
.
dxi

(3)
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As usual, values µ i +1 = ±1 are used for linear description of evolution of
perturbations. Obviously, it is possible to define µi +1 via µi . We don’t use any
limitations for module of this value.
We can rewrite Eq. (1) at x0 = 1 with regard to Eqs. (2) and (3) as

xi +1 xi
= + µi xi
∆t ∆t

−


=  xi ∆t −γ 0 + µi xi


1

∆t γ 0 −1 =

γ

−

1

γ

xi
+ µi xi
∆t

−

1

γ

∆t
∆t

γ0

=
(4)

γ

 ∆t 0
.

 ∆t

Let us to eliminate γ 0 from the Eq. (4) due to choosing of identical
moments of time.We use a discrete algorithm and we model the relation
γ

xi ∆t −γ 0 via γ 0 because only this relation (not x i ∆ t 0 ) corresponds to transition
to chaos.
Meaning of using of γ 0 corresponds to realization of the following
condition:

∆xi
xi

γ0

 ∆t 
  = const ≡ C .
τ 

(5)

Here τ is characteristic time.
Mathematical operations reduced to calculation of the Riemannian
measure if γ 0 = 0 . In this case ∆t = 1 .
At γ 0 ≠ 0 we have a possibility to find the Lebesgue measure with regard
to the dependence of ∆t

 ∆t 
 
τ 

−γ 0

=

γ0

on increment of function ∆xi (γ , xi ) as

−1/ γ
1 ∆xi (γ , xi ) ( xi )
=
C
xi
Cxi

(6)

Meaning of parameter C can be interpreted as an analog of base B
(complexity) of a signal used for the description of spectra:

B = τ k ∆ω .

(7)

Here τ k is typical correlation time and ∆ ω is bandwidth. According to the
definition, value of the parameter C characterizes complexity of choosing
accuracy for the description of signals with chaotic nature. It is well-known that
measure of a fractal object depends on accuracy of observation. So, theoretical
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results contain the constant parameter C characterizing accuracy of
observation. Therefore, this parameter can be equal to 10−2 , 10−3 , and so on. If
sign of the derivative in Eq. (1) defined by external conditions (for example, by
noise-type excitations), so, we must use absolute values of ∆x and ∆t γ 0 in Eq.
(5).
Let us take into account that ∆t = τ . So, we can rewrite Eq. (4) as

1

xi +1 =  + µi  xi
C


−

1

γ

.

(8)

If we differentiate Eq. (8) we have the following expression:

1
 ∆x

1 1
 − −1
i
+
1


µ
=
=−  +µ  x γ
.
i + 1  ∆x 
i i
γ C
i x = x

i
i +1

(9)

Relations (8) and (9) are the map for the description of fractal evolution of
measure.
Distribution of electrons, holes and impurities in a nanostructured
semiconductor can be described via the map for alternation of fractal measure
by the following way:

X k ,i +1

3
 1
 X
=  + ∑ µ k , i  k ,i
 Ck k =1
 X k ,0

µk ,i +1 = −

−

1

γk

 X k ,i
1 1
 + ∑ µk ,i 
k =1
 X k ,0
3

−

1

γk

(10)
−1

γ k  Ck

where k = (1, 2, 3) ≡ (n, p, a); (here (n, p, a) describe distributions of electrons,
holes and impurities correspondently), Ρk is precision factor of resolution, γk is
difference between fractal and topological dimensions, Xk,0 is equilibrium
concentrations of current carriers (electrons and holes) and impurities, µ is sign
function.
We can use known values of γk for self-similar case (coefficients of
similarity are equal each other for all variables) and for self-affine set
(coefficients of similarity are different for different variables). Normalized
values of informational entropy of self-similar and self-affine sets I 2 = 0.806
and I1 = 0.567 correspondently [3, 4].
On the base of the map of alternation (10) describing evolution of a system
according to the condition of fractality of measure we can model morphology of
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quantum dots ( γ > 2 ), quantum wires ( γ > 1 ) and quantum wells ( γ > 0 )
located on surfaces of semiconductor thin films (topological dimension d = 2 ).
So, type of nanostructures in a nanocluster semiconductor is determined by
fractal dimensions of sets of electrons, holes and impurities. Numerical values
of fractal dimensions describe steady self-similar and self-affine sets.
We apply the well-known method for reconstruction of dynamic chaos [5]
for modeling of relief of semiconductor surfaces containing quantum nanowires.
According to the method multi-dimensional images characterizing a chaotic
phenomenon can be constructed via a one-dimensional realization by the
following way.
It is necessary to transform the initial sequence of data ni +1 = f ( ni ) to an
array of sets with sequentially increased shifts. The shifts are values divisible to
τ . Parameter τ can be interpreted as a fixed delay. So, we can write a set of
discrete variables as

n1 : n1 ( t1 ) , ............................n1 ( t N )
n2 : n1 ( t1 + τ ) , .......................n1 ( tN + τ )
...............................................................
...............................................................

(11)

...............................................................
ni −1 : n1 ( t1 + ( j − 1)τ ) , ............n1 ( tN + ( j − 1)τ )
Linear independence of the variables in phase space is necessary. This
condition can be achieved by the corresponding choice of numerical value of τ .
All these variables can be defined via single data sequence ni +1 = f ( ni ) . So,
application of the described approach let us to describe dynamics of a system in
multi-dimensional space via a single one-dimensional data sequence. Current
values of electron concentration in a nanocluster semiconductor can be defined
from the map for alternation of fractal measure (Eq. (10)). In our case the
dependence of electron concentration on spatial step can be considered as
required one-dimensional dependence.
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3 Results of numerical analyses
Results of computer simulation of morphology of semiconductor surfaces
containing quantum-sized structures according to the described approach are
presented below.

(a)

(b)
n i+1
4
3
2
1
0
-1
-2
-3
-4
-5
-5

-4

-3

-2

-1

0

1

2

3

4

ni

Figure 1. Model of a surface containing vertical quantum nanowires (a)
and its phase plane ( ni , ni +1 ) (b).

n0 = p0 = 0.25 , a0 = 1.7 Cn = C p = Ca = 0.999 . γ n = γ p = γ a = 2 + I1 , τ = 10.
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Varying the parameters Сk, γk , Xk,0 and µ in Eq. (10), it is possible to
model morphology of surfaces with different cluster structure.
It is well-known that semiconductor surfaces can contain point, lined,
spatial and volumetric structures. Type of nanostructures can be taken into
account by assignment of γk.
Influence of substrate can be taken into account by assignment of
corresponding values of Xk,0, which are equilibrium concentrations of electron,
holes and impurities.
Resolution of the modeled image can be controlled by parameter Сk which
is the is precision factor of resolution ranged from 0 to 1.
We accept τ equal to 10. Fractional values of initial concentrations
correspond to valency of semiconductor substrate and impurity atoms.
Model of morphology of semiconductor with quantum nanowires is shown
in Figure 1(a). Its phase plane characterizing distribution of current carriers is
shown in Figure 1(b). We can see that phase plane contain steady phase
trajectories tending to infinity. This fact confirms that the considered systems
can by described by use of theory of dynamical chaos. In this case chaotic
processes are close to stochastic behavior.
Varying the values of fractal dimension we can obtain models of surfaces
with quantum nanowires with different height and location.
Influence of insignificant variation of concentration of impurities on
morphology of semiconductor surfaces containing vertical nanowires is shown
in Figure 2. We can see that even insignificant variation of concentration of
impurities leads to remarkable changing of morphology of the considered
semiconductor film.
Models of surfaces with quantum nanowires presented in Figures 1 and 2
are identical to experimental photos made by use modern methods of
microscopy [6-10].
By use of the theory it’s possible to model so called horizontal quantum
nanowires also. These structures can be considered as lateral ordered arrays of
quantum dots. Models of semiconductor surfaces containing quantum dots are
shown in Figure 3(a) and Figure 3(b). We can see that increasing of
concentration of impurities leads to changing of height of nanoclusters and
theirs relative disposition.
Varying parameters in Eqs. (10) and (11), we can model surfaces with
arranged arrays of quantum dots. These arrays can be considered and horizontal
quantum wires.
Phase plane for such structures contains steady phase trajectories. As
indicated above, this fact corresponds to existence of dynamical chaos in the
considered systems.
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(a)

(b)

(c)

(d)

Figure 2. Influence of concentration of impurities on morphology of a surface
of nanostructured semiconductor film.
n0 = p0 = 0.25 , Cn = C p = Ca = 0.996 . γ n = γ p = γ a = 2 + I 2 , τ = 10,

(a) − a0 = 1.0, (b) − a0 = 1.2, (c) − a0 = 1.4, (d ) − a0 = 1.6.
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(a)

(b)

Figure 3. Models of surfaces containing quantum dots.
n0 = p0 = 0.25 , Cn = C p = Ca = 0.999 . γ n = γ p = 3 + I1 , γ a = 3 + I 2 , τ = 15,

(a) − a0 = 0.95, (b) − a0 = 1.3.
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(a)

(b)
n i+1

4
3
2
1
0
-1
-2
-3
-4
-5
-5

-4

-3

-2

-1

0

1

2

3

4

ni

Figure 4. Model of a surface containing horizontal quantum nanowires (a) and
its phase plane ( ni , ni +1 ) (b).
n0 = p0 = 0.25 , a0 = 1.8, Cn = C p = Ca = 0.999 . γ n = γ p = γ a = 2 + I1 , τ = 10.

Models of surfaces shown in Figures 3 and 4 are in a good agreement with
corresponding experimental data [11-18].
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Conclusions
By use of the suggested map for the description fractal evolution of measure we
can model different types of nanostructures. For this aim we use quantitative
criteria of self-similarity and self-affinity of sets established in our works.
Variation of parameters in Eq. (10) let us model morphology of
semiconductor thin films containing vertical nanowires with different height and
relative location. Even insignificant variation of concentration of impurities
leads to remarkable changing of morphology of surfaces containing quantumsized structures.
Using of the suggested theory give us a possibility to model quantum dots
and lateral arranged arrays of quantum dots which are horizontal quantum
nanowires.
Results of presentation of distribution of current carriers in phase plane
confirmed that considered systems can be described by use of the theory of
dynamical chaos.
Our theoretical results qualitatively conform to the corresponding
experimental data.
Theoretical results described in the work can be used for the description of
electrical and optical properties of nanostructured semiconductors.
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Abstract: This paper discusses chaos synchronization and chaotic masking of the three
dimensional finance system based on Pecora - Carroll technique. Using theory, chaos
synchronization and chaotic masking of three dimensional chaotic finance systems is
analysed newly. Numerical simulations obtained applying Pecora Carroll method is
effective for chaotic finance system evaluation. Moreover synchronization and masking
communication simulation results are used to visualize the effectiveness of chaotic finance
system also performed on the application of secure communication to chaotic finance
system.
Keywords: Chaotic finance system, chaos synchronization, chaotic masking, secure
communication.

1. Introduction
Chaos is a class of complex behaviors that emerges from nonlinear dynamical
systems and is ever present both in the technological and natural world. Over the
last three decades, chaos has been extensively studied within the scientific,
engineering and mathematical communities. Chaos behavior can occur
everywhere, even in very simple and low-dimensional nonlinear systems. On the
other hand, for nonautonomous systems. There are many examples, such as
Lorenz and Rossler systems that have been widely studied [1, 2]. Up till now,
various chaotic systems and their electronic circuits are introduced [3-9].
Synchronization of dynamical systems is an ability of one system to dynamical
behavior of another system in a precise manner. Synchronization of chaos and
controlling chaos are two subjects that are key to the use of chaos as a mean of
information transport. The chaotic synchronization was described for the ﬁrst
time by Afraimovich et al [10] and later applied to secure communications by
Pecora and Carroll [11]. Chaos synchronization has become an active research
subject in nonlinear science because of its many potential applications in physics,
secure communication, chemical reactor, biological networks, economics,
artiﬁcial neural networks, etc. Beginning with many synchronization methods
have been put forward for chaotic systems, such as drive, response control [12]
coupling control [13,14], self-adaptive control [15], predictive control [16],
observed-based control [17], impulsive control [18,19] and feed-back control etc.
_________________
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Especially, several theoretical studies and laboratory experimentations about
chaos synchronization have been applied to the secure communication.
Synchronization of chaotic systems and chaos based secure communication has
become an area of active research in recent years [20-22]. Different approaches
are proposed and being pursued. Among themes the technique of Pecora-Carroll
who show that, when a state variable from a chaotically evolving system is
transmitted as an input to a replica of part of the original system, the replica
subsystem (receiver) sometimes synchronizes to the original system (transmitter).
Thus, they suggest that this phenomenon of chaos synchronism may serve as the
basis for new ways to achieve secure communication. Chaotic signals depend
very sensitively on initial conditions, and have unpredictable features and noise
like wideband spread spectrum. So, it can be used in various communication
applications because of their features of masking and immunizing information
against noise. This paper focuses on the chaos synchronization and chaotic
masking of the three dimensional finance system based on Pecora - Carroll
technique. The paper is organized as follows. In Section II, simulink, simulations
of chaotic finance system. In Section III, the Pecora-Carroll method is applied to
synchronize chaotic finance system. In Section IV, the chaotic masking
communication method of chaotic finance system. Section V contains
conclusions.

2. Simulink, Simulations of Chaotic Finance System
Chaotic situation in economics was first found in 1985. It has been imposed on
the prominent economics at present, because the occurrence of the chaotic
phenomenon’s in the economic system means that the macro-economic operation
has in itself the inherent indefiniteness. Researches on the complicated economic
system by applying nonlinear methods have been fruitful [23-25]. In the field of
finance, stocks and social economics, due to the interaction between nonlinear
factors, with the evolution process from low dimensions to high dimensions, the
diversity and complexity have manifested themselves in the internal structure of
the system and there exists extremely complicated phenomenon and external
characteristics in such a kind of system. So it has become more and more
important to make a systematic and deep study in the internal structural
characteristics in such a complicated economic system. In this paper, we study
the chaotic simulation, synchronization and masking of a nonlinear finance
system. According to the mathematical model, an increase in the investment need
leads to an increase in the rise of interest rate and an increase in the interest rate
leads to a decrease in the change of the investment rate since the interest rate is
the price which equilibrates savings and investment need in the loanable funds
market. An increase in the price elasticity of demand of goods leads to a decrease
in the change of price index as ceteris paribus it reduces the total expenditure.
The state equations of chaotic finance system are written below [26].

ẋ = z + xy − ax
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𝑦̇ = 1 − 𝑏𝑦 − 𝑥 2
𝑧̇ = −𝑥 − 𝑐𝑧
where x is interest rate, y is invest need, z is price index number. a is saving rate,
b is average investment cost which is per output, c is elasticity of demands of
commercials. Mathematical model of a finance system is constructed by using
MATLAB-Simulink program as shown in Figure 1.

Fig. 1. Simulation scheme of chaotic finance model
Assume that a=0.0001, b=0.1, c=1 and initial value is x=0.1, y=0.23, z=0.3.
Chaotic time series and phase portraits of the system are shown in Figure 2.

(a)

(b)
(b)

(c)
(d)
Fig. 2. (a) Phase portraits of x-y chaotic attractor (b) Phase portraits of x-z
chaotic attractor (c) Phase portraits of y-z chaotic attractor (d) Phase portraits of
x-y-z chaotic attractor
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3. Synchronization of Chaotic Finance System
At first synchronization of chaotic signals seems to contradict the sensitivity to
initial conditions that characterize a chaotic systems, but 1986, Afraimovich,
Verichev and Rabinovich studied two identical chaotic systems with mutual
coupling. [10]. Independent work done four years later by Pecora and Carroll [11]
not only demonstrated chaotic synchronization but also quantified their
predictions through the use of the conditional Lyapunov Exponent. Their system
differed from Afraimovich et al.’s. Instead of two mutually coupled systems, they
studied the systems which could be decomposed into a drive system and a
response subsystem. Synchronization between chaotic systems has received
considerable attention and led to communication applications. There are two
major methods for coupling and synchronizing identical chaotic systems, the
cascading method and the one-way coupling method. With these methods, a
message signal sent by a transmitter system can be reproduced at a receiver under
the influence of a single chaotic signal through synchronization. This paper
presents the study of numerical simulation and masking of chaos synchronization
for chaotic finance model. The method of synchronization is Pecora-Carroll (PC) method; drive subsystem and response subsystem were constructed. Figure 3
shows block diagram of a cascaded synchronization system, pointed out
simulation modeling and outputs of P-C Synchronization of chaotic finance
model.

(a)

(b)

Fig. 3. (a) Block diagram of P-C synchronization (b) P-C synchronization of
chaotic finance model
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Figure 4 and Figure 5 shows chaotic signals of drive and response system before
synchronization.

Fig. 4. Chaotic time series of drive and response system before synchronization

Fig. 5. Chaotic attractor of drive and response system before synchronization
Synchronization of chaotic motions among coupled dynamical systems is an
important generalization from the phenomenon of the synchronization of linear
system, which is useful and indispensable in communications. There are two
major methods in chaos synchronization of coupled identical systems; the
cascading method and the one way coupling method. The idea of the methods is
to reproduce all the signals at the receiver under the influence of a single chaotic
signal from the driver. Therefore, chaos synchronization provides potential
applications to communications and signal processing. However, to build secure
communications system, some other important factors, need to be considered. The
initial values of the two subsystems are different, the initial value of the drive
system is (0.1, 0.23, and 0.30), the initial value of the response subsystem is (0.25,
0.50, and 0.70). Simulation results show that the two subsystems synchronize
well. Figure 6 shows implementing the P-C Synchronization of chaotic finance
model.
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Fig. 6. Chaotic time series of drive and response system after synchronization

Fig. 7. Synchronization between z and zr with an offset value.
The periodogram analyzes the variation of the series as a whole into periodic
components of different frequencies. An estimate of the spectral density of
chaotic finance attractor is shown Figure 8 and Figure 9.

Fig. 8. Periodogram of z chaotic attractor

Fig. 9. Periodogram of zr chaotic attractor
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4. CHAOTIC MASKING OF CHAOTIC FINANCE SYSTEM
By using Pecora and Caroll method the response system is able to generate the
same chaotic signal as signal generated by drive circuit. Thus the system can be
used for chaotic masking model. Figure 10 shows the block diagram of transmitter
and receiver system [27].

+

Fig. 10. Chaotic signal masking system principle
Figure 10 which contain the principle and Simulink scheme of a general secure
communication system that employs the masking technique pointed out as
follows. Figure 11 shows the simulink model of chaotic finance system with
signal masking. The parameters of transmitter and receiver are identical for
implementing chaotic masking application. The presence of the chaotic signal
between the transmitter and receiver has proposed the use of chaos in secure
communication systems.

Receiver

Transmitter

Fig. 11. Simulink masking scheme of chaotic finance system
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Transmitter and receiver systems are identical except for their initial values, in
which the transmitter system is 0.1, 0.23, 0.30 and the receiver system is 0.25,
0.50, and 0.70 as shown in Figure 9. It is necessary to make sure the parameters
of transmitter and receiver are identical for implementing the chaotic masking
communication. In this masking scheme, a low-level message signal is added to
the synchronizing driving chaotic signal in order to regenerate a clean driving
signal at the receiver. Thus, the message has been recovered by using the signal
masking approach through cascading synchronization in the chaotic finance
model. Computer simulation results have shown Figure 12 and Figure 13. The
transmitted signal is a sinus wave of amplitude 1V and Frequency 10 Hz.

Fig. 12. Transmitted signal s(t) = z(t) + i(t).
The information signal I(t) is a sinusoidal signal of amplitude 1. The information
signal is added to the z (t) chaotic signal and a sum signal s(t) = z(t) + i(t) is
feed to the receiver. In the receiver system chaotic signal zr(t) is generated and it
is subtracted from sum signal to get the required received information signal ir(t).

Fig. 13. Information i(t) and retrieved ir(t) signals ( sinus waves) has 1 V
amplitude and frequency 10 Hz.
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5. Conclusions
This paper focuses on the chaotic finance model and its synchronization of chaotic
attractor and applications in signal masking communications. Chaotic finance
model were designed and simulated Matlab-Simulink program. Pecora Caroll
identical cascading synchronization method and masking communication are
newly applied to the chaotic finance model. We have demonstrated that have
been applied to secure communications in chaotic finance system. It is clearly
seen that the driver and receiving host are synchronized and there exists a tangent
with an angle of 45 degree as shown in Figure 6. Furthermore, as it is depicted in
Figure 7, the periodogram of z and zr are identical. This study indicates that the
security communication signals should be employed via chaotic financial
equations and the information signal has been carried with the chaotic signal as
shown in Figure 12.
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Abstract. A new type of dissipative solitons is announced. The numerical simulations based on the generalized nonlinear complex Ginzburg-Landau equation demonstrate that this soliton (dissipative Raman soliton, DRS) develops in the normal
dispersion regime under effect of the stimulated Raman scattering (SRS). The SRS
causes the red-shift and re-shaping of a soliton spectrum as well as changes a soliton
group velocity. The main effects of SRS on a dissipative soliton are the chaotization
of a soliton dynamics, the automodulational fragmentation of a soliton envelope and
the enhancement of a tendency to multiple pulsing. As a result, a DRS becomes
”noisy” and loses a property of energy scalability that troubles a high-energy pulse
generation from mode-locked fiber lasers.
Keywords: dissipative solitons, stimulated Raman scattering, chaotic modeling, generalized nonlinear complex Ginzburg-Landau equation.

1

Introduction

In the last decade, the concept of a dissipative soliton (DS), that is a strongly
localized and stable structure emergent in a nonlinear dissipative system far
from the thermodynamic equilibrium was actively developing and became wellestablished. This concept is highly useful in very different fields of science
ranging from field theory and cosmology, optics and condensed-matter physics
to biology and medicine [1]. Non-equilibrium character of a system, where
the DSs emerge requires from them a well-organized energy exchange with an
environment. In an optical system, the resonant and nonlinear coupling with
such an environment causes a number of effects, in particular, the stimulated
Raman scattering (SRS). In the last case, a light (photons) propagating through
some medium (e.g., fiber) is scattered by oscillatory modes (phonons) of the
latter [2]. As was found, the SRS can affect the DSs dramatically [3].
In this work, the results of numerical analysis of the DS dynamics affected by
a strong SRS are presented. The testbed for such an analysis is the generalized
nonlinear complex Ginzburg-Landau equation (generalized NCGLE), which is
a common NCGLE (e.g., see [4]) supplemented with the SRS term in a general
form as well as with the term describing a white quantum noise. To the best
of our knowledge, such a stochastic generalized NCGLE is considered for the
first time.
1
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The analysis demonstrates that the DS stability changes drastically, when
the SRS becomes strong that is when the DS energy is large. The SRS destabilizes a DS and causes chaotization of its dynamics. The most interesting result
is that a new type of DS develops in the presence of SRS. This DS can be named
“dissipative Raman soliton” (DRS) because it is i) frequency down-shifted and
ii) has a strongly inhomogeneous phase (i.e., “chirped”). The last property
indicates the strong coupling of a DRS with an environment (i.e., this soliton
is dissipative indeed). Also, it is found that the DRS dynamics is chaotic.

2

Generalized nonlinear complex Ginzburg-Landau
equation

Simplest and most studied models for nonequilibrium phenomena in nonlinear
systems are based on the different versions of NCGLE [1,5,6]. We will consider
the following generalized version of the cubic-quintic NCGLE:
h 2
i
2
∂a(z,t)
∂
= i β2 ∂t
a (z, t) +
2 − (1 − fR ) γ|a (z, t)|
∂z
h


i
2
2
2
∂
+ −σ + α ∂t
1 − ζ|a (z, t)| |a (z, t)| a (z, t) −
2 + κ
(1)
R∞ 0
0
0 2
−ifR γa (z, t)
dt R (t ) |a (z, t − t )| + χ (z, t) .
−∞

In particular, Eq. (1) can be interpreted in the following way. a(z, t) is
a slowly varying amplitude of light wave package, where z and t are a longitudinal propagation distance and a “local time”, respectively. In a laser, the
propagation distance is simply resonator round-trip number in the framework
of the distributed model. The local time is associated with a group velocity
of wave package (e.g., see [7]). First row of Eq. (1) is a so-called nonlinear
Schrödinger equation and describes the nondissipative factors such as a group
velocity dispersion with the coefficient β and a self-phase modulation with
the coefficient γ. Second row generalizes the nonlinear Schrödinger equation
with taking into account the dissipative factors such as a saturable loss with
the coefficient σ, a spectral dissipation with the coefficient α and a nonlinear
gain with the coefficient κ. The nonlinear gain is saturable (the coefficient of
saturation is ζ). The saturable
net-loss is supposed to be energy-dependent:
,
!
R∞ 0
σ=ε
dt |a (z, t0 )| Es − 1 , where ε = 0.05 and Es is a variable param−∞

eter defining the energy inflow in a system. These two rows of Eq. (1) give the
cubic-quintic NCGLE, which is the basic model for analysis of an ultrashort
pulse generation in both solid-state and fiber lasers.
We invent two physically relevant sophistication of the common cubicquintic NCGLE (third row in Eq. (1)). 1) Since both amplification and dissipation in a laser produce inevitably the quantum fluctuations, Eq. (1) has to be
stochastic that is provided by inclusion of the stochastic term χ. This term describes a complex white noise with the correlation function
hχ (z 0 , t0 ) χ∗ (z, t)i =

−10
0
0
Γ δ (z − z) δ (t − t) (the noise “power” is Γ = 10
γ in our case). 2) At the
high energy levels, the SRS becomes strong in fiber lasers [3]. Its influence is
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taken into account by the first term in third row of Eq. (1). We do not use the
common approximation for this term in the form of the Taylor series expansion
(e.g., see [8]). That allows the adequate description of an frequency conversion
and energy flows for a DS affected by SRS.
In Eq. (1), the SRS is characterized by the response function [2]
 
t
T12 + T22 −t/T2
sin
e
R (t) =
,
(2)
T1 T22
T1
where T1 = 12.2 fs defines the Stokes frequency and T2 = 32 fs defines the
width of a Stokes line. The parameter fR = 0.22 is defined by the Raman gain.
All these numerical values correspond to a fused silica.
Eq. (1) was solved numerically by the symmetrized Fourier split-step method.
The integral in Eq. (1) was evaluated in the Fourier domain on the basis of the
convolution theorem. The size of temporal window and the propagation step
were varied, the local time step was equal to 1 fs.

3

Results and discussion

The Raman lines in a fiber form a broad joined line that corresponds to a
comparatively large T2 . Since the DS developing in the normal dispersion
regime (β >0 in Eq. (1)) is stretched due to a large chirp, its width T  T2
and one may expect that the SRS will play a substantial role in the dynamics
of such solitons. The reason is that the group velocities of a Raman pulse
and an ordinary DS differ due to dispersion. As a result, a Raman pulse must
have an ample time for amplification during a time period, when it and a DS
are overlapping [9]. On the other hand, the Raman frequency shift in a fiber
is comparatively large (small T1 ). But the DS spectral width is large as well
(again due to a large chirp). Therefore one may expect an effective interpulse
Raman scattering [2] in this case.
The calculations demonstrate that the SRS begins to contribute
R ∞ nontrivially
2
into the DS dynamics and properties, when the DS energy E ≡ −∞ |a (z, t0 )| dt0
exceeds some threshold value (≈20 nJ in an all-fiber laser [9]). In the model
under consideration, the DS energy is defined mainly by the parameter Es .
As was demonstrated in Ref. [10], the DS parametric space of the cubicquintic NCGLE is√two-dimensional
and the relevant coordinates of this space
 √
are: E 0 ≡ Es κ3/2 ζ γ α and C ≡ 2αγ/βκ. Below, this dimensionless representation of the DS parametric space will be used.
For some fixed energy Es , the multiple DSs appear when the dispersion
β is relatively small (Fig. 1). These DSs redistribute an overall energy so
that the energy of individual soliton becomes relatively small. As a result, the
SRS does not affect their dynamics: there are no an extra group-delay and a
transformation of spectrum.
The dispersion growth suppresses multipulsing so that a sole DS develops.
Further growth of dispersion increases the difference of velocities between the
red and blue spectral components of a chirped pulse (remind that the DS phase
is inhomogeneous) that stretches a DS. If the energy is sufficiently large, such
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Fig. 1. Evolution of multiple DSs for E 0 =111 and C =0.732.

a pulse becomes flat-top that corresponds to the energy scalable regime, when
the peak power is fixed (≈ 1/ζ). An energy scalable DS with the fixed peak
power can remain stable if the energy growth, provided by energy inflow from
an environment is compensated by the DS broadening [11].
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For a comparatively small dispersions, i.e. in the vicinity of multipulsing
threshold, the SRS causes i) pulse acceleration (i.e., growth of the group velocity
in comparison with that of ordinary DS), ii) irregular perturbations at pulse
traveling edge (where the blue spectral components are located), iii) chaotical
evolution of the DS peak power, and iv) DS spectrum splitting (Fig. 2).
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Fig. 2. Left: DS profile |a(z = const, t)|2 . Right: DS spectral power vs. frequency
deviation from the central frequency corresponding to zero spectral dissipation (see
second term of second row in Eq. (1)). E 0 =111 and C =0.59. Physically, the
parameters correspond to an Yb-all-fiber laser with a 40 nm gain bandwidth.
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Further dispersion growth enhances the DS acceleration. The pulse becomes
noisy that is its envelope is strongly and irregularly perturbed and resembles a
glass of boiling water (Fig. 3, left). As a consequence, the peak power evolves
chaotically. Simultaneously, the regular (“solitonic”) part of the spectrum shifts
into red-domain while the blue spike becomes intensive and irregular (Fig. 3,
right).
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Fig. 3. Left: evolution of the DS profile |a(z, t)|2 . Right: logarithm of the averaged
DS spectral power vs. frequency deviation. Averaging is performed over the interval
∆z =2000 with the step δz =10. E 0 =111 and C =0.244.

Unlike the regime without SRS, larger dispersions cause the multipulsing
yet again (Fig. 4, left) so that the domain of single pulse generation becomes
confined along C−dimension. The chaotization of the peak power evolution
and the perturbations of the DS traveling edge increase in parallel with the
dispersion growth. The red part of the spectrum rises and shifts to lower
frequencies.
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Fig. 4. Contour plot of the DS power evolution with (left) and without (right) SRS.
Left: E 0 =111, C =0.22 and F =0.22. Right: E 0 =111, C =0.0366 and F =0.

Further increase of dispersion leads to a generation of DRS complexes. The
example of such complex is shown in Fig. 5. Again, the traveling DRS edge
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is perturbed that causes chaotic changes in the peak power evolution (Fig. 6,
left). The chaotic character of evolution can be identified by the continuumlike RF spectrum of peak power set (Fig. 6, right). The spectrum splits in
two separated parts shifted in opposite sides relatively the central frequency.
Both parts have truncated edges (see inset in Fig. 5, right) that is the typical
property of a chirped DS. The main part of the spectrum is red-shifted and
modulated due to interference between DRSs.
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Fig. 5. Left: DS profile |a(z = const, t)|2 . Right: averaged DS spectral power vs.
frequency deviation. Averaging is performed over the interval ∆z =1000 with the step
δz =10. Inset shows the spectrum on a logarithmic scale. E 0 =111 and C =0.0366.
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Why do we name the entity in Fig. 5 as a “dissipative Raman soliton”?
First of all, one has to note that the spectrum in Fig. 5, right is a sum of almost
identical spectra of individual pulses in Fig. 5, left. That is each pulse has a
spectrum with both Stokes- and anti-Stokes “steep hills”. Such a spectrum is
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not possible in an ordinary dissipative system with only self-phase modulation,
second-order dispersion and spectral dissipation terms. Moreover, the main
part of energy is concentrated in the lower frequency domain. All these observations suggest that the SRS contributes substantially into the pulse properties,
both temporal and spectral. At last, truncated shape of the spectrum (inset in
Fig. 5, right) suggests that the pulse is strongly chirped, i.e. it has a substantially inhomogeneous phase [10]. But the last fact testifies the nontrivial energy
flows inside a pulse as well as between a pulse and environment [4]. Also, one
has to add that there exists no DS without SRS for the parametrical set of Figs.
5, 6. The dynamics becomes completely chaotic without SRS in this case (Fig.
4, right). It is clear, that the SRS plays a crucial role in the DS stabilization
for the large dispersions due to some “negative passive feedback” provided by
spectral shift from the minimum of the frequency dissipation. Thus, one may
conclude that the SRS is a formative factor for the DS considered so that such
a soliton can be named a “dissipative Raman soliton”.
A passive negative feedback produced by the combined action of SRS and
spectral dissipation enhances the tendency to multipulsing. The energy of individual DS in the multiple pulse complex is lower than that of single DS.
Therefore, the frequency shift due to SRS is lower, as well. As a result, the
spectral loss is lower too. Thus, the multipulsing becomes more advantageous
energetically. This tendency to multipulsing in combination with the chaotization of DS dynamics in the presence of SRS confine the DS energy scalability.

4

Conclusion

For the first time to our knowledge, a new type of dissipative solitons of the
generalized cubic-quintic nonlinear complex Ginzburg-Landau equation was described and analyzed. Such solitons emerge under action of stimulated Raman
scattering in the presence of white quantum noise and can be named “dissipative Raman solitons”. Changes in the DRS characteristics with the dispersion
growth were traced and a complicated structure of the region, where DRS exists, was established. It was found that the dynamics of DRS is chaotic due
to irregular perturbation at the soliton traveling edge. A two-compound character of the DRS spectrum was revealed so that the soliton spectrum consists
of Stokes- and anti-Stokes spices with truncated edges. The last fact suggests
that the DRS considered is strongly chirped. It was demonstrated that the
DRS can exist in the regions of large dispersion where an ordinary DS does
not emerge. Simultaneously, the SRS leads to an additional spectral loss in a
system with the spectral dissipation. This confines a DS energy scalability.
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8. N. Akhmediev, W. Królikowski, A. J. Lowely. Influence of the Raman-effect on
solitons in optical fibers. Optics Commun., 131:260–266, 1996.
9. D. S. Kharenko, E.V. Podivilov, A. A. Apolonski, S. A. Babin. 20 nJ 200 fs all-fiber
highly chirped dissipative soliton oscillator. Opt. Lett., 37:4104–4106, 2012.
10. V. L. Kalashnikov, E. Podivilov, A. Chernykh, A. Apolonski. Chirped-pulse oscillators: theory and experiment. Applied Physics B, 83:503–510, 2006.
11. V. L. Kalashnikov. Chirped-Pulse Oscillators: Route to the Energy-Scalable Femtosecond Pulses. In A. H. Al-Khursan, editor, Solid State Laser, pages 145–184,
InTech, 2012.

206

Investigation of the Rate-and-State Equation for
Different Critical Stresses by Grassberger-Procaccia
Method
S. Turuntaev1,2,3, A. Kamay1,2
1

Moscow Institute of Physics and Technology (State University), 141700, Institutsky
per., d.9, Dolgoprudny, Moscow District, Russia
2
All-Russian Research Institute of Automatics, 127055, Suschevskaya, d.22, Moscow,
Russia
3
Institute of Geosphere Dynamics of Russian Academy of Sciences (IDG RAS), 119334,
Leninsky prosp., d.38, k.1, Moscow, Russia
(E-mail: s.turuntaev@gmail.com, alesia.kamay@gmail.com)

	
  
Abstract: A problem of seismicity variation due to human action is considered. The
widely used “stick-slip” model of the seismic regime with “rate-and-state” friction law
was adopted for description of a sliding along tectonic faults. The main distinctions of
used approach from the common one (Hobbs [7], Erickson et al. [4]) are the followings:
we consider two-parameter friction law and vary the value of critical shear stress in the
rate-and-state equation in suggestion that this is the value which can be varied by human
impact (by mining, fluid injection and production, hydraulic fracturing and so on).
Calculations were done for the critical stress varied from 5MPa up to 50 MPa with
increment 5 MPa. For each value of the critical stress, the time series of the displacement
along the fault, its rate and change of shear stress were calculated. Obtained time series
were analyzed with the help of Grassberger-Procaccia method of correlation integral
calculation for different embedding space dimensions. It was found that if the critical
stress increase, the system behavior changes significantly. Oscillations of the fault sliding
become inharmonic, and when the critical stress reach 45 MPa, the oscillations become
quasi-chaotic. An estimation of the obtained attractor dimensions by GrassbergerProcaccia method showed, that an increase of the critical stresses τ* results in increase of
the attractor correlation dimensionality C*: τ*=5MPa C*=1.4; τ*=15MPa C*=1.6; τ* =
30 MPa C*=2.2; τ*=45MPa C*=2.5. It was found, that if the critical stress continue to
increase, the correlation dimension would stop to increase. A comparison of obtained
results with real induced seismicity data analysis showed that in real case the correlation
dimensionality is higher. This discrepancy can be explained by taking into account the
presence of the seismic events, which are not related with human influence and which
can be considered as a stochastic background. An addition of random component with
signal/noise ratio 2 to the model data resulted in increase of the model correlation
dimensionality to 4-5, which is in good correspondence with induced seismicity data.
Keywords: Rate-and-state Equation, Two-parameter Friction Law, Grassberger and
Procaccia Method, Correlation Integral, Seismic Regime, Induced Seismicity.
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1 Introduction
Despite the fact that rate-and-state model of friction was proposed in the second
half of the previous century, the interest to it has increased in recent years. The
reason for that is a success in physics of nonlinear phenomena, in particular, in
the area of chaotic system analysis. The rate-and-state model was adopted as
quite appropriate basis for describing seismic processes in the Earth crust and
for modeling relevant geophysical systems. Currently, it is believed that this
model describes the seismic process most adequately.
In 60s, Brace and Byerlee [1] proposed to consider unstable frictional sliding
along tectonic faults as a model of earthquakes. The model included a
suggestion that a cohesion existing in some parts of the fault prevents free
slipping along it and leads to an accumulation of shear stress to a critical level,
after which the slip and the earthquake occur.
Peculiarities of the friction forces dependence on the duration of the stationary
state of the contact and on the speed of the motion along the fault was examined
by Dieterich [3]. Gu et al. [6] experimentally investigated various modes of the
frictional movements and determined empirical constants which values are used
in many modern variants of the rate-and-state equation.
The origin of the unstable sliding and its dynamics were studied by Ohnaka et
al. [8]. The work was focused on the study of mechanism of the transition to
instability.
The rate-and-state equation was considered by Hobbs [7] by means of nonlinear
dynamics methods. Change of friction was studied as a function of displacement
and velocity at a variation of the stiffness coefficient in the rate-and-state
equation. The similar approach was implemented by Erickson et al. [4], they
examined an appearance of chaotic solutions in the one-parameter velocitydependent friction equation.
Turuntaev et al. [9] showed that the man-made impact on underground leads to
an increase in the “regularity” of the seismic regime. To explain the increase in
the seismic regime regularity, a model of fault motion defined by the twoparameter velocity dependent friction law was considered.
In the presented paper, we consider two-parameter type of the friction law and
vary the value of critical shear stress in the rate-and-state equation in suggestion
that this is the value varied by human impact (by mining, fluid injection and
production, hydraulic fracturing and so on). The obtained solutions of the rateand-state equation are analyzed by means of Grassberger-Procaccia method [5].

2 The model description
Abstracting from internal structure and genesis of the faults, it can be expected
that the fault sliding will be governed by the friction law of one type or another,
and that change of the sliding state due to anthropogenic impacts will be
resulted in the growth of regularity of the seismic process.
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Measurements of the tectonic fault motions show that the motions look like a
combination of slow sliding (so-called creep) and fast moves, which
accompanied by tremors (earthquakes). This type of the motion can be
described with the help of the model proposed by Burridge & Knopov [2],
which looks like a system of blocks, elastically connected with each other (Fig.
1 - top view and Fig. 2 - general view of the model). Each block moves under
net action of elastic forces from adjacent blocks and frictional force from the
stationary substrate. To simplify the model it can be assumed that all the blocks
have the same mass, the same area of contact with the surface and that elastic
links between the blocks have the same modulus.
Let’s consider the rate-and-state motion equation with the two-parameter
friction law and let’s assume that the man-made impact of any nature reduces
the critical shear stress (for example, by increasing the pore pressure by fluid
injection or by action of vibrations, etc.).

Fig. 1. The model of tectonic blocks (top view).

Fig. 2. The Burridge - Knopov (B- K) model of active tectonic faults (general
view).
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The motion equation for the single-chain of the blocks can be written as follows:
𝑚𝑥!    =   𝑘(𝜐! 𝑡   − 𝑥!!! + 2𝑥! − 𝑥!!! ) −    𝜏! 𝑠

(1)

where the first term defines the elastic forces from adjacent blocks, the second
one is the fault friction: k – stiffness of the elastic links between blocks, υ0 speed at infinity, τ - shear stress occurs as a result of friction. In this paper we
consider the two-parameter friction law in the form proposed by Hobbs [7]:
𝜏   =    𝜏 ∗ +   𝐴  𝑙𝑛(𝜐/𝜐 ∗ )    +    𝜃! +    𝜃!

(2)

where 𝑣 ∗ - constant velocity of the crustal block relative motion, 𝜏 ∗ - critical
stress, which can be changed by external influences and can be written as
𝜏 ∗    = 𝐶 +   𝜇(𝜎   − 𝑝)

(3)

where 𝐶 - cohesion coefficient, 𝜇 - coefficient of friction, 𝑝 - pore pressure, σ normal stress; 𝜃!    - state variable, which characterizes the state of the sliding
surfaces, and which evolution over time is determined by the equation:
!

𝜃! = −    𝜃! + 𝐵! 𝑙𝑛(𝜐/𝜐 ∗ )
!!

(4)

here 𝐿! - characteristic dimensions of the roughness of sliding surfaces, 𝑖 = 1, 2.
Values of the constants 𝜐 ∗ , 𝐴, 𝐵! , 𝜏 ∗ , 𝐿! were taken from experiments of Gu et
al. [6].

Fig.3. Changes of critical stress on the j-th block boundary at the point M due to
change of pore pressure at the point P.
Figure 3 illustrates the way in which one of the parameters of equation (3) can
be changed. Let’s suppose that the pressure is increased at a point P. At some
moment 𝑡!" the pressure will change at the point M. It follows from (3) that the
increase in the pore pressure will reduce the critical stress 𝜏 ∗ (𝑡!" ) < 𝜏 ∗ (0), and
consequently, it will reduce the value of the frictional force at which the j-th
block begins to move.
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According to the motion equation (1), it can cause the block “jump”, and as a
result, the redistribution of elastic forces in the links between the blocks. The
whole system can come into motion in the result of a change even in one of the
parameters. The resulting motion is complex. Turuntaev et al. [9] showed that to
analyze such motions, it's reasonable to use the methods developed for the
analysis of nonlinear dynamic systems.

3 Results
Numerical simulation of the block motions was carried out under the critical
stress 𝜏 ∗ varied from 5 MPa to 50 MPa with increments 5 MPa. For each value
of 𝜏 ∗ , time series of the block displacements, its velocity and shear stress at the
block base were calculated. Complexity of the obtained time series were
analyzed using algorithm for estimating the correlation dimension, based on the
calculation of the correlation integral by Grassberger and Procaccia method [5].
Finite-difference scheme used to solve the equation of motion (1) was following
!!!! !!∙!! !!!!!
!!

=   

!
!

∙

!! !!!!!
!

∙ 𝑖ℎ − 𝑥! −

!!
!

(5)

with initial conditions 𝑥(0)    =   0, 𝑣(0)    =   0.
The values of the parameters k, m, s were taken from Hobbs [7].
To solve the equation we used the method of direct and reverse run with the
following values of the preliminary factors
𝐴 = 𝑎(𝑦!!!,! , 𝑦!,! ) ∙

ℎ
ℎ!!

𝐵 = 𝑎  (𝑦!,! , 𝑦!!!,! ) ∙

!

!
!!

𝐶 = 𝑎 𝑦!!!,! , 𝑦!,! + 𝑎  (𝑦!,! , 𝑦!!!,! ) ∙
𝐹 =    𝑦!,!

(6)
ℎ
+1
ℎ!!

which were included in the calculation of the coefficients 𝛼! , 𝛽! in final formulas
𝐵
𝐶 − 𝐴 ∙ 𝛼!!!
!∙! !!
𝛽! = !!!

𝛼! =

!!!∙!!!!

(7)

𝑦!,! =    𝛼! ∙ 𝑦!!!,!!! + 𝛽!
The values of the time step ℎ, spatial grid ℎ! and the correction coefficients of
approximation in the formulas (5) - (7) were the followings:
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ℎ! = 0.01
ℎ = 0.01
𝛿 = 0.01
!!!
!!!
𝛼 = 0.5 ∙ 𝛾 ∙ 𝛿 ! ∙ 𝑦!!!,! + 𝑦!,!

(8)

The selected values of the coefficients give approximation error at the level of
𝑂(ℎ, ℎ!! ), that is enough accuracy for the considered problem.
The graphs of the displacements and the shear stresses for three values of the
critical stress 𝜏 ∗ : 5 MPa, 20 MPa, 50 MPa are shown in Figures 4-6.

Fig. 4. Dependencies of displacement on time (left panel) and shear stress on
time (right panel) at the critical stress equal to 5 MPa.

	
  
Fig. 5. Dependencies of displacement on time (left panel) and shear stress on
time (right panel) at the critical stress equal to 20 MPa.	
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Fig. 6. Dependencies of displacement on time (left panel) and shear stress on
time (right panel) at the critical stress equal to 50 MPa.
The graphs of the block motion respectively to motion with constant velocity at
infinity 𝑣 ∗ are shown in Fig. 7.

	
  

a)

b)
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c)
Fig . 7. Dependencies of displacements on time, calculated for the critical values
of τ * = 5 MPa , τ * = 20 MPa, and τ * = 50 MPa.

b)
a)

Fig. 8. Phase trajectories of a fault
sliding in x-v-τ coordinates for values
of critical shear stresses 5 MPa (a), 20
MPa (b) and 50 MPa (c).

c)
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Results of the numerical calculations for several values of the critical stresses
are shown in Figure 8 as phase trajectories in x-v-τ coordinates. The values are
normalized to the characteristic size 𝐿! , 𝑣 ∗   и  𝜏 ∗ = 5  МПа for the values of the
critical stress at 5 MPa, 20 MPa and 50 MPa (Fig. 8a, 8b and 8c, respectively).
An estimation of the obtained attractor dimensions by Grassberger-Procaccia
method showed, that an increase of the critical stresses results in increase of the
attractor correlation dimensionality: τ*=5MPa C*=1.4; τ*=15MPa C*=1.6; τ* =
30 MPa C*=2.2; τ*=45MPa C*=2.5. (Figure 9).

Fig. 9. The dependence of the correlation dimension on the critical stress.

4 Discussion and conclusions
Numerical analysis of the rate-and-state equation with the two-parameter
friction law showed significant changes in the stick-slip motion when the critical
shear stress varied.
Evaluation of the correlation dimension and the embedding space dimension by
Grasbergera - Procaccia method for obtained time series has shown that both of
these variables have small values. Change of critical stress from 5 MPa to
50 MPa resulted in variation of correlation dimension and embedded space
dimension from 1.1 to 2.5 and from 3 to 5, respectively.
In the range of the critical stress from 5 MPa to 30 MPa the correlation
dimension increases linearly with critical stress increase; at higher values of the
critical stress there is a tendency of saturation of the correlation dimension
dependence on the critical stress.
Values of dimensions obtained in the numerical modeling may differ from the
values, which were obtained in the analysis of real seismicity (for example, in
the area of the Bishkek geodynamic test site, see Turuntaev et al. [9]). We can
assume that this difference is caused by significantly higher complexity of real
seismic processes in comparison with the model one. This distinguish can be
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explained by taking into account the presence of the seismic events, which are
not related with human influence and which can be considered as a stochastic
background. An addition of random component with signal/noise ratio 2 to the
model data resulted in increase of the model correlation dimensionality to 4-5,
which is in good correspondence with induced seismicity data.
The existence of stable states in the equation solution allows us to specify the
problem of seismic activity forecast and of seismic regime control technologies.
According to the equation (3), the influence on the movement of the crustal
blocks can be performed by changing coefficient of friction by fluid injection.
The aim of further research is to study the minimal values of the pore pressure
variations that can change the state of a system of interconnected blocks. We
plan to investigate the solutions of the equations of motion (1) with more real
parameters than obtained in laboratory experiments (the characteristic
parameters of the contacting surfaces, the velocity of relative motion of the
fault, stiffness, cohesion, etc.).
At the present stage of the research one can conclude that an increase of the
critical stresses in the rate-and-state equation results in increase of the attractor
correlation dimensionality: C*: τ*=5MPa C*=1.4; τ*=15MPa C*=1.6; τ* = 30
MPa C*=2.2; τ*=45MPa C*=2.5. It was found, that if the critical stress continue
to increase, the correlation dimension would stop to increase.
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