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Paolo II, 132, I-84084 Fisciano (SA), Italy

2 INFN, Sezione di Napoli Gruppo Collegato di Salerno, Complesso Universitario di
Monte S. Angelo, I-80126 Napoli, Italy

3 Dep. of Sciences and Technologies and Salerno unit of CNISM, University of
Sannio, Via Port’Arsa 11, Benevento I-82100, Italy

4 Dipartimento di Fisica e Chimica “Emilio Segrè”, Group of Interdisciplinary
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Abstract. We discuss the combined effect of Gaussian and α-stable Lévy noise
sources on the switching current distribution of a short tunnel Josephson junction,
while an external bias current flowing through the junction is linearly swept from zero.
At a fixed temperature, if the bias current is repeatedly ramped up from zero, and
the value of the bias current at which the system switches to the finite voltage state is
recorded, we obtain the distribution of the current values associated to escape events,
i.e., the probability distribution of the bias currents at which the junction switches to
the finite voltage state from the superconducting zero-voltage state. This information
content is promptly available in experiments on Josephson junctions. We demonstrate
that a Lévy noise current added to the linearly increased bias current clearly mod-
ifies the switching current distribution due to the sole Gaussian-distributed thermal
fluctuations. Albeit both Gaussian and Lévy components contribute to the overall
noise level, they do not interfere, because they produce switching at different bias
levels: the Lévy noise in the lower-current portion of the distribution, the Gaussian
noise when the energy barrier becomes comparable to the noise energy. Finally, the
analytical expression of the cumulative distribution function of Josephson switching
currents can be compared with an analytical estimate.
Keywords: Conference, CHAOS, Josephson junction, Lévy noise, switching current
distributions.

1 Introduction

Josephson junctions (JJs) have already demonstrated to be a reliable tool to
investigate non-Gaussian noise signals [1–6], also embedded in a thermal noise
background.
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A JJ set-up is a threshold device working on an activation, or switching,
mechanism, and this makes Josephson devices nowadays often employed for
sensing and detection applications [7–13]. In particular, an additional noise
source, added to the thermal fluctuations, can be revealed through the ap-
pearance of premature “anomalous” switches from the superconducting to the
resistive state, which produce a measurable voltage across the junction. In this
regard, the application of JJs for both the detection and the characterization of
a specific type of non-Gaussian fluctuations, i.e., the α-stable Lévy noise source,
has recently proved particularly effective [14–16]. This type of stochastic pro-
cesses can drive the degree of freedom associated to the Josephson phase ϕ over
a very long “distance” in a single displacement, namely, a flight. In fact, the
electrical response of a JJ is determined by the behavior of a quantum variable,
that is the gauge invariant phase difference ϕ between the macroscopic phases
of the two superconductors forming the device. Its dynamics is described by
the celebrated Josephson equations [17,18] and is not accessible directly, but
only indirect electrical measurements, basically of current and voltage, can be
indeed monitored. Thus, approaches based on measurements of switching cur-
rent distributions (SCDs), in the case of a linearly ramping bias current [15]
and average voltage drops across a junction biased by a constant current [16],
have been recently proposed to investigate the effects of Lévy noise sources.
The method of analysis of unknown noise sources through the study of SCDs
offers some evident advantages when the noise is characterized by fat tails,
i.e., by a finite probability of an infinite-amplitude fluctuation. In principle,
this type of noise can pose a serious difficulty to the experimentalists, since it
should requires extremely long times to reconstruct the behavior of rare events.
Thus, determining the value of the parameter α, which characterizes the noise
distribution, demands for long experiments (or simulations) to explore extreme
values. In contrast, sweeping the bias current is very effective, because the
bias increase lowers the trapping energy barrier, and in a given ramp time,
i.e., when the bias current approaches the critical value, the energy barrier
vanishes and a switch event is indeed recorded, i.e., the escape is inevitable
in a ramp. Moreover, the inspection methods through Josephson devices are
demonstrated to be viable in both the cases of intrinsic [14] or extrinsic [15]
unknown additional noise signals.

The fact that an additional Lévy noise source can affect the dynamics of
a tunnel JJ was extensively studied theoretically in both the short [19,20] and
the long [21,22,29,30,24] junction case. The strategies used to study Lévy-
induced “premature” switches from the superconducting metastable state de-
pends on the junction type. In fact, in short JJs, the mean first-passage time
as a function of the Lévy characteristics is studied, whereas in the long JJs
the quantity of interest is the nonlinear relaxation time and the interplay be-
tween Lévy and thermal noise and the generation of solitons [25,26] was also
investigated [22,24,27].

The paper is organized as follows. In Sec. 2, the theoretical background
used to describe the phase behavior of a short tunnel JJ is presented. Both the
statistical properties of a Lévy and a Gaussian noise source and the power-law
asymptotic behavior of the mean escape time, in the case of Lévy-distributed
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fluctuations, are briefly reviewed. In the same section, the theoretical results
are shown and analyzed. Finally, we give the analytical estimate of the distri-
butions of switching currents in the presence of a Lévy-noise source. In Sec. 3,
conclusions are drawn.

2 Model and Results

As said in Introduction, the aim of this paper is to demonstrate how the com-
bined action of Lévy-distributed and thermal current fluctuations can influence
the distribution of the switching currents of a current-biased short Josephson
tunnel junction [14,15]. In the short junction regime the dimensions of the
device are smaller than the characteristic length scale of the system, i.e., the
Josephson penetration length [28], λ

J
, and the response of a Josephson junction

(JJ) can by studied through the resistively and capacitively shunted junction
(RCSJ) model for the Josephson phase difference ϕ, which reads as follow [29–
31] (

Φ0

2π

)2

C
d2ϕ

dt2
+

(
Φ0

2π

)2
1

R

dϕ

dt
+

d

dϕ
U =

(
Φ0

2π

)
IN , (1)

where C and R are the capacitance and the normal-state resistance of the
device, respectively, and Φ0 is the flux quantum. In the previous equation,
IN is the sum of all the current contributions, i.e., the bias current Ib, the
thermal noise, Ith, and the Lévy noise source, IL. The term U is the so-called
washboard potential

U(ϕ, ib) = U0 [1− cos(ϕ)− ibϕ] , (2)

where ib is the bias current normalized to the critical current Ic of the junction
and U0 = (Φ0/2π) Ic. This potential contains a sequence of minima and max-
ima, so that the phase is “confined” in a superconducting metastable state by
the potential barrier

∆U(ib) =
∆U(ib)

U0
= 2

[√
1− i2b − ib arcsin(ib)

]
. (3)

The current bias flowing through the junction represents the slope of the poten-
tial U(ϕ, ib). As the bias current is lower than the critical value, that is if ib < 1,
the phase-particle remains confined within a potential well, until a noise fluc-
tuation pushes it out. When this occurs, the phase derivative increases, that is
the device switches to the voltage state, since a voltage drop across the junction
appears, according to the a.c. Josephson relation V = (Φ0/2π)dϕ/dt [17,18].
If the bias current is increased slowly, the value at which the escape process
occurs is called switching current, iSW . Since this phenomenon is intrinsically
stochastic, by repeating the measurement many times, we obtain a distribu-
tion of switching currents, which depends on the noise features affecting the
switching dynamics of the phase. Indeed, we demonstrate in this work that
the presence of a Lévy noise source significantly reshapes the switching current
distribution (SCD) with respect to the pure Gaussian noise case.
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We observe that the RCSJ model in Eq. (1) can be conveniently cast as

m
d2ϕ

dt2
+mη

dϕ

dt
+ U0

d

dϕ
u = U0iN , (4)

where the equivalent mass reads m = (Φ0/2π)
2
C and the friction is η =

1/(RC). In these units, the resonant frequency of the junction is ωp =
√
U0/m

and the characteristic Josephson frequency [28] can be written as ωc = ω2
p/η.

The normalized bias current is assumed to linearly increase, ib(t) = vbt, at
a constant velocity vb = t−1max, with tmax being the maximum measurement
time, so that when t = tmax the bias current reaches the critical value and the
switching occurs also in the absence of noise. Specifically, in the following we
assume η = 0.1ωp, vb = 10−7ωp, and the switching current distributions consist
of a sequence of N = 104 bias current ramps.

In this work we consider the contemporaneous presence of a thermal noise
source, with the usual Gaussian white-noise statistics, and a Lévy noise source
Sα(σ, β, λ). The notation Sα(σ, β, λ) is usually adopted for the Lévy distribu-
tions [21,22,29,30,24], where α ∈ (0, 2] is called stability index, β ∈ [−1, 1] is
the asymmetry parameter, and σ > 0 and λ are a scale and a location param-
eter, respectively. The stability index characterizes the asymptotic long-tail

power law for the distribution, which for α < 2 is of the |x|−(1+α) power type,
while for α = 2 coincides with the Gaussian distribution. In this work we
consider only symmetric (β = 0), bell-shaped, standard (σ = 1 and λ = 0),
stable distributions Sα(1, 0, 0), with α ∈ (0, 2]. A Lévy noise source corre-
sponds to stochastic processes that can exhibit very long distance in a single
displacement, namely, a flight. In fact, the heavy tails that characterize a Lévy
distribution cause the occurrence of events with large values of the variable
of interest, whose probability is not negligible. These events correspond to
the Lévy flights previously mentioned. Lévy noise, a generalization [32] of the
Gaussian noise source [33–36], can be invoked to describe transport phenom-
ena in different natural phenomena [37,38], condensed matter systems [39,40]
and interdisciplinary applications [41,42]. Results on the dynamics of systems
driven by Lévy flights have been reviewed in Refs. [43,44], and in Ref. [15] it
is possible to find an extensive bibliography on examples and applications in
which Lévy-distributed fluctuations are observed.

The statistical properties of the thermal current fluctuations, ith = Ith/Ic,
in normalized units, are given by〈

ith(t̃)
〉

= 0, and
〈
ith(t̃)ith

(
t̃+ t̃′

)〉
= 2γG(T )δ

(
t̃′
)
, (5)

where the amplitude of the normalized correlator is connected to the physical
temperature T through the relation

γG(T ) =
kBT

R

ωp
I2c

=
η

ωp

kBT

U0
. (6)

It is worth stressing that, with the time normalization used in this work, the
noise intensity γG is proportional to the ratio between the thermal energy and
the Josephson coupling energy U0.
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Figure 1 shows the probability distribution functions (PDFs) and the cu-
mulative distribution functions (CDFs) of the switching currents, computed in
the presence of both Gaussian and Lévy noise contributions, at different values
of the stability index α ∈ (0, 2]. Here, the Gaussian and Lévy noise amplitudes
are γG = 10−3 and γL = 5× 10−5, respectively.

First we look at the PDF for the pure Gaussian noise case, indicated by a
red thick curve in Fig. 1(a), which is characterized by a peak at high values
of the bias current. In this case Lévy flights are missing and the Gaussian
noise source induces switching events only at current values close to the critical
current. Two key attributes of the SCDs due to thermally induced switching
processes are the position and the width of the peak, both depending on the
value of the noise intensity γG, that is, according to Eq. (6), on the value of the
temperature T at which the junction resides. In fact, if thermal noise is taken
into account, the phase particle can “hop out” of the washboard potential well
and slip down the potential profile, with an escape rate Γ at temperature T ,
according to the Kramers theory [45], given by

Γ (ib, T ) =
ωA
2π

e
−∆U(ib)

kBT , (7)

where ωA is an attempt frequency. The dependence on the dissipation of ωA is
weak, and to a good approximation the rate can be simplified into

Γ (ib, T ) =
1

2π

(
ωc

4

√
1− i2b

)
e
−∆U(ib)

kBT , (8)

where the attempt frequency is reduced by the applied bias current. Thus, for
any finite value of the bias current ib an escape from the metastable supercon-
ducting state is inevitable, although it happens sooner for a shallow well.

The typical experimental procedure to measure activation events in JJ is to
sweep the bias current upward from zero. Early in the sweep, the washboard
potential well is deep; conversely, late in the sweep the well becomes shallow
and the thermal activation is easier. In addition, as the bias current is swept,
the plasma frequency decreases and so does the attempt rate. The interplay of
the two factors determines the net escape rate as a function of the bias current.

The switching mechanism from a potential well depends on the temperature,
so that at the so-called crossover temperature Tcr [46,47] thermal activation
becomes comparable to macroscopic quantum tunneling (MQT) rate. As MQT
rate is temperature independent, the position and width of SCD peaks must
both saturate at low temperatures, i.e., the SCD peaks at temperatures T <
Tcr are practically superimposed and are placed at a bias value close to the
critical current. Instead, at higher temperatures, T > Tcr, thermally activated
processes drive the switching dynamics, so that the SCD peaks shift to lower
bias current values and become broader. For a thorough discussion about SCDs
in both thermally activated and quantum tunneling regimes see Ref. [47]. In
the following, we assume to work at a temperature high enough that thermal
activation dominates and MQT processes can be altogether neglected.

When a Lévy noise component with α < 2 is considered, the SCDs deviate
significantly from the pure thermal noise case, see Fig. 1(a). In fact, in this
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Fig. 1. (a) Probability distribution function (PDF) and (b) cumulative distribution
function (CDF) for α ∈ [0.1, 2]. The parameters of the simulations are: γG = 10−3,
γL = 5×10−5, Nexp = 104, tmax = 107, and η = 0.1ωp. The legend in panel (a) refers
to both panels.

case Lévy flights can drive “premature” switches from the superconducting
metastable state: while α decreases the low-current tail of the SCDs grows,
i.e., the switching probability becomes sizable, at the expense of the SCD peak
at high ib values, which is instead depleted. The position of this SCD peak is
unaffected by the change of the Lévy parameter α, thus underlining its thermal
origin.

The behavior of the CDFs, which represents the probability that iSW takes
a value less than or equal to ib, highlights even more clearly the discrepancies
with respect to the pure Gaussian case, see Fig. 1(b). The CDFs for different α
values are clearly arranged in well distinct curves: at a given bias ib the CDFs
increase while reducing α. In particular, while increasing ib the CDF curves
saturate at the value 1 as soon as the thermally activated switching events
enter in play.

The numerical results presented so far can be supplemented by an analytical
estimate for both the PDF and the CDF, in the case of a Lévy noise. To do
this, first we recall that, for arbitrary spatial and energy scale, by rescaling
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time, energy, and space, the mean escape time τ for the Lévy statistics can be
written in terms of the noise parameters D as [15,48]

τ (α,D) =
Cα
Dµα

, (9)

where both the power-law exponent µα and the coefficient Cα depend on α and
are supposed to have a universal behavior for overdamped systems [48–52].

By assuming µα ' 1 in the prefactor [48], the previous equation becomes

τ (α,D) =

(
∆x

2

)α Cα
Dµα

, (10)

that is, the mean escape time only depends on the distance ∆x between the
minimum and maximum of the potential profile. This is remarkably different
from the Gaussian noise case, where the probability to overcome the barrier
depends exponentially on the barrier energy, see Eq. (8). In the specific case
of a washboard potential, ∆x depends on ib according to the relation ∆x =
π − 2 arcsin ib. The CDF of iSW as a function of ib for a generic initial value
of the bias ramp, i0, can be therefore written as

CDF(ib|i0) = 1− Prob [iSW > ib|i0] . (11)

Recalling also that the distribution of the escape times is exponential with rate
1/τ(ib) also for Lévy-flight noise [49], following the same logic of Ref. [53], the
PDF associated to Eq. (11) as a function of the average escape time τ(ib) reads

P(ib|i0) = N 1

vb

1

τ(ib)
exp

[
− 1

vb

∫ ib

i0

1

τ(i)
di

]
. (12)

Inserting in Eq. (12) the expression of τ(α,D) given in Eq. (10), for the Lévy
statistics (at the first order in ib) we obtain the relation

P(ib|i0) ∝ exp

[
−
(

2

π

)α
ibD

µα

Cαvb

]
. (13)

The PDF of a current-biased JJ can be expressed in a closed compact form as

P(ib|i0) =
1

N
dFα
dib

exp

{
−D

µα

Cαvb

[
Fα(ib)−Fα(i0)

]}
. (14)

Here, the nonlinear function Fα reads

Fα(ib) = 2α
{

cosh−1 (ib)

2 [π − 2 arcsin (ib)]
α

[
Eα

(
cosh−1 (ib)

)
(15)

−Eα
(
− cosh−1 (ib)

)]
+ i

π1−α

4

[
Eα

(
− iπ

2

)
− Eα

(
iπ

2

)]}
,

where Eα( ) is the exponential integral with α argument, and N is a proper
normalizing factor

N = 1− exp

[
−D

µα

Cαvb

(
Fα(1)−Fα(i0)

)]
. (16)
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Fig. 2. Comparison between the theoretical curves obtained by fitting Eq. (17)
(dashed gray lines) and the theoretical marginal, i.e., for ib ≤ 0.6, obtained by solving
Eq. (4) numerically CDFs of iSW (solid lines). The values of the other parameters
are: α ∈ [0.1, 1.1], γL = 5× 10−7, γG = 0, Nexp = 104, tmax = 107, and η = 0.1ωp.

Thus, the corresponding CDF is

CDF(ib|i0) =
1

N

{
1− exp

[
−D

µα

Cαvb

(
Fα(ib)−Fα(i0)

)]}
. (17)

This equation connects a property of the Lévy flights, i.e., the exponent α,
with the accessible quantity of the switching-current distribution.

The validity of this analytical approach can be verified comparing the curves
obtained via Eq. (17) and those numerically calculated in the case of a pure
Lévy noise, that is imposing γG = 0. Thus, Fig. 2 shows a comparison be-
tween the Lévy induced “marginal” CDFs, i.e., restricted to the maximum
bias value ib = 0.6, obtained by solving Eq. (4) numerically (solid lines) and
that analytically estimated from Eq. (17) (dashed line), for α ∈ [0.1− 1.1] and
γL = 5 × 10−7. In the considered limited range of ib values, the effects of
the Gaussian noise contribution could be in any case safely ignored, and this
is why we set the Gaussian noise intensity to zero. Markedly, the agreement
between the computational results and the theoretical analysis for α ≤ 1 is
quite accurate.

3 Conclusions

In this work we investigate theoretically the switching current distributions in
a short Josephson tunnel junction affected by both a Lévy and a Gaussian
noise source, the latter depending on the temperature at which the system
resides. If the bias current is linearly swept upward from zero, the current
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value at which the system switches to the resistive state can be recorded. By
repeating the measurement several times, a distribution of switching currents
can be collected. We demonstrate that the analysis of both the PDFs and the
CDFs of the switching current distributions allows to recognize the presence
of a Lévy noise source, revealed by the appearance of anomalous premature
switches in the low-current part of the distributions. Moreover, we show that it
is possible to infer the specific characteristics of the Lévy noise source from the
shape of the SCDs, also in the case of a thermal noisy background. Numerical
simulations confirm the validity of the analytical expressions of both the PDF
and the CDF in the case of an escape process, from a metastable state of the
washboard potential, driven by Lévy distributed fluctuations.
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28. A. Barone and G. Paternó. Physics and Applications of the Josephson Effect.
Wiley, New York, 1982.

29. B. Spagnolo, D. Valenti, C. Guarcello, A. Carollo, D. Persano Adorno, S. Spezia,
N. Pizzolato, and B. Di Paola. Noise-induced effects in nonlinear relaxation of
condensed matter systems. Chaos, Solitons Fract., 81, Part B, 412, 2015.

30. C. Guarcello, D. Valenti, and B. Spagnolo. Phase dynamics in graphene-based
Josephson junctions in the presence of thermal and correlated fluctuations. Phys.
Rev. B, 92, 174519, 2015.

31. B. Spagnolo, C. Guarcello, L. Magazzú, A. Carollo, D. Persano Adorno, and
D. Valenti. Nonlinear Relaxation Phenomena in Metastable Condensed Matter
Systems. Entropy, 19, 2017.

32. A. Dubkov and B. Spagnolo. Fluctuation and Noise Letters, 5, L267, 2005.
33. D. Valenti, L. Schimansky-Geier, X. Sailer, and B. Spagnolo. The European Phys-

ical Journal B-Condensed Matter and Complex Systems, 50, 199, 2006.
34. D. Valenti, L. Tranchina, M. Brai, A. Caruso, C. Cosentino, and B. Spagnolo.

Ecological Modelling, 213, 449, 2008.
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A fractional-order model of the cardiac function
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Abstract. Improving the mathematical model of the cardiovascular system is an
important aspect of the control and design of ventricular assist devices. In this work,
through numerical simulations, we analyse the usage of fractional-order operators as
a way to improve the circulation model. More specifically, we show that the use of
fractional-order derivatives in the lumped circulation model can create different types
of heart anomalous behaviours. This includes aortic regurgitation, mitral stenosis and
ischaemic cardiomyopathy.
Keywords: Cardiovascular system, fractional derivatives, LVAD.

1 Introduction

In 2015, 17.9 million people died around the world caused by cardiovascular
disease and rose by 12.5% between 2005 and 2015 with a specific increase
of ischaemic heart disease by 16.6% [1]. Even though heart transplantation
is considered as the best therapy for patients with end-stage congestive heart
failure [2], it is usually a delayed process that could last around 300 days or more
on the average for potential recipients. For this reason, the medical community
has increased emphasis on the use of ventricular assist devices (VADs) that
can enhance the function of the natural heart while patients wait for heart
transplantation. These ventricular assists devices are mechanical devices that
help the heart with the pumping of the blood through the circulatory system
(left ventricular assists device (LVAD)) or through the pulmonary system (right
ventricular assist device (RVAD)) [3–5]. There are currently different types of
VADs [6,7], but the usual consists of a rotary pump applied to the left ventricle
[6].

To design proper VADs, different mathematical models for the cardiovascu-
lar system have been considered (for instance, see [8,9]). These are categorised
as zero-dimensional (0-D) or lumped parameter models and distributed param-
eter models or 1-D, 2-D and 3-D models [10]. The mathematical model must
be able to properly characterise the cardiac cycle but also important aspects
like heart failure (usually studied by pressure-volume (PV) loop analysis [11]),
which is a relevant element in VADs’ control design [12,13]. Besides, even
though higher dimension models may better describe the heart dynamics, we
have to consider that it is a challenge to analyse control strategies for VADs
when using such models [3]. Therefore, we require a mathematical model that
could represent the heart complex dynamics while being as simple as possible.

An elementary way to describe the heart dynamics (including VADs) is by
the use of Windkessel models which are represented through electrical or me-
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chanical networks [14,3]. Nonetheless, such simplicity has its drawbacks, for in-
stance, the basic two-element Windkessel model explains aortic pressure decay
in diastole, but it fails shortly in systole [10]. A way to overcome such draw-
back consists of adding more elements to the electrical representation [15–17].
Recently. in [18] a different approach has been proposed to solve this problem,
it consists in the use of fractional-order operators (derivatives or integrals of
non-integer order [19]) in the arterial Windkessel model. When talking about
fractional-order operators, heterogeneous systems and phenomena exhibiting
anomalous diffusion can be well fitted by using fractional-order derivatives
[20,21]. Examples of such systems are biological tissues [22] and large-scale
complex networks [23,24]. It is important to mention that fractional-order op-
erators does not complicate control design, since there are numerous approaches
for control of fractional-order systems that can be implemented (for instance,
see [25]). This implies that fractional order operators, when added to the car-
diovascular model are a feasible option that may better describe a wider range
of real-case scenarios.

Considering the previous lines, in this work, we provide a qualitative anal-
ysis of the use of fractional-order operators in the lumped circulatory model
by considering two different mathematical models from the literature. This
analysis demonstrates that fractional-operators extend the capabilities of such
models in the PV loop analysis. Specifically, we add fractional-order operators
to modify the rate of change of the aortic, atrial and arterial pressures in the
circulation model. These changes permit us to create different anomalous be-
haviours in the PV loops that resemble aortic regurgitation, mitral stenosis or
ischaemic cardiomyopathy dynamics. The remainder of this paper is organised
as follows: Section 2 presents the basic concepts and their connection with this
work. In Section 3, our main results are provided. Finally, Section 4 contains
our concluding remarks.

2 Preliminary results

In the following subsections, we offer a description of the background knowledge
that will be useful to the reminder of this work.

2.1 The mathematical model

We base our analysis by considering the mathematical models of the cardiovas-
cular system with LVAD presented in [5] and [4].

Firstly, in [4], a fifth-order lumped parameter electric circuit to reproduce
the left ventricle hemodynamics of the heart is used. This model assumes
that the right ventricle and pulmonary circulation are healthy and normal.
Also, a simple first-order forced differential equation to represent the LVAD
is considered (see Figure 1). Furthermore, [4] uses a time-varying capacitance
(compliance), which is derived by system identification procedures, to describe
the contractual state of the left ventricle. On the other hand, [5,26] presents a
mathematical model of the cardiac function that integrates mechanical, elec-
tric and chemical activity on micro-scale sarcomere and macro-scale heart.
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Fig. 1: Lumped parameter electric circuit used to reproduce the left ventricle
hemodynamics of the heart and LVAD.

More specifically, this model includes the fifth-order lumped parameter electric
circuit as well as the electrical model for the LVAD from [4] but presents a
different mathematical model of the mechanical, electric and chemical activity
to describe the behaviour of the contractual state in the left ventricle.

Recalling from [5], the governing equations of the electric circuit shown in
Figure 1 are given by

dV

dt
=

1

Rm
(PR − PV )Θ (PR − PV )− 1

RA
(PV −m)Θ (PV −m)− δpn,

dm

dt
= − 1

CA
Fa +

1

CARA
(PV −m)Θ (PV −m) + δp

n

CA
,

dFa
dt

=
m− PS
LS

− RCFa
LS

,

dPR
dt

=
−PR + PS
CRRS

− 1

CRRM
(PR − PV )Θ (PR − PV ) ,

dPS
dt

=
PR − PS
CSRS

+
Fa
CS

. (1)

Where V stands for the left ventricular volume, m is the aortic pressure, n
corresponds to the pump flow, Fa is the aortic total flow, PR stands for the
atrial pressure and PS is the arterial pressure. Besides, the function Θ(u) is a
Heaviside function which takes the non-zero value of 1 for u > 0 or 0 otherwise.
Moreover, the equation governing the pump flow is

dn

dt
=

1

L∗

[
PV −m−R∗n+ βω2

]
. (2)

In this work, we will consider no pump support. This can be set up by using
δp = 0. In addition, we use the same set of parameter values presented in [4]
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for its model and the same set for [5]’s model when considering a case that
shows ectopic PV loop oscillations using µ1 = 0.0024 and µ2 = 0.1584 on its
electric activity model.

Fractional-order Windkessel model As we have mentioned in Section 1,
the goal of this work is to study the addition of fractional order operators
in the lumped parameter circulation model (1). Recently, [27,18] proposes a
fractional-order Windkessel model as an alternative to improve the systolic
phase model description. Inspired on the same approach, in Figure 2a, we
introduce a two-element Windkessel model that uses a fractance element CαF .
This fractance element is equivalent to an infinite tree of capacitors and resistors
[28]. When this infinite tree is binary, it is proved to be of order α = 1

2 (for
further details, see [29,23,24]). To change α’s value, we can use the procedure
described in [30] which consists of allowing more complicated fractal networks
or recursive trees to be constructed (see Fig. 2b). Hence, using a fractional-
order capacitor is equivalent to adding a fractal network in the circuit.

For a better understanding of the mathematical description behind a fractional-
order capacitor, consider the model for the fractional-order circuit shown in Fig.
2a. This model is given by

0Dαt Pa =
Qa
CαF
− Pa
RCαF

. (3)

Taking in to account expression (3). We have the following result

Proposition 1. By using the Caputo definition of the fractional derivative
operator 0Dαt of order 0 < α < 1 [31]. The time response of system (3) is
given by

Pa(t) = Pa(0)tα−1Eα,α(− 1

RCαF
tα)+

1

CαF

∫ t

0

Qa(t− τ)τα−1Eα,α(− 1

RCαF
τα)dτ, (4)

where Eα,α(z) is the Mittag-Leffler function of the complex value z [32].

Proof. The proof follows by applying the Laplace transform to (3) and obtain
the inverse Laplace transform L −1 [Pa(s)].

An important conclusion from Proposition 1 is that equation (4) describes the
arterial pressure as a power low equation with a diffusive term. This kind
of representation implies some challenges that have been recently discussed
through various works (for instance, see [33,34] and the references therein).
Taking the previous lines into consideration, it is important to mention that
instead of finding an analytical solution to our set of differential equations,
in this work, we will offer a qualitative analysis by numerically solving our
set of fractional order differential equations. The numerical solution will be
computed by using the methods presented in [35], which consider that the
fractional derivative of order 0 < α ≤ 1 of a continuously differentiable real-
valued function x(t) is found by taking x(t) = 0 for all t < 0.
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Fig. 2: Diastole and Systole response of the two element WK model.

2.2 Pressure–volume loop analysis in cardiology

Since our analysis will focus on the behaviours obtained using fractional-order
derivatives in left ventricular PV loops, it is important to define why PV loops
are a critical feature to study. We can describe PV loop analysis as a reference
method that offers unique insights into mechanical cardiac efficiency. This
includes the understanding of the pathophysiology, diagnosis, and treatment
of myocardial ischaemia, mitral and aortic regurgitation, mitral and aortic
stenosis, and others (for further details, see [36,37]).

In summary, as shown in Figure 3, a PV loop plots the changes in ventricular
pressure associated with the changes in volume occurring during a cardiac cycle.
A full description of the different concepts related to volumes, pressures, and
areas in a PV loop (shown in Figure 3) can be found in [38]. Below, we describe
some of the pressure-volume concepts that will be of main interest in this work

• The end-diastolic pressure volume relationship (EDPVR) (black dashed
line). The slope of this line gives the elastance of the ventricle. An impor-
tant value over this line corresponds to the End-diastolic volume (EDV) or
preload, which helps to determine the initial value of the arterial elastance
line (shown as a red dashed line in Figure 3).

• The stroke volume. This is the difference between the end-diastolic volume
and the end-systolic volume. It is also known as the ejection fraction, i.e.
the amount of blood to be ejected by the left ventricle to the circulatory
system.

• Arterial elastance line (red dashed line). This line allow us to measure the
afterload which is technically given by the pressure-volume relationship
throughout the entire of ejection, but assumed to be the slope of such a
line drawn from the x-axis value of EDV to the end systolic pressure value
in point A.

• The slope of the End-systolic pressure volume-relationship (ESPVR) also
known as contractility (blue dashed line). It also represents the elastance
at end-systole Ees.
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• The stroke work, which corresponds to the green shaded area of the PV
loop.

• The four stages in the PV loop given by: A-Aortic valve closing, B-Mitral
valve opening, C-Mitral valve closing and D-Aortic valve opening.
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Fig. 3: PV loop diagram.

3 Main results

In this section, we present the main results of our analysis. We start by describ-
ing how we modify equations (1) to include fractional-order dynamics. Then,
we vary the fractional-order derivative orders and comment on their individual
and grouped effects. Finally, we simulate the behaviour of the fractional-order
circulation model when changing other parameters in the circuit.

3.1 The fractional-order circulation model

Consider the use of fractances in the left atrial, aortic and systemic compliances
of the lumped parameter electric circuit shown in Figure 1. Thus, equations
for the left atrial pressure PR, the aortic pressure m and the arterial pressure
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PS in (1) are rewritten as

dαmm

dtαm
= − 1

CA
Fa +

1

CARA
(PV −m)Θ (PV −m) + δp

n

CA
,

dαRPR
dtαR

=
−PR + PS
CRRS

− 1

CRRM
(PR − PV )Θ (PR − PV ) ,

dαSPS
dtαS

=
PR − PS
CSRS

+
Fa
CS

. (5)

where αm, αR, αS ∈ (0, 1] are the fractional orders of the time derivatives for
m,PR and PS , respectively.

3.2 The role of αS

To understand the role of αm, αR and αS in the circulation model, we linearly
vary these parameters in [4]’s and [5]’s models. First, we analyse the effect
of αS . If we let αm, αR = 1 and only vary αS ∈ (0, 1], in mathematical
terms, we are adding an infinite memory and non-local operator to describe
the rate of the arterial-pressure. Physically speaking, since the capacitor for
the arterial compliance in the circuit tries to model the biggest part of the
cardiovascular system, when adding a fractance (an infinite network of resistors
and capacitors), we are trying to improve the description of the arterial system
by implicitly adding an infinite number of elements.

Figures 4a and 4b show the process of decreasing αS from 1 to 0.2. This
process scarcely changes the stroke work but creates an attractor that shows a
right-shift of the PV loop in both model’s responses (with a greater factor in
[5]’s model). Such a shift to the right is presented in ischaemic cardiomyopa-
thy [37]. Besides, the slope of the ESPVR remains almost the same and the
afterload slope shows small increments.

Moreover, a specific analysis in [5]’s model (Fig. 4b) shows that PV loops
with ectopic behaviours using αm = αR = αS = 1 completely change when
αS < 0.6. This change shows a little increase in afterload and EDV which
is quite similar to the one presented in aortic regurgitation. Finally, when
α < 0.3, the PV loop shows a progressive right-shifting greater than in [4]’s
model.

3.3 The role of αR

The value of αR and αm mathematically and physically contain the same prop-
erties than αS , but their role in the circulation model is different. If we con-
sider αR, this affects the rate of change in the atrial pressure. Here, Figure 5
presents the simulations when changing αR in the models of [5] and [4] while
fixing αm = αS = 1. First, from Figure 5a, we can see that for αR < 1 there is
a gradual right-shift of the PV as in the case of αS , but there is also a monoton-
ically increasing preload that is a characteristic feature of aortic regurgitation.
Analysing Figure 5b, [5]’s model initially presented an anomalous behaviour
using αR = αm = αS = 1 which is normalised when αR < 0.7 while showing a
behaviour similar to the case of [4]’s model but in small proportions.
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Fig. 4: Changes in αS with αm = αR = 1 using the models of [5] and [4].
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Fig. 5: Changes in αR with αm = αS = 1 using the models of [5] and [4].

3.4 The role of αm

Since the aorta is the main artery that carries blood away from the heart to the
rest of the body, aortic pressure plays an imperative role in the cardiovascular
system. Also, the aortic pressure is affected by the ventricular pressure whose
behaviour is modified by using different mechanic-electric models (to describe
the ventricular contraction) or by the mitral valve functioning. In this context,
the value of αm plays a crucial role, because it directly affects the rate of change
in the aortic pressure.

Here, we perform simulations of both [5] and [4] models when changing αm
and fixing αR = αS = 1. For both models, we have an erratic PV behaviour
that includes negative diastolic pressures when αm < 0.6. The presence of
negative diastolic pressure values is a phenomenon that has been studied since
long ago as an effect of mitral stenosis [39]. Nonetheless, since the simulation
stops working when αm < 0.47, this erratic performance seems to be caused by
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numerical errors in both models. Such numerical inconsistencies may be fixed
by using a smaller integration step but paying a high computational cost.
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Fig. 6: Changes in αm with αR = αS = 1 using the models of [5] and [4].

3.5 Changing fractional-orders equally and the effect of other
parameters

As we have seen from previous sections, changing αm, αR and αS separately
while fixing the other parameters give an insight about their effect on the
cardiovascular model. Here, in Figure 7, we show the influence of adding equal
and unequal fractional-order values. Such simulations show the presence of a
slight right-shifting over time but with no highly anomalous behaviours. In
this case, the use of fractional-order operators seems to transform the PV loop
into a quasi-periodic attractor for [4]’s model and erase the ectopic oscillations
while increasing the stroke volume for [5]’s model.

Finally, some of the parameters in the circulation model (1) are known to
produce certain effects. For example, the value of Rm decrease/increase the
stroke volume by changing the ESV and EDV positions while fixing ESPVR
and changing RS decrease/increase the stroke volume by fixing ESPVR but
changing the afterload. Since this effect has been studied using [4]’s model,
Figure 8 only shows the effects of Rm and RS on this model while using fixed
αm = αR = αS = 0.7. These simulations show that the effects of Rm and RS
prevail while the fractional-order derivatives continue adding a right-shifting.

4 Concluding remarks

In this work, we have introduced a qualitative analysis of the use of fractional-
order operators in two cardiovascular models with distinct left ventricular con-
tractile element models, by adding fractances instead of capacitors to represent
aortic, atrial and arterial compliances. Moreover, through PV loop analysis,
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Fig. 7: Changes in αm, αR, αS using the models of [4] and [5].
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Fig. 8: Changes in RS and Rm with αm = αR = αS = 0.7 using [4]’s model.

we have demonstrated that fractional-order derivatives can help to characterise
heart anomalous behaviours. Specifically, it may help at describing aortic regur-
gitation, mitral stenosis and ischaemic cardiomyopathy. Future work includes
the design of a parameter identification technique to fit the parameter’s using
real data, the inclusion of the LVAD model in the analysis and a controller’s
design methodology for the LVAD that considers the use of fractional-order
derivatives in the model.
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González-Galván, Gilberto Mej́ıa-Rodŕıguez, and Liliana Félix. Geometrical de-
sign of fractional pdµ controllers for linear time-invariant fractional-order systems
with time delay. Proceedings of the Institution of Mechanical Engineers, Part I:
Journal of Systems and Control Engineering, 233(7):815–829, 2019.

26. E. Kim and Massimo Capoccia. Synergistic modelling of cardiac function with a
heart assist device. Physical Review E, under review, 2019.

27. Mohamed A. Bahloul and Taous-Meriem Laleg Kirati. Fractional-order model-
ing of the arterial compliance: An alternative surrogate measure of the arterial
stiffness, 2020.

28. Mourad S. Semary, Mohammed E. Fouda, Hany N. Hassan, and Ahmed G. Rad-
wan. Realization of fractional-order capacitor based on passive symmetric net-
work. Journal of Advanced Research, 18:147 – 159, 2019.

29. Pu Yifei, Yuan Xiao, Liao Ke, Zhou Jiliu, Zhang Ni, Zeng Yi, and Pu Xiaoxian.
Structuring analog fractance circuit for 1/2 order fractional calculus. In 2005 6th
International Conference on ASIC, volume 2, pages 1136–1139, Oct 2005.

30. James F. Kelly and Robert J. MacGough. Fractal ladder model and power law
wave equations. The Journal of the Acoustical Society of america, 126(4):2072–
2081, 2009.

31. Abdon Atangana. Fractional operators with constant and variable order with
application to geo-hydrology. Academic Press, 2017.

32. AK Shukla and JC Prajapati. On a generalization of mittag-leffler function and its
properties. Journal of mathematical analysis and applications, 336(2):797–811,
2007.

33. Jocelyn Sabatier, Mathieu Merveillaut, Rachit Malti, and Alain Oustaloup. How
to impose physically coherent initial conditions to a fractional system. Commun
Nonlinear Sci Numer Simulat, 15:1318–1326, 2010.

34. Jocelyn Sabatier. Fractional-order derivatives defined by continuous kernels: Are
they really too restrictive? Fractal and Fractional, 4(3), 2020.

35. Roberto Garrappa. Numerical solution of fractional differential equations: A
survey and a software tutorial. Mathematics, 6(16), 2018.

36. F. Seemann, P. Arvidsson, D. Nordlund, S. Kopic, M. Carlsson, H. Arheden, and
E. Heiberg. Noninvasive quantification of pressure-volume loops from brachial
pressure and cardiovascular magnetic resonance. Circulation. Cardiovascular
imaging, 12(1):e008493, 2019.

37. Marcelo B Bastos, Daniel Burkhoff, Jiri Maly, Joost Daemen, Corstiaan A den Uil,
Koen Ameloot, Mattie Lenzen, Felix Mahfoud, Felix Zijlstra, Jan J Schreuder,
and Nicolas M Van Mieghem. Invasive left ventricle pressure–volume anal-
ysis: overview and practical clinical implications. European Heart Journal,
41(12):1286–1297, 08 2019.

340



38. David E. Mohrman and Lios Jane Heller. Cardiovascular Physiology. Lange
Medical Books/McGraw-Hill. New York, USA, 9 edition, 2018.

39. H. N. Sabbah, D. T. Anbe, and P. D. Stein. Negative intraventricular diastolic
pressure in patients with mitral stenosis: evidence of left ventricular diastolic
suction. The American journal of cardiology, 45(3):562–566, 1980.

341



 

342



Vector Difference Equations, Substochastic Matrices, 

and Design of Multi-Networks to Reduce the Spread 

of Epidemics 
 

Harold M Hastings1 and Tai Young-Taft2 
 

1
   Bard College at Simon’s Rock, 84 Alford Road, Great Barrington MA 01230, USA 

     (E-mail: hhastings@simons-rock.edu) 
2      Bard College at Simon’s Rock, 84 Alford Road, Great Barrington MA 01230, USA 

     (E-mail: tyoungtaft@simons-rock.edu) 

 

Abstract. Cities have long served as nucleating centers for human development and 
advancement, c.f. [24]. Cities have facilitated the spread of both human creativity and 

human disease, and at the same time, efforts to minimize the spread of disease have 

influenced the design of cities, c.f. [26]. The purpose of this paper is to explore the 

dynamics of epidemics on networks in order to help design a multi-network city of the 
future aimed at minimizing the spread of epidemics. In order to do this, we start with the 

SIR model (susceptible, infected, removed) on a network in which nodes represent cities 

or regions and edges are weighted by flows between regions. Since the goal is to stabilize 

the zero infections steady state, we linearize the discrete-time SIR model yielding 
difference equations for the dynamics of infections at each node and then include flows 

of infections from other nodes. This yields a vector difference equation vnew = Mv for the 

spread of infections. We then generalize the concept of stochastic matrix in order to 

quantify the dynamics of this update equation. The entries of the update matrix M may 
vary in time, even discontinuously as flows between nodes are turned on and off.   This 

may yield useful design constraints for a multi-network composed of weak and strong 

interactions between pairs of nodes representing interactions within and among cities. 

Keywords: Covid-19, SIR model, network, matrix models, cities 
 

 

1  Introduction 
 

Cities have long served as nucleating centers for human development and 

advancement, c.f. [3-5, 21, 24, 28] and references therein. As Bettencourt et al. 

state: “Cities have long been known to be society’s predominant engine of 

innovation and wealth creation, yet they are also its main source of crime, 

pollution, and disease. … Many diverse properties of cities from patent 

production and personal income to electrical cable length are shown to be power 

law functions of population size with scaling exponents, β, that fall into distinct 

universality classes. Quantities reflecting wealth creation and innovation have β 

≈ 1.2 >1 (increasing returns), whereas those accounting for infrastructure 

display β ≈ 0.8 <1 (economies of scale).”  [5] 

 

Schläpfer et al. “show that both the total number of contacts and the total 

communication activity grow superlinearly with city population size, according 

to well-defined scaling relations and resulting from a multiplicative increase that 
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affects most citizens. Perhaps surprisingly, however, the probability that an 

individual’s contacts are also connected with each other remains largely 

unaffected. These empirical results predict a systematic and scale-invariant 

acceleration of interaction-based spreading phenomena as cities get bigger … a 

microscopic basis towards understanding the superlinear increase of different 

socioeconomic quantities with city size, that applies to almost all urban systems 

and includes, for instance, the creation of new inventions or the prevalence of 

certain contagious diseases.” (emphasis added) [21] 

 

Although Arcaute et al. [3] question these scaling rules, citing both the role of 

density and notable exceptions, e.g., the enormous intellectual productivity of 

Cambridge UK, they also support the central role of cities.  

 

Finally, the there is a two-way relationship between cities and disease: as 

Stinson [26] observed, “Health and Disease Have Always Shaped Our Cities.” 

For example, Olmstead and Vaud’s development of Central Park (an 843 acre/ 

341 hectare park) in New York City was in part driven by cholera epidemics in 

the early to mid-1800’s. 

 

Stinson then asked “What Will Be the Impact of COVID-19?”, a question which 

motivated the thrust of the present paper. Perhaps the city of the future and the 

inter-urban network of the future will be in part physical, in part virtual, thus a 

milti-network. 

 

We start with the SIR model (susceptible, infected, removed) (c.f. [23] for a 

review on a network. The SIR model has been widely used to stud the spread of 

Covid-19 (c.f. [9] and references therein). Biswas was et al. explored the early 

spread of Covid-19 in China with the SIR model on a network [6], obtaining a 

power law fit to the contacts. Here we develop a simple matrix/network 

extension of the SIR model near the desired zero infections steady state. 

 

The SIR model considers three states: susceptible, infected, removed. We shall 

not distinguish here between “infected” and “infectious,” since this distinction 

does not affect dynamics near the desired zero infections steady state. In 

addition, we simplify the model by assuming that infected individuals either 

gain long-term immunity or pass away. Under our simplifying assumptions we 

have a simple flow diagram (Fig. 1, below) and differential equation for the 

number infected (eqn. 1, below). (If immunity were only temporary, some of the 

immune population would become susceptible, and we would add a flow from 

the removed compartment to the susceptible compartment.) 
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Fig. 1. Flow diagram for the SIR model. Arrows represent flows from 

susceptible infected (as susceptible individuals become infected), from infected 

to removed (as infected individuals become no longer infected, some of whom 

pass away and others recover), and from removed to susceptible (recovered 

individuals who lose or never had immunity). Since Covid-19 appears to show 

long-term immunity in most recovered individuals [11, 22], we may ignore 

flows from removed to susceptible. Flows into the infected compartment depend 

upon interactions between susceptible and infected individuals, parametrized by 

an effective transmission rate b; flows out of the infected department scale 

inversely with and the duration D of infection. See text, eqn. (1). 

 

 

Flows into and out of the infected state (compartment in engineering language) 

are given by the standard SIR equation 

 

dI/dt = bIS  I/D      (1) 

 

Here I denotes the number infected, S the number susceptible, b an effective 

transmission rate (described below) and D the duration of infection. Our goal 

here to make the steady state with zero infected (I = 0) Lyapunov stable 

equilibrium as in May and Anderson [20]. As they observed, “simple 

mathematical models of the transmission dynamics of HIV help to clarify some 

of the essential relations between epidemiological factors.” We shall rewrite the 

flow from susceptible to infected in terms of probability p that a contact yields 

an infection, and the effective contact rate c between susceptible individuals and 

the probability s that a contact is susceptible, that is, bS = pcs. As illustrated in 

Fig. 2 below, the SIR model for infections then becomes 

 

  dI/dt = pcsI  I/D  

= (pcs  1/D)I     (2). 

 

 

Fig. 2. Graphical representation of the SIR model (eqn. (2)). Flows are pcsI 

(into the infected compartment) and (1/D)I (out of the infected compartment) for 

a net flow of (pcs  1/D)I. 
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We shall now explore the role of controls (masking, distancing, travel limits, 

shutdowns, etc.) aimed at controlling the cascading spread of Covid-19 through 

the use of a robust, simple model, namely a matrix/network extension of the 

above SIR model. 

 

 

2  Linearizing the SIR model 
 

In order to develop the matrix model, we first linearize the SIR model (eqn. (2)) 

by assuming that the probability s that a contact is susceptible is constant. We 

then discretize the linearized SIR model by the Euler method, obtaining the 

difference equation 

 

 I(t+t) = I(t) + (pcs  1/D) I(t) t 

  = (1 + (pcs  1/D)t) I(t)    (3). 

 

Remarks. 

(1) The parameter Rt (c.f. the basic reproductive rate R0 in [20]) is readily 

obtained by setting the time step t in eqn. (3) equal to the duration of 

infection D. The following simple calculation then implies that  

 

Rt = pcsD      (4) 

 

is the growth rate of infections over the duration of infection D as the 

natural time scale: 

 

I(t+D) = (1+( pcsD1) I(t) 

 = pcsD I(t)     (5). 

 

(2) Eqn. (6) yields a condition for herd immunity, namely, that the growth 

rate 

 

Rt = pcsD < 1     (6),  

 

in which case the number of infected, I, decreases at least exponentially 

as  

 

(pcsD)t/D       (7). 

 

The required limit in growth rate Rt (eqn. (6)) can be can be achieved in 

several ways or by an appropriate combination thereof: 

 

a. Reducing the probability p that a contact results in an 

infection through masking and/or physical (misnamed social) 

distancing. Of course, relaxing masking and/or physical 
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distancing will increase p, potentially causing the growth rate 

Rt to increase above 1, ending (apparently temporary) herd 

immunity. 

 

b. Reducing the effective contact rate c between susceptible and 

infected individuals, for example by making some contacts 

virtual and/or by otherwise reducing the incidence of 

“superspreading”/ “spreading” events in a multi-networked 

city of the future.  May and Anderson [20] emphasized the 

role of the distribution of contact rates in determining the 

effective contact rate (for the spread of HIV in a male 

homosexual population): 

 

c =  + 2/     (8), 

 

the mean + the ratio of the variance to the mean, which we 

rewrite perhaps more simply as 

 

c =  (1 + (/)2)    (9). 

 

The effective contact rate is thus increased by the square of 

the coefficient of variation, similarly emphasizing the role of 

variability in contact rates. Of course, eqns. (8) and (9) “blow 

up” if the contact rate has a fat tailed distribution with infinite 

variance.  

 

Similarly, reducing contacts through travel restrictions (the 

effects of travel modeled by off-diagonal elements in a matrix 

update equation (eqns. (10ff), below). 

 

c. Reducing the proportion of susceptibles s by vaccination. 

 

 

 

3 Substochastic matrices, products with non-negative vectors 

and a matrix/network model. 

 
In this section we extend the linearized, discrete-time SIR model (eqn. (4)) to 

networks.  

 

Notation. Since the symbol i is typically used for indexing vectors and matrices, 

we write v for the vector whose entries denote the number of infected 

individuals in nodes (cities, regions). We shall also follow standard notation I 

the identity matrix from here on, and M for the matrix of rate coefficients in our 

matrix/ network model. Thus diagonal entries are given by rate coefficients in 
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the SIR model (eqn. (4)). Off-diagonal entries in M represent rates at which 

infections in one node/city/region generate infections in another 

node/city/region; see Fig. 2, below. 
 

 

 

Fig. 2. Infections generated by connections in the 

matrix/network model. This small, “toy” model consists 

of two nodes, representing cities or regions.  In this 

representation M21 represents the rate at which one 

infection in node 1 generates new infections at node 2, 

that is M21t new infections at node 2 after one time step 

t. Analogously M12 represents the rate at which each 

infection at node 2 generates new infections at node 1. 

 

 

 

We obtain an update rule v(t+t) = v(t) + Mv(t), or more simply 

 

vnew = (I+Mt)v      (10), 

 

Here the diagonal elements represent local (within node/city/region) SIR 

interactions 

 

 Mii = picisi  1/D      (11), 

 

and the off-diagonal elements Mij represent the rate at which infections at node i 

generate additional infections at node j. Fig. 3, below, is a graphical 

representation of the matrix/network SIR model.    

 

 

Fig. 3. Graphical representation 

of the matrix/network SIR model. 

This small, “toy” model consists of 

two nodes, representing cities or 

regions.  As in Fig. 2, M21 

represents the rate at which one 

infection in node 1 generates new 

infections at node 2, that is M21t 

new infections at node 2 after one 

time step t, analogously for M12. In 

addition, the rate of change v1, the number infected at node 1 is simply 

(p1c1s11/D)v1 as in eqn. (11), analogously for node 2; see also Fig. 1, above. 

 

Interpretation and consequences.  Suppose v is the unit vector with a 1 in the 

jth row, representing one infection in node j of the network. Then Mv is simply 
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the jth column of M: (Mv)i = Mij. The jth column sum i Mij is the “rate constant” 

at which infections at node j drive a change in the number of infections 

throughout the entire network. As a consequence, if all column sums of the 

update matrix M are negative, then the total number of infections in the network 

will decrease after a time step t. This observation suggests that the column 

sums play a role in quantifying the growth or decay of infection in a 

matrix/network model analogous to the role of Rt in quantifying local dynamics: 

(column sums < 0)  (Rt < 1). 

 

The analogy (column sums < 0)  (Rt < 1) can be simplified by rewriting the 

update equation vnew = (I+Mt)v (eqn. (10)) as 

 

 vnew = (I+Mt)v = Av     (12), 

 

where 

 

 A = I+Mt      (13). 

 

In the case of a trivial network (one node, no connections), and time step t = D, 

the duration of infection, A becomes a scalar and A = Rt (eqn. (4), above). The 

stability criterion Rt < 1 then suggests the following definition (generalization). 

 

Definition 1. A non-negative matrix is column-substochastic if its maximum 

column sum is less than 1. 

 

Thus, whenever the update matrix M in the update rule is column-stochastic, 

one infection yields < 1 infections in total at the next time step, irrespective of 

location. 

 

Note. The 𝓁1 norm of a non-negative vector is simply the sum of its entries. 

Here the 𝓁1  norm of v is simply the total number of infections. 

 

We need a relatively straight-forward theorem on left multiplication by a 

column-substochastic matrix. We give a short proof (a straight-forward 

calculation) here since we did not find a proof in the literature. 

 

Theorem 1. Left multiplication by a column-substochastic matrix with 

maximum column sum  k reduces the 𝓁1 norm of a non-negative vector by a 

factor  k. 

 

Proof. Let v be a non-negative vector and A a column-substochastic matrix. We 

calculate the 𝓁1 norm of Av, namely i (Av)i as follows. 

 

i (Av)i = i (j Aij vj)  

= ij Aij vj 
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= j (i Aij) vj 

 j k vj  

= kj vj      (14), 

 

namely k times the 𝓁1 norm of the non-negative vector v.  Done. 

 

Remarks. The Gerschgorin circle theorem yields an analogous bound for the 

eigenvalues of a non-negative matrix, based on row sums. However, in the spirit 

of Cohen and Newman’s results for products of random matrices [7, 8], 

Theorem 1 has the advantage that it can be generalized to products of column-

stochastic matrices, which themselves may vary in time. 

 

Corollary 1. Repeated application of the update rule vnew = Av (where A = I+M) 

to a non-negative vector v, represented by the product of a sequence of column-

substochastic matrices {A(i)}, which may vary in time, and all with maximum 

row sum   k < 1, namely 

 

  v(t+nt) = A(n) A(n1) … A(2) A(1)v(t)   (15), 

 

reduces the 𝓁1 norm of v by a factor of at most k.
n. 

 

Corollary 2. Thus, near the zero-infections steady state, absent introduction of 

infections from outside the network, the total number of infections decays at 

least as fast as k.
n = k.

t/t (exponentially), that is, with time scale 

 

    t ln k      (16). 

 

.More generally we have the following. 

 

Corollary 3. Repeated application of the update rule vnew = Av (A = I+M) to a 

non-negative vector v, represented by the product of a sequence of column-

substochastic matrices which may vary in time, as in eqn. (15) above, reduces 

the 𝓁1 norm of v by a factor of at most kg.m.
n where kg.m. is the geometric mean of 

the corresponding maximum column sums. 

 

Corollary 4. Thus, near the zero-infections steady state, provided that 

 

 kg.m. < 1       (17), 

 

and absent introduction of infections from outside the network, the total number 

of infections decays exponentially at least as fast as kg.m.
n = kg.m.

t/t, that is, with 

time scale 

 

    t ln kg.m.      (18). 
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Of course, Theorem 1 its corollaries approximate converses, based upon the 

following definition of column-superstochastic matrices. Since details are 

similar, here we simply state the converse and resulting time scales for growth 

without proof. 

 

Definition 2. A non-negative matrix is column-superstochastic if its minimum 

column sum is greater than 1. 

 

Theorem 2. Left multiplication by a column-superstochastic matrix with 

minimum column sum  K increases the 𝓁1 norm of a non-negative vector by a 

factor  K. 

 

Thus, repeated application of the update rule vnew = Av to a non-negative vector 

v, represented by the product of a sequence of column-substochastic matrices 

which may vary in time, and all with minimum row sum   K > 1, as in eqn. 

(15) above, causes the number of infections to grow at least as fast as Kn 

(exponentially), that is with time scale 

 

    t ln K      (19). 

 

If we relax the criterion and consider only the geometric mean Kg.m. of the 

corresponding maximum column sums, the number of infections grows at least 

as fast as Kg.m.
 n (exponentially), that is with time scale 

 

    t ln Kg.m.      (20). 

  

 

4  Discussion 
 

In sections 2 and 3 we extended a linearized SIR model to a corresponding 

matrix network model, and extended the usual criterion Rt < 1 for infections to 

decline, ultimately stabilizing the zero infection steady state to a corresponding 

criterion for in the matrix/network model (Corollaries 1 and 2). Here we discuss 

that criterion and its consequences. 

 

Recall the update rule (eqn. 12) 

 

 vnew = (I+Mt)v = Av, 

 

where v for the vector whose entries denote the number of infected individuals 

in nodes (cities, regions) in the network, the diagonal entries 

 

 Mii = picisi  1/D 
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represents SIR dynamics at node i, and the off-diagonal entries parametrize 

flows between regions. We developed a variety of stability criteria for driving 

the infections to 0, of which Corollary 1 is the simplest: the update matrices A = 

I+Mt are uniformly substochastic, with all column sums of all update matrices 

A uniformly bounded by a constant k < 1. This criterion combines the generation 

of new infections at each node with infection “exported” to other nodes: the 

following analog of Rt, namely 1+ the total number of infections generated 

throughout the network by a single infection at any node, less the recovery rate 

1/D, given by the corresponding column-sum of M, must be uniformly bounded 

by a constant k < 1. The bound on column sums can be considered as a granular 

version of a bound on Rt. 
 

4.1 Consequences for control and network design 

 

We first discussed controlling the spread of coronavirus locally (at one node) by 

making Rt = pcsD < 1 at that node, through the combined effects of (a) Slowing 

the spread by reducing the probability that a contact results in an infection 

through masking and/or physical (misnamed social) distancing, (b) Reducing 

the effective contact rate between susceptible and infected individuals, for 

example by making some contacts virtual and/or by otherwise reducing the 

incidence of “superspreading”/ “spreading” events in a multi-networked city of 

the future, and (c) reducing the proportion of susceptibles by vaccination. 

 

Our matrix/network models introduce more granularity: for stability an 

increasing rate of infections at a node, namely pjcjsj, must be balanced by a 

similar reduction the rate of infections generated by infections at that node, the 

latter parametrized by the sum of off-diagonal elements in the corresponding 

column of M (or A since A= M+I), for example, through localizing or 

virtualizing interactions, restrictions on travel, or reduction of the size of events 

where interactions occur. Similar considerations apply in reducing the rate of 

growth of infections in cases where infections are growing (column sums of 

update matrices A > 1, analogs of Rt >1) to reduce the strain on resources by 

“flattening the curve.” 

 

Moreover, the spread of Covid-19 seems to have the hallmarks of a cascading 

failure [10], here initially localized loci of infection which spread more rapidly 

than the system reacts to contain or mitigate the spread (described for example 

in [14]). Decentralized (modular) organization has been shown to promote 

survivability from “cascading failures in power grids.”  [16] discussed how 

decentralized (modular) organization and “reciprocal altruism” promote 

survivability from “cascading failures in power grids.” The modular 

organization of the US (and perhaps any other) power grids, and lessons learned 

from cascading failure leading to the Northeast US blackout of 2003 [18] may 

provide ideas for a modular organization of networks in cities of the future, in 

which case signals provided by matrix models such as those discussed above 

(e.g., eqn. (9)) might provide fast enough warning signals to contain the spread 
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of future epidemics from hot spots. For example, one might seek to avert the 

transition from substochastic dynamics (decay of infection) to superstochastic 

dynamics (growth of infection), both throughout the network, by introducing 

travel restrictions, reducing off-diagonal elements in the update matrix. See also 

the discussion of the “smart electric grid of the future” [2]. 

 

4.2 Limitations, future work and conclusions 

 

In the present paper have discussed only the simplest matrix/network extension 

of the classic SIR model, and looked only for qualitative correspondence to the 

data. In the future one should explore extensions to more general models and 

explorations of fitting data (and explanations for failure to fit the data, e.g., 

evolving social behavior, c.f. [9]. 

 

Moreover, one might explore what might be interesting non-linear extensions to 

the present discussion. The May-Wigner transition from instability to stability as 

a function of the strength of interactions in a network with linear interactions [1, 

7, 8, 19] has also been observed in nonlinear dynamical systems [12, 17, 25]. 

Network structure also plays a role in stability, both small-world organization 

[27] and more complex network structures (c.f. [15]), and should be considered 

in understanding the role of social behavior and urban design in the spread of 

epidemics. 

 

We also plan to extend our matrix/network model to a stochastic model to study 

the propagation and growth of random infections in a matrix/network model 

(c.f. [13]), and to develop a criterion for “circuit breakers” to limit cascading 

spread (see the discussion of the power grid, above). Both projects project may 

help in “flattening the curve” to help avoid overrunning the limits of medical 

resources. 

 

4.3 Summary 

 

In summary, we have developed a model for the spread of epidemics which over 

networks, which includes both local (within node/city/region) SIR dynamics and 

flows of infections between nodes. We have also provided a natural criterion for 

the zero infections steady state to be stable: expressed mathematically that all 

column sums are less than 1 (substochastic), and interpreted that one infection 

anywhere in the network yields less than one new infection (on average) over 

the entire network. This approach may be a small step towards models to help 

design “smart cities” of the future with an idea of preventing, containing, or at 

least mitigating future pandemics. 
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Abstract. In a turbine, the leakage loss is an important source of turbine aerodynamic loss. 

In this paper, steady numerical simulations were performed to analyze the flow 
characteristics in the shroud of a 1.5-stage axial turbine and the interaction between the 

leakage flow and the mainstream. A spatial loss audit inside shroud was undertaken and 

the loss in the shroud was assessed. Based on the Liutex method, the vortices in the shroud 

were identified. The results show that the leakage flow in the shroud could be regarded as 
a jet process with several parts which are free jet and wall attached jet. The rest part of the 

shroud was occupied by the vortices and separated flows. There is both inflow and outflow 

on the interface of outlet cavity and mainstream, accompanied by a series of vortices in the 

outlet cavity. The loss in the inlet cavity is affected by the leakage flow intensity. The loss 
in the outlet cavity accounts for the largest part of the loss in the shroud. 

Keywords: Flow characteristics, Vortex, Turbine, Shroud, Leakage loss, Liutex method. 
 

1  Introduction 
 

Leakage flow impacts turbine performance through reducing extracted work 

in rotor blades. Apart from this, Wallis et al. [1] identified four other loss 

mechanisms that the shroud leakage flows affect turbine performance. They are 

mixing in the inlet shroud, mixing through labyrinth seal, mixing loss in the exit 

cavity because of the difference between the leakage flow and the main flow, and 

the effect of non-ideal incidence in the downstream blade row. Rosic and 

Denton[2] analysed the flow in a 1.5 stage turbine and separated the contribution 

of each leakage loss mechanism. For the shrouded turbine investigated, the 

efficiency drop due to the mixing loss in the inlet cavity and exit cavity is 0.20% 

and 0.25%, respectively. The re-entry mixing loss and downstream negative 

incidence losses causes 0.40% efficiency drop. The loss due to the reduced work 

extraction can be estimated by the mass fraction of the leakage which is directly 

proportional to the former. Based on Denton’s previous work, Yang[3] proposed 

a strategy to calculate the mixing loss between the tip leakage flow and 

mainstream flow by a control volume analysis, and this developed method could 

be referred to calculate the re-entry mixing loss. 

Reducing the re-entry mixing loss has been recognized as a promising way 

to reduce aerodynamic loss and further improve turbine performance. This 

perspective has been verified by many researchers. Denton and Johnson[4] stated 

that the shroud leakage flow remains roughly unchanged as the flow pass through 
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the shroud. The mixing loss due to the difference in tangential velocity between 

the mainstream and the leakage flow is significant. Hunter and Manwaring[5] 

researched on the interaction of the cavity flow and the main flow. They found 

that the disparity in circumferential momentum of the two flows led to increased 

loss. Gier et al.[6] showed that the re-entry mixing loss accounted for up to a half 

of the losses related to cavity flow.  

Based on this, several groups have used turning elements expecting to reduce 

the circumferential momentum disparity at the cavity exit. Wallis et al.[1], Rosic 

and Denton[2] incorporated turning devices onto the shroud surface and at the 

cavity exit respectively in order to redirect the cavity exit flow. Contradictory 

results have been obtained. Rosic and Denton measured an improvement of 0.4% 

in overall aerodynamic efficiency while Wallis got a reduction in efficiency of 

3.5% due to the increased loss from main flow ingress in the outlet cavity. Gao et 

al.[7] took a similar approach after Rosic and Denton, using stationary vanes fixed 

to the casing but between radial seals. Their results demonstrate that the turning 

elements can reduce mixing losses, but the overall isentropic efficiency may 

decrease due to the large separation at the trailing edge of the turning vanes, which 

depends on the shape and number of turning vanes. 

It’s unachievable to control the loss as expected without acquaintance with 

the flow in the shroud, which resent researches have cast new light on. Wang[8] 

revealed the detailed flow field in the shroud cavities, and built the vortex models 

of some local flow. Palmer et al.[9] assessed the toroidal vortex system in loss 

generation and regulation of mass flow, and the correlation between the vorticity 

of the vortex and its associated viscous dissipation and the recirculating mass flow 

rate was identified. With the advance of vortex identification method, the vortex 

structures in the shroud could be captured more accurately. In 2018, Liu et al.[10] 

proposed a new systematic vortex identification method named Liutex method, 

whose advantages were then illustrated by Gao and Liu[11]. Modified normalized 

Liutex vortex identification method was soon proposed by Liu J. and Liu[12]. The 

definition of Liutex core proposed by Xu et al.[13] marks the maturity of Liutex 

method. Since then, the effectiveness and advantages of Liutex method in 

robustness, threshold selection and so on have been demonstrated by many 

researchers[14-17]. Therefore, Liutex method will be used in this paper to capture 

the vortices in the shroud. 

In this paper, a numerical simulation was performed to explore the flow 

characteristics and loss mechanisms in the shroud. Apart from quantitative 

analysis of the loss on the different regions in the shroud, a spatial loss audit inside 

shroud was undertaken and the loss in the shroud was assessed. 

 

2  Numerical Methods 
 

The turbine in this research, whose primary geometric and aerodynamic 

parameters at the design point are listed in Table 1, contains a stator passage, a 

rotor passage and an inter-turbine duct, which is not shown in Fig. 1. The rotor 

blade is furnished with stepped labyrinth seal shroud. The meridional view of the 

shroud is shown in Fig. 2. 
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Fig. 1. Mesh in the stator passage and 

the rotor passage 

Fig. 2. Meridional view of the shroud 

Table 1. Aerodynamic and geomeetric parameters of the LP at the design point 

Inlet total temperature (K) 1183.4 Rotating speed (r/min) 10,736 
Inlet total pressure (Pa) 655,527 Number of blades 53/94/7 

Exit static pressure (Pa) 280,000 Solidity 1.58/1.41/0.65 

The numerical simulation was performed by Finite Volume Solver (ANSYS 

CFX 19.0). Reynolds-averaged Navier-Stokes equations were solved by using a 

finite volume mothed. SST turbulence model was used for turbulence closure, and 

variable specific heat calculation was applied in the simulation. All the wall faces 

were set as no slip and adiabatic wall faces and the rotor hub wall rotated with the 

rotor blade. Mass flow-averaged total temperature and total pressure, inflow angle 

was imposed in the inlet plane while static pressure was applied as the outflow 

condition. 

Gird independence is checked and totally 3 million nodes are used in the 

simulation. the shroud domain and each blade passage domain consists of about 

1 million grid nodes, respectively. The meshes on the stationary domains are 

coupled with the rotational domains by mixing plane approach. However, the 

mesh on the interface between the shroud and mainstream is matched strictly as 

shown in Fig. 3. 

 
Fig. 3. Mesh in the rotor passage and shroud 

 

3  Flow characteristics in the shroud 
 

As shown in the Fig. 4, the meridional velocity distribution in the meridional 

plane of the shroud indicates that the leakage flow can be treated as a jet process 

with several different parts which are free jet and wall attached jet. At first, the 

359



leakage flow was turned because of the blocking of the shroud. The leakage flow 

therefore is concentrated around the vicinity of the leading edge of the shroud, 

forming a free jet that flows into the inlet cavity. Next, the leakage jet made 

another turn and flows as a wall attached jet towards the first seal. The leakage 

jet encounters large acceleration after flowing past the seals. Finally, the leakage 

jet is turned third time and flows out the outlet cavity, joining the mainstream. A 

large separation area is also formed at the downstream casing wall of the outlet 

cavity.  

 
Fig. 4. Meridional velocity distribution in the meridional plane of the shroud 

Fig. 5 indicates the vortex structures in the shroud, which are captured by 

iso-surface |Liutex| = 5 × 104  and colored by vorticity in y direction. Fig. 5 

shows the space outside the leakage jet in the shroud is occupied by vortices and 

separated flows, which are mainly induced by the leakage flow. In Fig. 5(b), the 

vortices in the inlet cavity are cut by a circumferential plane. Chons et al.[18] 

state that the fluid particles within a vortex should exhibit as a swirling motion, 

implying that the closed orbits or spirals formed by the streamlines in the 

circumferential plane should be considered as vortices. However, it can be found 

in Fig. 6 that the spirals in the plane were less than the regions with high Liutex 

values, indicating that there are more vortices than that the streamline displays. 

In fact, the center of the obits or spirals do not correspond to the vortex core 

because the flow in these areas carries low momentum. For example, the vortex 

V1 and V2(marked in Fig. 6) have same rotation direction, namely anti-

clockwise. The two vortices interact with each other, resulting in the low velocity 

between them. The high Liutex value exists in the area where the streamline 

curves.  

The vortices in the outlet cavity seems simpler than that in the inlet cavity. 

In the outlet cavity, the mainstream flow periodically ingress into the cavity due 

to the blade to blade pressure gradient. The incoming flow rolls up and forms the 

cavity vortex. With the help of vortex identification by Liutex, the cavity vortex 

could be clearly captured, which is marked in red circle in Fig. 5. Therefore, it 

can be found that the cavity vortex starts at position marked P in Fig. 5 and then 

advances circumferentially. It will be shown to play an important role in the 

entropy generation of the outlet cavity in the later section. 

free jet 

wall attached jet  
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(a) 

  
(b) (c) 

Fig. 5. Iso-surfaces of |Liutex| = 5×104
, colored by Vorticity-y: (a) shroud;  

(b) inlet cavity with a circumferential plane; (c) outlet cavity 

 
Fig. 6. Liutex distribution and streamlines in the circumferential plane shown  

in Fig. 5(b) 

4  Loss mechanisms in the shroud 
 

Denton’s canonical review paper[19] states that the rational measure of loss 

in an adiabatic machine is entropy creation. Basic thermodynamics tells us that 

entropy creation occurs due to viscous friction in either boundary layers or free 

layers and heat transfer across finite temperature differences. Therefore, the 

entropy generation per unit volume can be described simply as follows: 

�̇�g,local
′′′ = �̇�themal

′′′ + �̇�visc
′′′ =

𝑘

𝑇2

𝜕𝑇

𝜕𝑥𝑖

𝜕𝑇

𝜕𝑥𝑖
+
2𝜇𝑠𝑖𝑗𝑠𝑖𝑗

𝑇
 

𝑆g,local
′′′  denotes the local entropy generation per unit volume, called entropy 

generation rate and 𝑠𝑖𝑗 represents shear strain rate. In fact, some parameters in the 

equation cannot be solved directly until the direct numerical simulations (DNS) 

are employed[20]. To calculate the viscous part and thermal part directly from 

P 

V1 

V2 
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RANS results, the equation should be transformed into another form based on 

Reynolds average studied by Herwig[21] and Kramer-Bevan[22]: 

�̇�g,local
′′′ =

𝑘

�̅�2

𝜕�̅�

𝜕𝑥𝑖

𝜕�̅�

𝜕𝑥𝑖
+
𝛼𝑡
𝛼

𝑘

�̅�2

𝜕�̅�

𝜕𝑥𝑖

𝜕�̅�

𝜕𝑥𝑖
+
2𝜇�̅�𝑖𝑗�̅�𝑖𝑗

�̅�
+
𝜀�̅�

�̅�
 

where “  ̅” means the numerical Reynolds averaged parameters. Altogether four 

groups of entropy production terms in turbulent flows could be identified. Next, 

entropy production rate calculated in this way would be used to analyse the loss 

in different regions of the shroud. 

The flow is non-unifrom in the circumferential direction. Fig. 7 shows the 

entropy generation rate in four different circumferential palnes whose location is 

shown in Fig. 8. It can be found that the high entropy generation rate area locates 

at the proximity of the leakage jet and the wall. Apart from the loss at the wall 

caused by the the visous friction in boundary layers, there are two jet-like area 

with high entropy production rate (marked A1 and A2 in the C3 plane), where the 

loss is mainly caused by the interaction bewteen the leakage flow and low 

momentum fluid in the inlet cavity. The leakage intensity is different in varied 

planes, which is manifested as the change of loss in the two areas. When the 

leagkage jet is more intense, the high loss production rate area at the proximity of 

the interface between inlet cavity and the mainstream (marked A1) is shorter 

while the area marked A2 is longer, deeper inside the inlet cavity. While the 

distribution of the loss changes with the flow intensity, the total loss in different 

planes of the inlet cavity increases with flow intensity. 

  

  
Fig. 7. Entropy generation rate distribution in four circumferential palnes 
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Fig. 8. The location of the four circumferential planes in the inlet cavity 

The distribution of entropy generation rate and axial velocity in a 

circumferential plane of the cavity between seals is shown in the Fig. 9. In the 

cavity between seals, the momentum of leakage jet decays with distance from the 

first seal because of the wall dissipation, and a thin layer of high entropy 

generation rate area is formed at the casing wall, suggesting high loss is caused. 

After passing through the step, the leakage jet mixes with the vortex in the corner, 

and loss is generated as well. 

  
Fig. 9. entropy generation rate and axial velocity distribution in a circumferential plane 

of the cavity between seals 

The loss on the tip of each seal is probably caused by the open separation. 

Compare the entropy generation rate distribution of the two seals shown in the 

Fig. 10, it can be found that the loss on the tip of the second seal is larger than the 

first seal. That is because the leakage flow passing through the second seal 

encounters higher pressure drop, forming a more intense jet. Therefore, the open 

separation region is larger, and more separated flow mixes with the jet. 

  
Fig. 10. Entropy generation rate distribution in a circumferential plane of the seals 

The flow in the outlet cavity is more complex. The entropy generation rate 

distribution and streamline in the circumferential planes indicates that the high 

    

Rotor blade 

Inlet cavity 
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intensity jet eject from the seal mixes with the low momentun fluid near the 

shroud, leaving a long and wide area with high entropy production rate. The 

mainstream flow ingresses periodically into the outlet cavity and forms the cavity 

vortex, as shown in C6 and C7 plane. Large enpropy production is generated at 

the cornor and the wall of the trailing edge of the shroud due to the mixing process 

with the cavity flow and the friction of the wall, respectively. 

In C5 and C6 plane where no mainstream flow ingresses into the outlet 

cavity, the outflow divides into two streams, in which one stream of fluid flows 

around the cavity vortex, then mixes with the other stream of fluid, generating 

entropy production. The entropy production is affected by the velocity of the two 

streams. With the evolution of the cavity vortex induced by the ingress flow, the 

flow pattern in the outlet cavity changes, as well as the loss. 

 
Fig. 11. The location of the four circumferential planes in the outlet cavity 

  

  
Fig. 12. Entropy generation rate distribution and streamline in four circumferential palnes 

In conclusion, the loss inside the shroud is related to three objects: wall, 

leakage jet and vortices. Comparing the distribution of entropy production rate 

with Liutex, it can be found that high loss do not appear at the core of vortices. 

Because the Liutex represents the strength of the vortex and the flow in the core 

region of vortices is rotation. Pure rotation does not cause loss[14]. 
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Fig. 13. Entropy generation rate and Liutex distribution in a circumferential palne 

Altogether some qualitative concepts about the loss in the shroud have been 

developed. Next, some quantitative calculation was made. Fig. 14 gives the local 

entropy generation rate on different axial location and loss accumulation in the 

shroud. The horizontal axis of the chart stands for normalized axial location, 

which is calculated by x'=x/L. The maximum value of entropy generation rate in 

the inlet and outlet cavity corresponds to the loss caused by leakage jet and wall 

dissipation (marked in red boxes in Fig. 13), respectively. Besides, it shows that 

more loss was generated in the outlet cavity. 

 
Fig. 14. Local entropy generation rate (left axis) and loss accumulation (right axis) in the 

shroud 

Table 2 gives the loss of each region. The total pressure loss is given as 

reference. It shows that the entropy production and total pressure loss in the outlet 

cavity account for the largest part of the loss in the shroud. Nearly a half of loss 

in the shroud is generated in the outlet cavity. This fact marks the control of the 

loss in the outlet cavity as a promising way for reducing aerodynamic losses. 
Table 2. Entropy production and Total pressure loss in different regions of the shroud 

Region 
Entropy production Total pressure loss 

Value (W/K) Proportion Value (Pa) Proportion 

Inlet cavity 0.1279 22.16% 25,660 18.21% 

First seal 0.0074 1.27% 4,143 2.94% 

Cavity 0.1523 26.40% 38,364 27.23% 

Second seal 0.0142 2.47% 7,527 5.34% 
Outlet cavity 0.2753 47.71% 65,192 46.27% 

Total 0.5771 100% 140,886 100% 

 

Conclusions 
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In this study, the flow characteristics and the loss mechanisms in the shroud 

was analyzed by performing steady numerical simulations on a 1.5-stage axial 

shrouded turbine. The following conclusion can be drawn. 

Firstly, the flow in the shroud shows that the leakage flow can be treated as 

a jet process with several different parts which are free jet and wall attached jet. 

The other spaces in the shroud are occupied by vortices and separated flows. 

Secondly, the entropy production rate distribution in the shroud shows that 

the high entropy generation rate area in the inlet cavity is affected by the leakage 

flow intensity. The mainstream flow ingress periodically into the outlet cavity, 

changing the flow pattern and affecting the loss in the outlet cavity. 

Finally, qualitative calculation clearly shows that more than 45% of the loss 

in the shroud is generated in the outlet cavity, which accounts for the largest part. 

It indicates that the control of the leakage loss in the outlet cavity is a promising 

way for reducing aerodynamic losses. 
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Nomenclature 
 

k = thermal conductivity x = axial coordinate 

L = length of the cavity αt = turbulent thermal conductivity 

T = static temperature μ = fluid dynamic viscosity 
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Abstract. In this paper, the behaviour of a memristor involved in CNN neighbour-
hood connection is investigated. The modified model of a charge-controlled memristor
is considered, which gives us the desired continuity allowing to observe the behaviour
of memristor for all initial conditions q0. Detailed description of the system and an-
alytical solution are provided.
Keywords: Memristor, CNN, Neighborhood connection.

1 Introduction

The discovery of the fourth basic circuit element − called Memristor − [1]
unveiled numerous possibilities that are promising in overcoming the current
challenges facing electronic designs and fabrication processes. The memory
resistor or memristor in short, is postulated in 1971 but only realized in 2008 [2]
as a two-terminal solid state device with its modeling description as:

V (t) = M(x) I (t), (1a)

dx

dt
= κ F (x) I (t), (1b)

M(x) = Roff − δR x ; x ∈ [0, 1]. (1c)

Here: V (t) and I (t) are the voltage across and current through the device,
respectively, M(x) is the memristance as a function of the normalized state
variable x, κ = µvRon

D2 is a technological constant, F (x) is a window function
for modeling the nonlinear dopant drift and δR = Roff −Ron.

The diversity of a memristor is a result of its nano-scaleability and memory
capability. The most common reported and reliable application of a memris-
tor is in the memory development [3, 4]. Moreover, other possible applications
of a memristor include for example, but not only, cellular nonlinear networks
CNNs [5, 6], neuromorphic computing [7], memristor as synapse using mem-
ristor bridge [8–10] and logic circuits [11, 12]. As memristor can be charge-

controlled φ = φ̂(q) or flux-controlled q = q̂(φ) depending on the nature of its
input [13], a flux-controlled memristor is often used in the hitherto reported
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memristor based CNN applications. In this paper we consider rather a charge-
controlled memristor in the CNN neighbourhood connection with the main
focus on the memristor behaviour.

2 Memristor models

In an ideal charge-controlled memristor, the state variable is a function of the
charge flowing through it [3, 13, 14] and the instantaneous memristance M(q)
is determined by the charge as well. Hence, we have:

Port equation: V (t) = M(q) I (t) and state equation:
dq

dt
= I (t).

Setting qd =
D2

µvRon
as the charge scaling factor [15,16], then the normalized

state variable can be expressed as x =
q

qd
and the equivalent expression of the

memristance is defined from (1), as:

M(q) =


Roff , if q ≤ 0

Roff − δR
q

qd
, if 0 < q < qd

Ron, if q ≥ qd

(2)

Note that q(t) =

∫ t

−∞
i(t′)dt′ = q0 +

∫ t

0

i(t′)dt′, where q0 =

∫ 0

−∞
i(t′)dt′ is the

initial charge reflecting the memory effect of the memristor [17]. The memris-
tance function M(q) of a charge−controlled memristor is analyzed with respect
to the flowing charge through it. The memristance of a memristor varies be-
tween two extreme resistance limits - called the lower conducting region Roff
and the higher conducting region Ron, thus the device exhibits bipolar resis-
tance switching characteristics. Hence, the resistance does not change for q ≤ 0
and q ≥ qd and for a real memristor device this phenomenon is often modeled
by using a window function imposing zero drift at the two extreme boundaries
(i.e q = 0 and q = qd). In addition, it further affirms the passivity nature of
memristance whereby:

PM ≥ 0 ⇒ M > 0,

where PM is the power in the memristor whose memristance is M . However,
equation (2) has discontinuities for the first derivative with respect to q at
q = 0 and q = qd which cause angulation at these specific q values, see [18].
Furthermore, the study of memristance dynamics in the CNN neighborhood
connection between pixels requires M(q) and its derivative with respect to q
to be continue at q = 0 or qd in order to solve the system analytically. Hence,
the idea is to modify the conventional TiO2 memristor model given in eq. (2)
and to let it become suitable for all possible values of q.

As will be seen in section 3, the memristance function must be continuous
at q = 0 and q = qd, this case is briefly described in [18]. However the detailed
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description is recalled in the following. The new model is deduced from a cubic
polynomial function in q, having a continuous first derivative with respect to
q, given by:

M(q) = a+ b q + c q2 + d q3, for q ∈ [0, qd]. (3)

Moreover, the derivative of M(q) with respect to q i.e dM(q)
dq must be 0 for q ≤ 0

and q ≥ qd. So, we get:

dM(q)

dq
= b+ 2c q + 3d q2, (4)

where a, b, c and d are constants determined by applying the conditions:

for q < 0 : M(q) = a = Roff ,

for q = 0 :
dM(q)

dq

∣∣∣
q=0

= 0 ⇒ b = 0,

for q = qd :
dM(q)

dq

∣∣∣
q=qd

= 0 and M(q)
∣∣∣
q=qd

= Ron.

(5)

From (3)-(5), we get the constant coefficients as follows:

a = Roff , b = 0, c = −3 δR

q2d
and d =

2 δR

q3d

Hence, the model becomes:

M(q) =


Roff , if q(t) ≤ 0

Roff −
3 δR

q2d
q2 +

2 δR

q3d
q3, if 0 ≤ q(t) ≤ qd

Ron, if q(t) ≥ qd

(6)

with its charge derivative given by:

dM(q)

dq
=

−
6 δR

q2d
q +

6 δR

q3d
q2, if 0 ≤ q(t) ≤ qd

0, if q ≤ 0 or q ≥ qd
(7)

To determine the point of inflexion, the first and second derivatives of M(q)
with respect to q are obtained from (6), thus:

dM(q)

dq
= 6

δR

qd

(
q2

q2d
− q

qd

)
and

d2M(q)

dq2
= 6

δR

qd

(
2q

q2d
− 1

qd

)
. (8)

Therefore, one can see that
d2M(q)

dq2
= 0 if q =

qd
2

, which is used in (8) to get:

dM(q)

dq
= −3

2

δR

qd
,
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and the corresponding memristance is obtained from (6), to be:

M(q)
∣∣∣
q=

qd
2

=
1

2

(
Roff +Ron

)
.

The response of M(q) according to equations (2) and (6) is given in Fig. 1.
The red curve is for (6) which shows a rather better result due to its continuity
for its first derivative at q = 0 and q = qd. The system is normalized by calling

X =
q(t)

qd
and M = δRM . Therefore, equation (6) becomes:

M (X) =



Roff
δR

, if X(t) ≤ 0

Roff
δR

− 3 X2 + 2 X3, if 0 ≤ X(t) ≤ 1

Ron
δR

, if X(t) ≥ 1

(9)

3 Neighbourhood connection with memristor

The idea of considering a memristor in the CNN neighbourhood connections is
reported [19, 20], where a flux-controlled model is used. Moreover, memristor-
based CNNs have been proposed [5,6], once again, using a flux-controlled mem-
ristor in the cell constitution. Cellular nonlinear network is implemented [21]
where the cell composition is made of a linear capacitor and a nonlinear resistor
RNL (such as Fitzhugh-Nagumo), meanwhile the neighborhood connection is
achieved using a linear resistor, see Fig. 2.

-50 0 50 100 150
0

2

4

6

8

10

12

14

16

Point of inflexion

Fig. 1. Results comparison of memristances versus charge according to (2) and (6),
as depicted by model 1 and 2 respectively. The parameter values used are [2]: µv =
10fm2/V.s, D = 10nm, Roff = 16KΩ and Ron = 100Ω which gives qd = 100µC.

The charge q(t) may sometimes be negative or greater than qd. Thus, dM(q)
dq

in eq.
(2) has discontinuity at q = 0 and q = qd as can be seen with angulation points in

the black curve while dM(q)
dq

in eq. (6) is continuous for all q(t).
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Memristor based CNNs have so many advantages which include fault tol-
erance [5], high pixel density and low power consumption due its nano nature
in size. We consider a charge-controlled memristor in the neighbourhood con-
nection (see Fig. 3), simply as a replacement of the linear resistor in Fig. 2.
Here we rather focuse on the memristor behaviour. Thus, we consider two
cells, namely: master and slave with setup as shown in Fig. 4. The method
is accompanied by the study of memristor behaviour on the system response,
such as the effect of initial charge q0 on the system dynamics [17].

Fig. 2. 2D CNN using resistor in the neighbourhood connection [21].

Fig. 3. 2D CNN using memristor in the neighbourhood connection.

Closing the switches S1 and S2 simultaneously, we get the following Kirch-
hoff relationships:
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Fig. 4. Two cells system made up of master and slave cells coupled by a charge-
controlled memristor. Initially, the cells are charged while the switches S1 and S2

are opened. However, by closing the switches, charges flow from one cell to the other
according to the potential difference across them, until the system stabilizes when
Vm(t) = Vs(t) = constant.

i(t) = −Cm
dVm(t)

dt
− Vm(t)

Rm
, (10)

i(t) = Cs
dVs(t)

dt
+
Vs(t)

Rs
, (11)

Vm(t)− Vs(t) = M(q) q̇(t) , (12)

while
i(t) = q̇(t), (13)

The time evolution of the voltage for each cell as well as the charge evolution
can be obtained analytically from the system of equations (10)-(12). Therefore,
the voltage evolution is obtained from (10)-(13), as follows:

d

dt
(CmVm + CsVs) +

CmVm
RmCm

+
CsVs
RsCs

= 0. (14)

Hence, we consider the case where the values of the parameters Rm, Rs, Cm
and Cs would yield the time constant of the cells to be the same, so that
τc = RmCm = RsCs. Then (14) can be integrated and yield:

CmVm + CsVs = λ e−
t
τc , (15)

where λ = CmVm0
+CsVs0 is a constant given by the initial conditions at time

t = 0. Once again, equations (10) and (11) could be rewritten as:

Rm i(t) = −RmCm
dVm
dt
− Vm, (16)

Rs i(t) = RsCs
dVs
dt

+ Vs, (17)

with i(t) = dq
dt = q̇(t), Vm − Vs = M(q) q̇ given by (12) and letting R0 =

Rm +Rs, then from (16) and (17) we get:

dVm
dt
− dVs

dt
= −R0

τc

dq

dt
− 1

τc

(
M(q)

dq

dt

)
. (18)
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Equation (18) can be solved in 2 ways. Firstly, the equation can be solved
directly, then taking into account (15), we find explicit expressions of Vm(t) and
Vs(t) as function of the charge q(t) flowing through the memristor. Secondly,
equation (18) is solved using (12) for the study of charge transfer from one cell
to the other through the memristor. With the same approach, and by taking
into account the initial conditions Vm0

, Vs0 and q0, and integrating (18), it
gives:

Vm − Vs = (Vm0
− Vs0)− R0

τc
(q − q0)− ð

τc
, (19)

where:

ð =

∫ q

q0

M(q′) dq′. (20)

Solving equations (15) and (19) simultaneously, we get:

Vm =
λ

C0
e−

t
τc +

Cs
C0

(
Vm0 − Vs0

)
− CsR0

τcC0
(q − q0)− Cs

τcC0
ð. (21)

and

Vs =
λ

C0
e−

t
τc − Cm

C0

(
Vm0
− Vs0

)
+
CmR0

τcC0
(q − q0) +

Cm
τcC0

ð. (22)

Where C0 = Cm + Cs.
To obtain the charge evolution , equation (18) is rewritten as:

d

dt

(
Vm − Vs

)
= −R0

τc

dq

dt
− 1

τc

(
M(q)

dq

dt

)
,

and using equation (12), it becomes:

(
R0 +M(q)

) dq
dt

+ τc
d

dt

[
M(q)

] dq
dt

+ τc M(q)
d2q

dt2
= 0.

With the identity:
dM(q)

dt
=
dM(q)

dq
× dq

dt
, then:

(
R0 +M(q)

) dq
dt

+ τc
dM(q)

dq

(
dq

dt

)2

+ τc M(q)
d2q

dt2
= 0. (23)

It is easier to handle normalized system. Therefore, (23) is normalized by

considering τ =
t

τc
while Y = Ẋ =

dX

dτ
and Ẏ = Ẍ =

d2X

dτ2
are the first and

second derivatives of X with respect to τ . Then equation (23) is to be studied
in the phase plane (X,Y) using its normalized form:(

R0

δR
+ M

)
Y +

dM

dX
Y 2 + M Ẏ = 0, (24)

where M is given in (9). Henceforth equations (9) and (24) are considered.
For each case of M in (9), then (24) is solved to give the analytical expression
required to obtain the phase portraits.
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If X ≤ 0, M (X) =
Roff
δR

, then (24) becomes: Ẏ = −γ1
γ2
Y ,

Ẋ = Y,
(25)

where γ1 =
Rt

2δR
, γ2 =

Roff
2δR

, Rt = R0 +Roff and
Rt
Roff

=
γ1
γ2

. Then equation

(25) is solved to give:

H(X,Y ) = γ2Y + γ1X = h, (26)

where h is a constant corresponding to the conservative quantity H(X,Y )
determined by the system initial conditions: X0, Vm0 and Vs0 , meanwhile Y0
is obtained from (12), as:

Y0 =
τc (Vm0

− Vs0)

qd.δR.M (X0)
. (27)

With Y =
dX

dτ
, then (26) becomes:

X(τ) =

(
X0 −

h

γ1

)
e−

γ1
γ2
τ +

h

γ1
. (28)

Where X0 = X(τ = 0) and the normalized time for this case can be expressed
from (28) as:

τ = −γ2
γ1

ln

(
X(τ)− h

γ1

X01 − h
γ1

)
, τ ∈

[
−∞, τ1

]
. (29)

Where τ1 is the time when X(τ) = 0, and is given by:

τ1 = −γ2
γ1

ln

(
h

h− γ1X01

)
. (30)

If 0 ≤ X ≤ 1, M (X) =
Roff
δR

− 3X2 + 2X3, then (24) becomes: Ẏ = −
(
X3 − 3

2X
2 + γ1

)
Y + 3(X2 −X)Y 2

X3 − 3
2X

2 + γ2

Ẋ = Y

(31)

Thus, the equation (31) becomes:

H(X,Y ) =

(
X3 − 3

2
X2 + γ2

)
Y +

1

4
X4 − 1

2
X3 + γ1X = h. (32)

Similarly, with Y =
dX

dτ
, then the analytical solution of (32) is given by:

P3(X)

P4(X)
dX = −dτ

4
⇒ (33)
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τ = τ1 − 4

[
ln

[(
X1 −X
X1

)α1
(
X2 −X
X2

)α2
]

+ ln

[
X2 + β1X + β2

β2

]α4
2

+
2α3 − α4β1√

4β2 − β2
1

(
arctan

2
(
X + β1

2

)
√

4β2 − β2
1

− arctan
β1√

4β2 − β2
1

)]
, (34)

where:

P3(X) = X3 − 3

2
X2 + γ2, P4(X) = X4 − 2X3 + 4γ1X − 4h,

β1 = X1 +X2 − 2, β2 =
−4h

X1X2
,

α1 =
X3

1 − 3
2X

2
1 + γ2

(X1 −X2)(X2
1 + β1X1 + β2)

,

α2 =
X3

2 − 3
2X

2
2 + γ2

(X2 −X1)(X2
2 + β1X2 + β2)

,

α3 =
γ2 + α1β2X2 + α2β2X1

X1X2
,

α4 = 1− α1 − α2.

Meanwhile X1 and X2 are the two real roots of P4(X) given by

X1 =
1

2

(
1 +

√
3− U + 2

(4γ1 − 1)√
U

−
√
U

)
,

X2 =
1

2

(
1−

√
3− U + 2

(4γ1 − 1)√
U

−
√
U

)
,

where U = 1 + 2
3

√√
∆−Q− 2

3

√√
∆+Q, ∆ = Q2 + 8

27P
3, P = 2h − γ1 and

Q = h− γ21 . The other two roots P4(X) are complex numbers. Recall that τ1
is eventually the time where X(τ) = 0, therefore at X(τ) = 1, τ = τ2 and is
obtained from (34).

If X ≥ 1, M (X) =
Ron
δR

, then (24) becomes:
Ẏ = −2γ1 − 1

2γ2 − 1
Y

Ẋ = Y
(35)

Then, equation (35) becomes:
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H(X,Y ) =

(
γ2 −

1

2

)
Y +

(
γ1 −

1

2

)
X +

1

4
= h. (36)

With Y =
dX

dτ
, it becomes:

X(τ) =
2h− 1

2

2γ1 − 1
+

(
2γ1 − 2h− 1

2

2γ1 − 1

)
e−

2γ1 −1
2γ2 −1 (τ−τ2). (37)

4 Discussion

The analytical solution gives the phase portraits characterizing the nature of
the flowing charge through a memristor. An example of phase portraits for the
described system is given in Fig. 5. The results are obtained for Roff = 16KΩ,
Ron = 100Ω, D = 10nm and µv = 10fm2/V.s. Then, it gives qd = 100µC,
γ1 = 6.792 and γ2 = 0.503. Each trajectory in Fig. 5 corresponds to a specific
initial conditions set (X0, Vm0

, Vs0). The arrows point the direction of the
system towards equilibrium and saturation. Therefore, for any given X0, Vm0

and Vs0 , then Y0 is to be obtained from (27). Hence, for Y0 > 0 the system
evolves from left to right and for Y0 < 0 it goes from right to left as indicated
by the arrow direction.

X0 plays a significant role in the system dynamics because it determines
the time evolution for any of the instances: X ≤ 0, 0 ≤ X ≤ 1 and X ≥ 1.

Fig. 5. Phase portraits showing the nature of charge transfer through a memristor
for Y0 > 0 (indicated by arrows from left to right) and Y0 < 0 (indicated by arrows
from right to left). Similar phase portraits are fully described in [18].

378



It is important to note that the state X0 marks the history of the memristor.
To capture all the possible occurrences of X0, twelve possible scenarios are
established [18] as enumerated underneath. Unfortunately, it is not possible
for us to carry out the details analysis of each case due to length constraints.
However, the description of each case is given in [18], as well as some comparison
of system evolution with SPICE and numerical solution.

1). Y0 > 0:

A1. X0 ≤ X < 0.
A2. X0 < 0 and X(t→∞) < 1.
A3. X0 < 0 and X(t→∞) > 1.
A4. 0 < X0 ≤ X < 1.
A5. 0 < X0 and X(t→∞) > 1.
A6. 1 < X0 ≤ X.

2). Y0 < 0:

B1. 1 < X ≤ X0.
B2. X0 > 1 and 0 < X(t→∞) < 1.
B3. X0 > 1 and X(t→∞) < 0.
B4. 0 < X ≤ X0 < 1.
B5. X0 < 1 and X(t→∞) < 0.
B6. X ≤ X0 < 0.

5 Conclusion

The nature of charge transfer through a charge-controlled memristor is investi-
gated via a nonlinear equation characterizing the system dynamics. We provide
a law for M(q) which respects the continuity as required by the Kirchhoff’s re-
lationships. The new model avoids the use of a window function whose physical
meaning is not intuitive. Additionally, we highlight the fundamental role of the
memristor history, in showing that if all parameters are changed except q0, the
system behaviour is however quite different according to q0.

Further study is ongoing to explore more contributions of memristor in
cellular nonlinear networks reliable for image processing techniques.
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Abstract. The forced damped Duffing equation is proven to have fractal basin
boundaries given a particular set of parameters. We couple an oscillator in the reg-
ular region to one in the fractal region. This requires each equation to have its own
parameters. We look for synchronization. For our particular coupling, the type of
synchronization we find gives a particular relation in time between the positions, as
well as the velocities. For the synchronized motion we find that the basin boundary
could be smooth or fractal. As the coupling becomes stronger, the basin boundary
becomes less fractal. Considering the coupling as part of the perturbation to the
homoclinic orbits, we test the Melnikov criterion for having fractal basin boundaries,
and find good agreement.

Keywords: Synchronization, Fractal Basin Boundary, Homoclinic, Melnikov.

1 Introduction

A chaotic attractor, strange attractor, is formed when the dynamics is sensitive
to the initial conditions. Grebogi et al.[1] It was discovered that in driven dissi-
pative systems, it is possible to have fractal basin boundaries so that sensitivity
to the initial conditions remains, even when the dynamics is not chaotic. Moon
and Li[2] When the boundary is fractal, and not smooth, the sensitivity comes
as the result of the uncertainty in the distance to the boundary. McDonald
et al.[3] The study of basins of attraction and the boundaries defining their
territory have brought interesting results, the fractal character is one of them.
Nusse and Yorke[4]

The idea pursued by [2] was that the fractal basin boundaries develop, at
least for the model of their study, en route to chaos. Their two-well potential
was in fact what is present in the Duffing equation. They found in their nu-
merical experiments that as the fractal basin boundary comes about, the stable
manifold grows a finger that touches the unstable manifold. This is what the
study of homoclinic orbits and homoclinic points entail, and has led to a theory
for chaos. Smale[5] The presence of transverse homoclinic points is needed for
chaos, according to this theory. There is a method due to Melnikov that shows
the existence of such points by defining a distance function between the stable
manifold and the unstable function. Melnikov[6] It is based on the perturba-
tions of the homoclinic orbit. Brunsden and Holmes[7] The result of Melnikov
is used as a bound for the presence of fractal boundaries.
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The notion of fractal boundaries is also present in conservative scattering
systems, and undriven (i.e. autonomous) dissipative systems. In the latter case,
the basin boundaries are as usual, and formed since the trajectory can converge
to one of many fixed points. It is shown that in the necessarily transient
dynamics, the basin boundaries can have several complex properties, among
them being fractal. Motter et al.[8] In the former Hamiltonian case with the
total energy being conserved, attractors and their basin boundaries do not
exist. For Hamiltonian systems instead, exit basins and their boundaries are
defined. For two or more escapes fractal boundaries are possible. Bleher et
al.[9] For particular Hamiltonians, the boundary can have intricate properties,
among them being fractal. Aguirre et al.[10]

Here, we study the character of the fractal basin boundaries from a different
standpoint—synchronization. Studying a phenomenon using synchronization
as a novel tool is not new. Botha and Kolahchi[11] In this study, the dynamics
is governed by the Duffing equation. We know the parameters that result in
fractal basin boundaries. We choose such parameters, and take an oscillator
in the fractal basin boundary. This means that the initial conditions for the
trajectory belong to the fractal space. For the set of parameters giving smooth
boundaries, we take the same initial conditions. We study the possibility of
the two trajectories becoming synchronized. For this we need to have a cou-
pling between the two equations. We study the character of the synchronous
basin boundary phase space as the strength of the coupling is varied. We also
check the onset of the fractal basin boundaries with Melnikov’s prediction, after
calculating it for our particular coupling as part of the perturbation.

2 The Duffing Equation

The Duffing oscillator is given by Eq. (1),

ẍ + δẋ +
1

2
(−x + x3) = g cos(ωt). (1)

Here, we have a one dimensional oscillator with position x, under a periodic
external force with amplitude g, and experiencing dissipation with strength
δ.[2] There is a two-well potential, one with minimum at x = 1 (the right
well), and the other with minimum at x = −1 (the left well). There is a peak
separating them placed at x = 0. The separatrix for the two wells defines the
homoclinic orbit too. There is a saddle point at the origin, and the homoclinic
orbit connects the saddle to itself. The external force and dissipation have
disrupted the Hamiltonian. Eq. (1) can also be written in this way,

ẋ = y, (2)

ẏ + δy +
1

2
(−x + x3) = g cos(ωt). (3)

We can now think of (x, y) as the two dimensional phase space, and define the
initial condition in terms of it.
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(a) (b)

Fig. 1: The phase space according to Eqs. (2) and (3) of the Duffing equation
with (a) smooth and (b) fractal basin boundary with dimension 1.68.

In this velocity-position space, we find the locus of points that starting from
them, are attracted to the right well, and so define the basin of attraction for
the right potential well. Similarly, one can define the basin of attraction for the
left potential well. We see this in Fig. (1a), green region attracted to the right
well, and red to the left. The basin boundary is clearly seen as the boundary
of the two regions. The unperturbed homoclinic orbit is the dotted line in Fig.
(1a).

3 The Fractal Basin Boundary

For the dynamics given by Eq. (1), or equivalently by Eqs. (2) and (3), there
is a proof showing the presence of transverse homoclinic orbits, and hence
chaos.[7] It is also possible to change the parameters of the dynamics so that
the boundary is not smooth as in Fig. (1a), but is fractal as in Fig. (1b).
A fractal is distinguished by its self-similarity under different scales. Now, to
imagine a boundary with this property is a bit questioning.

Inside the fractal boundary which is not a simple smooth contour, and is
spread on an area, we have a red region next to any green region, and vice
versa. This already suggests sensitivity to the initial conditions. In a sense,
the border separating the red basin from the green basin is not so clear. We
can first determine the fractal dimension of the boundary, 1 < d < 2. This may
be given by the correlation exponent of Grassberger and Procaccia.[12] Then
we ask how well we can know our distance to the boundary, ϵ. The question
then becomes, what volume of space will this take up so that the number of
initial conditions in this volume will result in uncertain solutions, and this is
given by,

f ∼ ϵD−d. (4)

For the smooth boundary on the plane, we have d = 1, and D = 2, so that
the volume of initial conditions goes as ϵ, but for the fractal boundary with
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D−d < 1 this can become much larger—much higher sensitivity arises. Iansiti
et al.[13]

The fractal basin boundary brings sensitivity to the dynamics with no
chaotic attractor present. We can ask about the synchronization properties of
such basins of attraction, and study the phase space from this vantage point.

4 Synchronization

Systems with the notion of synchronization are either under the spell of each
other, or an external agent. We study two Duffing oscillators which interact
with each other as if a spring were connecting them. The important point is
that one of the oscillators comes from the fractal basin boundary, and so has
its parameters taken from the particular dynamics leading to it, as we have
explained. The question we ask is whether the two oscillators can synchronize,
and we take their motion in synch if they move keeping a constant relation
with each other. The simplest such relation is if they move together. The
constant relation means, in general, that if we define an order parameter for
the interacting system, this parameter will have a given time dependence which
repeats in time. Such cases are known, but for different systems, and under
different conditions. Choi et al.[14]

The two oscillators are given as,

ẍ1 + δ1ẋ1 +
1

2
(−x1 + x3

1) = g1cos(ωt) + k(x2 − x1), (5)

ẍ2 + δ2ẋ2 +
1

2
(−x2 + x3

2) = g2cos(ωt) + k(x1 − x2). (6)

The new parameter is k denoting the strength of coupling. The basins of
attraction for the synchronized state is what we need to find, and this requires
us to start both oscillators from the same initial conditions for position and
velocity. That is, we need to know whether one point in the phase space leads
to a synchronized state, and if so sweep the phase space in a similar fashion
and find the basins of attraction for the two oscillators moving in synch. The
basin boundary will eventually tell us whether sensitivity to initial state can
exist when the two oscillators are synchronized. The coupling strength is the
parameter to consider first, and indeed we find that both cases can happen,
both smooth basin boundary as well as fractal basin boundary. The question
of the condition to have synchronous behavior, and reasons for the details of
the synchronous state, we shall take up elsewhere.

5 Results and Discussion

We have not been interested in ω, it seems. The Duffing equation is a crude
approximation to the Josephson equation, which naturally brings the frequency
of the driving force into play. We can then talk about the synchronizing effects
between the external periodic force, and the internal periodic force; i.e. the
sin(x) now approximated by its Taylor series. If we couple the junctions, as
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(a) (b)

(c) (d)

Fig. 2: In 2(a) with g = 0.05 and 2(b) with g = 0.12 and with dimension 1.75,
there is no interaction; that is, the phase space shows the basin boundaries
with k = 0. We then choose an oscillator from each with the same initial
conditions, and after synchronizing them, we find in Fig. (2c) with k = 0.4
fractal basin boundaries with dimension 1.65, and in Fig. (2d) with k = 0.9
smooth boundaries. The phase space is defined as in Fig. (1).

in an array, then the synchronizing effect can become much larger, resulting in
constant voltage steps much larger than in case of a single Josephson junction.
Such steps are called Shapiro steps. Benz et al.[15]

Now, for our two coupled oscillators, the linear coupling is in fact adjusting
the Duffing internal potential. For a single oscillator we know that increasing
the amplitude of the force relative to friction can extend the fractal basin
boundary, and bring its dimension d closer to an integer, here for the planar
dimension we have D = 2. The uncertainty becomes much larger. We can
compare Fig. 2(a) where the boundary is smooth, and Fig. (2b) with larger
amplitude and fractal basin boundary. It looks as if the fractal boundary
had occupied the whole phase space. The amplitude of the applied force is
much larger than the strength of dissipation, and only very close to the point
attractors do we find areas where this fractal nature is not present. So the
question is how the coupling can affect this response.

The oscillator from the phase space with no fractal boundary can synchro-
nize with one from the phase space with fractal boundary. This may not be
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surprising. But can we move in the phase space and keep this character of syn-
chrony with sensitivity to the initial condition; that is, keep the fractal bound-
ary alive? The answer is positive, but it depends on the relative strength of
the various interactions. In Fig. (2c), the coupling strength k is small enough
to keep the fractal structure despite interaction with the oscillator from the
smooth basin boundary phase space. If the coupling is stronger, the boundary
becomes smooth; this we see in Fig. (2d), all other parameters are kept the
same.

We should add that for k ≥ 0.5 the potential has no unstable zero point;
the saddle point is no longer present, and the homoclinic orbit is lost. The
results of Fig. 2 are thus expected.

Before turning to the Melnikov method for a quantitative estimate, it helps
to have an argument that emphasizes the role of synchronization. When syn-
chronized, the two motions are correlated. To see this correlation in another
way, we again look at Fig. 2. In Fig. (2a) we have no coupling, and the strength
of force is so that no fractal boundaries develop. When the coupling is strong
enough, the correlation between the two oscillators in synch, Fig. (2d), has
turned the basins with fractal boundaries, Fig. (2b), into a map very similar
to Fig. (2a). Now, if the coupling is made weaker, Fig. (2c), we see some of
the fractal boundaries to have survived. This has happened very close to the
single motion boundaries, where the uncertainty f is larger by comparison. So
the correlation remains, but the influence of the oscillators on each other has
switched roles. So overall, the uncertainty has lowered, or even disappeared,
when a correlated motion has emerged.

Now, in the Melnikov method, the idea is to have an estimate for the dis-
tance between the stable manifold, and the unstable manifold. This is after
the perturbation has disjointed the homoclinic orbit. So we need to add our
interaction to the rest of the terms that have perturbed the hamiltonian. Eq.
(7) gives the homoclinic orbits for the two oscillators, and the distance function
comes as Eq. (8). Moon [6]

{
x = ±

√
2sech(t/2) , dx = ∓

√
2
2 sech(t/2)tanh(t/2),

x′ = ±
√

2sech( t−t′

2 ) , dx′ = ∓
√
2
2 sech( t−t′

2 )tanh( t−t′

2 ).
(7)

M(λ, t′) = −
√

2

2
g

∫ ∞

−∞
sech(t/2)tanh(t/2)cos(ω(

t− λ

2
))dt

− 1

2
δ

∫ ∞

−∞
sech2(t/2)tanh2(t/2)dt

− k

∫ ∞

−∞
sech(t/2)tanh(t/2)(sech(

t− t′

2
) − sech(t/2))dt.

(8)

The last term in Eq. (8) gives the dependence on coupling k, and is denoted
below as A. Setting the distance function equal to zero gives a lower bound as
a necessary condition to have chaos, and it is also used as a bound for having
fractal boundaries. [2]
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g >

√
2( 1

3δ + A)cosh(πω√
2
)

πω
. (9)

We can plot Eq. (9) for different values of A; i.e., effectively for different
couplings. (In finding the lower bound, λ and t′ are determined.)

Fig. 3: Melnikov integral results considered with δ = 0.15 for single oscillator,
and coupled system with different values of A in Eq. (9).

In Fig. (3) we have the Melnikov function for various couplings. For a given
ω, it shows that as the coupling increases the threshold for fractal boundaries
increases. This means that we need to start from a more fractal basin boundary
if any of it is to survive after the coupling. As the amplitude g increases, the
fractal dimension also increases, giving us a chance to have a higher coupling
and still keep some of the fractal character for the basin boundaries of the
synchronized system. In this sense, we find good agreement with the Melnikov
analysis.

Finally, we give an enlarged view of Fig. (2c) that shows the fractal basin
boundaries for the coupled oscillators.

6 Conclusions

For non-chaotic dynamics, usually when we look at the phase space for the
basins of attraction, it clearly shows that an oscillator living in a given region
is attracted to a given attractor, providing a way of labeling that oscillator. An
oscillator living in the fractal basin boundary of the phase space is not easy to
label. This is because of the sensitivity to the placement of the oscillator, as it
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has become difficult to define the place of the border itself. So we have sensitiv-
ity to initial conditions even with no chaotic attractors. Here, we consider the
coupling of two oscillators, one coming from the fractal basin boundary, the
other coming from the motion with no fractal basin boundary. In other words,
we have two Duffing equations, one with parameters resulting in fractal basin
boundaries, the other not. The question is, what effect can synchronizing the
two have on the basin boundaries? We find that the correlated motion brought
about by synchronization can have a strong influence on the basin boundaries.
When the coupling is weak enough, the fractal basin boundaries can still exist,
but to a much less extent. This means the sensitivity has lowered to a great
deal. It is also possible to have no fractal basin boundary, if the coupling is
strong, so that the correlated motion is dictated by the oscillator from the
dynamics with smooth boundaries.
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Fig. 4: Fig. (2c), only enlarged.

References

1. Celso Grebogi, Edward Ott and A. Yorke. Chaos, Strange Attractors, and Fractal
Basin Boundaries in Nonlinear Dynamics. Science, 4827, 238, 632-638, 1987.

2. F.C. Moon and G.-X. Li. Fractal Basin Boundaries and Homoclinic Orbits for
Periodic Motion in a Two-Well Potential. Physical Review Letters, 14, 55, 1439-
1442, 1985.

3. Steven W. McDonald, Celso Grebogi, Edward Ott and James A. Yorke. Fractal
Basin Boundaries. Physica 17D, 125-153, 1985.

4. Helena E. Nusse and James A. Yorke. Basins of Attraction. Science, 271, 1376-
1380, 1996.

5. S. Smale. Bull. Am. Math. Soc. 6, 73, 747-817, 1967. Steven H. Strogatz. Nonlinear
Dynamics and Chaos, Addison-Wesley, 1995.

6. V.K. Melnikov. Trans. Moscow Math. Soc. 12, 1-57, 1963. Francis C. Moon. Chaotic
and Fractal Dynamics, WILEY-VCH, 2004.

389



7. Victor Brunsden and Philip Holmes. Power Spectra of Strange Attractors near
Homoclinic Orbits. Physical Review Letters, 17, 58, 1699-1702, 1987.

8. Adilson E. Motter, Márton Gruiz, Győrgy Károlyi and Tamás Tél. Doubly Tran-
sient Chaos: Generic Form of Chaos in Autonomous Dissipative Systems. Phys-
ical Review Letters, 111, 194101, 2013.

9. S. Bleher, C. Grebogi, E. Ott and R. Brown. Fractal boundaries for exit in Hamil-
tonian dynamics. Physical Review A, 38, 930, 1988.

10. Jacobo Aguirre, Juan C. Vallejo and Miguel A. F. Sanjuán. Wada basins and
chaotic invariant sets in the Hénon-Heiles system. Physical Review E, 64, 066208,
2001.

11. André E. Botha and Mohammad R. Kolahchi. Analysis of chimera states as drive-
response systems. Scientific Reports, 8, 1830 (2018).

12. Peter Grassberger and Itmar Procaccia. Characterization of Strange Attractors.
Physical Review Letters, 50, 346-349, 1983.

13. M. Iansiti, Qing Hu, R.M. Westervelt and M. Tinkham. Noise and Chaos in a
Fractal Basin Boundary Regime of a Josephson Junction. Physical Review Letters,
7, 55, 746-749, 1985.

14. M.Y. Choi, Y.W. Kim and D.C. Hong. Periodic synchronization in a driven system
of coupled oscillators. Physical Review E, 5, 49, 3825-3832, 1994.

15. S.P. Benz, M.S. Rzchowski, M. Tinkham and C.J. Lobb. Fractional Giant Shapiro
Steps and Spatially Correlated Phase Motion in 2D Josephson Arrays. Physical
Review Letters, 6, 64, 693-696, 1990.

390



Anomalous scaling in the kinematic MHD
turbulence under the influence of helicity
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Abstract. In the framework of the field theoretic renormalization group approach
and the operator product expansion technique, the influence of the helicity (the spa-
tial parity violation) on the anomalous dimensions of the leading composite operators,
which drive the anomalous scaling of correlation functions of the magnetic field deep
inside the inertial range, is investigated in the kinematic magnetohydrodynamic tur-
bulence, i.e, in the model in which the Lorentz term is omitted in the stochastic
Navier-Stokes equation and the magnetic field behaves as a passive vector quantity.
It is shown that there is a quantitative difference between the role of the helicity
in the problem of the passive magnetic (vector) field in the kinematic magnetohy-
drodynamic turbulence and the analogous problem of a passive vector advection in
the Kazantsev-Kraichnan model with prescribed statistics of the velocity field. The
analysis shows that under the influence of helicity the anomalous scaling is more
pronounced, i.e. the anomalous dimensions are more negative, in the model of the
kinematic magnetohydrodynamic turbulence driven by the stochastic Navier-Stokes
equation.
Keywords: Turbulence, Field theoretic Renormalization Group, Kinematic MHD,
Helicity, Two-loop Approximation.

1 Introduction

One of the main and still open questions in the theory of fully developed
turbulence is the problem of a fundamental understanding of the existence
of deviations from the scaling predictions of the classical phenomenological
Kolmogorov-Obukhov (KO) theory (see, e.g., Kolmogorov [1], Monin and Ya-
glom [2], McComb [3], Frisch [4], Sreenivasan and Antonia [5], Falkovich et
al. [6], or Antonov [7]) in the framework of well-defined microscopic models.
In this respect, it seems that very suitable models for such investigation are
various microscopic models of the passive advection of some scalar or vector
quantities, e.g. temperature, concentration of an impurity, magnetic field, etc.,
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in turbulent environments which are modeled by random velocity fields defined
in a proper mathematical way.

According to KO theory the statistical properties of random fields deep
inside inertial interval are independent of the outer scale L (a typical scale at
which the energy pumping into the dissipative system is continuously performed
to maintain the steady state) as well as the inner scale l (a typical scale at which
the strong energy dissipation starts). The assumption of the validity of these
hypotheses (known as the first and the second Kolmogorov hypothesis) together
with dimensional analysis leads to the scaling behavior of various correlation
functions with well-defined scaling exponents. Note also that deep inside the
inertial interval l� r � L the system is fully random with very high values of
the Reynolds number (in principle Re→∞) and some symmetries of the flow,
lost during the transition from laminar to turbulent flow, are restored in the
statistical way (Frisch [4]).

As an example, consider the following experimentally measured single-time
two-point structure functions of the velocity field

SN (r) = 〈[vr(t,x)− vr(t,x′)]N 〉, r = |x− x′|, (1)

where vr denotes the component of the velocity field directed along the vector
r = x− x′. Following the hypotheses of the KO theory, the dimensional anal-
ysis leads to the scale invariant representation of these structure functions in
the following simple form

SN (r) = C × (ε̄r)N/3, (2)

where ε̄ is the mean dissipation rate and C is a constant.
On the other hand, it is well known that both natural experiments as well as

numerical simulations show the existence of some deviations from the simple
scaling behavior presented in Eq. (2). The existence of deviations from the
scaling behavior (2) is related to the nontrivial dependence of the structure
functions (1) on the integral scale L, in contradiction with the first Kolmogorov
hypothesis. As a result, the scaling behavior of the structure functions in the
inertial range must be modified into the following form (see, e.g., Falkovich et
al. [6] and Antonov [7] and references cited therein)

SN (r) = (ε̄r)N/3RN (r/L), (3)

with some unknown scaling functions RN (r/L). It is standardly assumed that
the scaling functions RN (r/L) have power like asymptotic behavior in the re-
gion r � L in the form

RN (r/L) ∼ (r/L)qn . (4)

An effective technique to study such a problem is to use the so-called oper-
ator product expansion (OPE), also known as the short distance expansion, in
the framework of the field theoretic renormalization group approach (see, e.g.,
Antonov [7], Zinn-Justin [8] and Vasil’ev [9], Adzhemyan et al. [10]). Appli-
cation of the OPE technique leads to the following powerlike representation of
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the scaling functions (4)

RN (r/L) =
∑
F

CF (r/L)∆F , (5)

where the summation is implied over some class of composite operators F ,
∆F are their critical dimensions and CF are some coefficients regular in L−1.
The singular dependence of the structure functions on L in the limit L → ∞
together with nonlinearity of the exponents qn as functions on N is called
the anomalous scaling and it is evident that in the framework of the OPE
technique the anomalous scaling behavior of the correlation functions must be
related to the existence of the so-called “dangerous” composite operators in
the OPE with negative critical dimensions since their presence leads to the
singular behavior of the correlation functions in the limit L→∞. At the same
time, the final asymptotic anomalous behavior is then determined by the most
negative critical dimensions.

In this respect, the main aim of the present paper is to start the systematic
investigation of the influence of the spatial parity violation (helicity) on the
anomalous scaling behavior of the magnetic field correlation functions in the
framework of the kinematic magnetohydrodymanic (MHD) turbulence, namely,
to find the corresponding critical exponents that drive the scaling behavior of
the single-time two-point correlation functions of a weak magnetic field (see,
e.g., Antonov et al. [11], Antonov et al. [12], Hnatich et al. [13], Jurčǐsinová et
al. [14], Antonov and Gulitskiy [15], Jurčǐsinová and Jurčǐsin [16], Jurčǐsinová
and Jurčǐsin [17], Jurčǐsinová and Jurčǐsin [18], Jurčǐsinová et al. [19], or
Jurčǐsinová et al. [20], as well as references cited therein).

2 The kinematic MHD turbulence

The advection of a passive (weak) magnetic field b ≡ b(x), where x ≡ (t,x), in
the framework of the kinematic MHD turbulence is described by the following
system of two stochastic equations for the fluctuating parts of the magnetic
field and the velocity field v ≡ v(x), respectively:

∂tb + (v · ∂)b = ν0u0∆b + (b · ∂)v + fb, (6)

∂tv + (v · ∂)v = ν0∆v − ∂P + fv, (7)

where ∂t ≡ ∂/∂t, ∂ ≡ ∂/∂xi, and ∆ ≡ ∂2 is the Laplace operator. We follow the
standard notation where the subscript 0 always denotes bare parameters of the
unrenormalized theory with ν0 as the bare viscosity coefficient, ν0u0 = c2/(4πσ)
represents the magnetic diffusivity, c is the speed of light, σ is the conductivity,
and P is the pressure. Due to the assumption of incompressibility both fields
b and v are supposed to be divergence free vector fields, i.e., ∂ · b = 0 and
∂ · v = 0, respectively.

The last terms fb and fv in the system of equations (6)–(7) represent ran-
dom forces of the stochastic model. The random force of the magnetic field fb

represents the source of the magnetic field fluctuations to maintain the steady
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state of the system. On the other hand, the random force of the velocity field
fv simulates the energy pumping into the system on large scales. We assume
the Gaussian statistics with zero mean for both random forces with correlation
functions in the following form

Dbij(x;x′) ≡ 〈f bi (x)f bj (x′)〉 = δ(t− t′)Cij(|x− x′|/L), (8)

Dvij(x;x′) ≡ 〈fvi (x)fvj (x′)〉 = δ(t− t′)
∫

ddk

(2π)d
D0k

4−d−2εRij(k)eik·(x−x
′),(9)

where Cij in Eq. (8) is a tensor function finite in the limit L→∞ and, in what
follows, its detailed form is not essential while it satisfies the only condition
that Cij decreases rapidly for |x| � L. On the other hand, the correlation
function (9) of the random force fv is taken in the specific powerlike form
suitable for the field theoretic renormalization group analysis. In Eq. (9), k is
the wave vector, d is the spatial dimension, the positive amplitude D0 is taken
in the form D0 ≡ g0ν

3
0 > 0, where g0 represents the bare coupling constant of

the model, and the physical value of the formally small parameter 0 < ε ≤ 2,
which control the powerlike form of the energy pumping into the system, is
ε = 2.

The geometric properties of the energy pumping to the system is described
by the form of the transverse (due to the assumption of incompressibility) tensor
projector Rij(k) in the correlator (9) and, in our case with the assumption of
the presence of the spatial parity violation, it contains two terms. The first term
Pij(k) = δij − kikj/k2 is the standard isotropic transverse projector and the
second part, taken in the form ıρεijl

kl
|k| , describes the presence of the helicity,

where εijl is the Levi-Civita symbol of rank 3 and parameter 0 ≤ |ρ| ≤ 1
controls the amount of the spatial parity violation in the system. Thus, in
what follows, the projector Rij(k) has the following explicit form

Rij(k) = δij − kikj/k2 + ıρεijl
kl
|k|
. (10)

3 Field theoretic formulation of the model

Using the well-known theorem (Martin et al. [21]) the stochastic problem given
by Eqs. (6) and (7) with correlators of the random forces given in Eqs. (8) and
(9) can be transformed into the corresponding field theoretic model with double
set of fields Φ = {v,b,v′,b′} and with the action functional of the following
form

S(Φ) = 1
2

∫
dt1ddx1dt2ddx2

[
v′i(x1)Dvij(x1, x2)v′j(x2) +

+ b′i(x1)Dbij(x1, x2)b′j(x2)
]

+

+

∫
dtddx

{
v′[−∂tv + ν0∆v − (v · ∇)v] +

+ b′[−∂tb + ν0u0∆b + (b · ∇)v − (v · ∇)b]
}
. (11)
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where xi = (ti,xi) with i = 1, 2, v′ and b′ are auxiliary transverse fields
and Db

ij , D
v
ij are given in Eqs. (8) and (9), respectively. The corresponding

summations over dummy indices are performed.
The field theoretic model given by the action functional (11) corresponds to

a standard Feynman diagrammatic technique with nonzero bare propagators
for the magnetic field (in the momentum-frequency representation)

∆b′b∗
ij = ∆bb′

ij =
Pij(k)

(−ıωk + ν0u0k2)
, (12)

∆bb
ij =

Cij(k)

| − ıωk + ν0u0k2|2
(13)

and for the velocity field

∆v′v∗
ij = ∆vv′

ij =
Rij(k)

(−ıωk + ν0k2)
, (14)

∆vv
ij =

g0ν
3
0k

4−d−2εRij(k)

| − ıωk + ν0k2|2
, (15)

given by the quadratic part of the action functional (11), where Cij(k) is the
Fourier transform of the function Cij(|x− x′|/L) in Eq. (8).

On the other hand, the model has two interaction vertices in the form

−b′[(b · ∂)v − (v · ∂)b] = b′iVijlvjbl, (16)

−v′(v · ∂)v = v′iWijlvjvl, (17)

where tensor structuresWijl, Vijl are given as follows (again in the momentum-
frequency representation)

Vijl = ı(δilpj − δijpl), (18)

Wijl = ı(δijpl + δilpj). (19)

The graphical representation of all propagators and vertices of the model can
be found, e.g., in Ref. [22].

The field theoretic renormalization group analysis of the model defined by
the action functional (11) was performed in detail in Ref. [23]. There, the
coordinates of the stable infrared (IR) fixed point of the model, which drives
the scaling behavior of the model deep inside the inertial range, was found
and discussed at the two-loop level of approximation. These results will be
used in the next sections for the analysis of the influence of the helicity on
the anomalous dimensions of the leading composite operators that drive the
anomalous scaling of the magnetic field correlation functions in the inertial
range.

4 Anomalous dimensions of the leading composite
operators and the anomalous scaling

In the kinematic MHD turbulence phenomenologically interesting is the inves-
tigation of the inertial range behavior of the following single-time two-point
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correlation functions of the magnetic field

BN−m,m(r) ≡
〈
bN−mr (t,x)bmr (t,x′)

〉
, r = |x− x′|, (20)

built of two composite operators bN−mr (t,x) and bmr (t,x), where br denotes the
component of the magnetic field directed along the vector r = x− x′. After
applying a general scaling representation for the two-point single-time quanti-
ties (see, e.g., Jurčǐsinová et al. [14] and references cited therein) together with
the OPE technique one comes to the following final asymptotic inertial-range
expression for the correlation functions (20):

BN−m,m(r) ∼ rγ
∗
N,0 −γ

∗
N−m,0 −γ

∗
m,0 , (21)

for even values of N and m,

BN−m,m(r) ∼ rγ
∗
N,0 −γ

∗
N−m,1 −γ

∗
m,1 , (22)

for even value of N and odd value of m, and

BN−m,m(r) ∼ rγ
∗
N,1 −γ

∗
N−m,0 −γ

∗
m,1 , (23)

for odd values of N and m, where γ∗N,p are the fixed point values of the anoma-
lous dimensions of the corresponding composite operators

FN,p = [n · b]p(b · b)l, N = 2l + p, (24)

constructed solely from the magnetic field b(x), which give the most singular
contributions in the OPE. Note also that the constant unit vector n defines the
uniaxial anisotropy of the system (see, e.g., Antonov et al. [11] or Jurčǐsinová et
al. [14] for details) represented, e.g., by a constant large-scale external magnetic
field B = |B|n and introduced through the explicit form of the correlator (8)
for the random force fb.

Thus, to be able to study the influence of the helicity on the anomalous
scaling of the correlation functions of the magnetic field, it is necessary to
calculate the anomalous dimensions of the composite operators (24). Here, it
is important to stress that, due to tensor structure of the corresponding single
Feynman diagram (Jurčǐsinová et al. [14]), the anomalous dimensions γN,p of
the composite operators (24) are independent of the helicity at the one-loop
level of approximation. It means that, to be able to study the influence of
spatial parity violation on the scaling properties of the correlation functions
(20), it is necessary to perform, at least, two-loop calculations. Namely, this is
the aim of the present study.

In the two-loop level of approximation, the anomalous dimensions γN,p can
be written in the following general form

γN,p = γ
(1)
N,pε+ γ

(2)
N,pε

2 +O(ε3) , (25)

where γ
(1)
N,p is the one-loop contribution to the anomalous dimension γN,p, which

is independent of the helicity parameter ρ and γ
(2)
N,p = γ

(2)
N,p(ρ) is the correspond-

ing helicity dependent two-loop correction.
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Fig. 1. The dependance of anomalous dimensions γ ∗
2,0 and γ ∗

3,1 on the parameter of
helicity ρ for the spatial dimension d = 3 and ε = 2.

The simple one-loop contribution γ
(1)
N,p was calculated, e.g., in Jurčǐsinová

et al. [14] and has the following explicit form taken at the fixed point of the
model

γ
∗(1)
N,p = − (d+ 1)(N − p)(d+N + p− 2)− 2N(N − 1)

3(d− 1)(d+ 2)
. (26)

It is important to stress here that this one-loop result is completely the same
not only for the helical and non-helical cases of the model but is also the same as
that obtained in the case of the analogous passive scalar problem [24], although
the corresponding leading composite operators are different. It means that the
problems of the anomalous scaling of passively advected scalar and vector (mag-
netic) field are completely equivalent at the one loop level of approximation even
in the presence of the spatial parity violation of the turbulent Navier-Stokes
velocity field. However, as our analysis shows, the situation is significantly
different when the two-loop corrections are taken into account. As was shown
in Gladyshev et al. [25], the anomalous dimensions of the leading composite
operators, which drive the scaling behavior of the correlation functions of the
scalar field passively advected by the helical stochastic Navier-Stokes equation,
are independent of the helicity even at the two-loop level of approximation.
On the other hand, as was already mentioned, the two-loop corrections to the

anomalous dimensions of the leading composite operators γ
(2)
N,p in the studied
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Fig. 2. The dependance of anomalous dimensions γ ∗
4,0 and γ ∗

5,1 on the parameter of
helicity ρ for the spatial dimension d = 3 and ε = 2.

vector problem are helicity dependent. We shall not present their explicit form
here since their general form is given by huge expression (even when taken at
the fixed point) and therefore will be discussed elsewhere. Instead, the influ-
ence of the helicity on the fixed point values of the most important anomalous
dimensions γ∗N,0 for even values of N and γ∗N,1 for odd values of N , which di-
rectly determine the asymptotic behavior of the correlation functions (20), is
demonstrated in Figs. 1 and 2, where the explicit dependence of the total two-
loop anomalous dimensions γ∗2,0, γ∗3,1, γ∗4,0, and γ∗5,1 on the helicity parameter ρ
is shown for the spatial dimension d = 3 and for physically the most important
value ε = 2. Of course, one can also expect serious influence of the helicity on
the scaling behavior of the correlation functions (20). However, this problem
will be analyzed elsewhere.

As follows from Figs. 1 and 2, the presence of the spatial parity violation in
the turbulent environment significantly decreases the anomalous dimensions of
the leading composite operators that drive the inertial range asymptotic behav-
ior of the magnetic field correlation functions. This result is in qualitative accor-
dance with that obtained in the framework of the helical Kazantsev-Kraichnan
model of the kinematic MHD turbulence with the Gaussian statistics of the
velocity field (see Jurčǐsinová and Jurčǐsin [18] and Jurčǐsinová et al. [19]),
where it was shown that the presence of the helicity also leads to the more
pronounced anomalous scaling of the passively advected magnetic field. How-
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ever, the quantitative comparison of the two-loop results for the anomalous
dimensions of the leading composite operators obtained in the present study
to those obtained in the framework of the Kazantsev-Kraichnan model shows
that stronger dependence on the helicity parameter ρ is observed in the gen-
uine kinematic MHD turbulence investigated in the present paper. Again, a
detailed full comparison of these two models will be given elsewhere.

5 Conclusion

Using the field theoretic renormalization group approach we have investigated
the influence of the spatial parity violation (helicity) on the anomalous di-
mensions of the leading composite operators that drive the asymptotic inertial
range scaling behavior of the correlation functions of the magnetic field in the
model of fully developed kinematic MHD turbulence driven by the stochastic
Navier-Stokes equation.

The influence of the helicity was investigated to the second order of the
corresponding perturbation theory (the two-loop approximation) using the
standard Feynman diagrammatic technique for the spatial dimension d = 3.
The dependence of some anomalous dimensions on the parameter of helicity is
demonstrated in Fig. 1 and Fig. 2, respectively.

The analysis shows stronger dependence of the total two-loop anomalous di-
mensions on the parameter of the helicity in the present kinematic MHD model
in comparison to the analogous dependence obtained in the framework of the
Kazantsev-Kraichnan model (see Jurčǐsinová and Jurčǐsin [18] and Jurčǐsinová
et al. [19]), where the statistics of the velocity field is given directly by a specific
Gaussian correlation function.
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41, 1023, 2010.

400



Pattern Formation of Limit Cycles  
for 2-D Generalized Logistic Maps 

 
Shunji Kawamoto 

 

Osaka Prefecture University, Sakai, Osaka, Japan 
(E-mail: skawamoto@sky.plala.or.jp) 
 
Abstract. The pattern formation of discrete limit cycles with chaotic dynamics is 
considered, for two-dimensional (2-D) generalized logistic maps. Firstly, the time-
dependent chaos function with an amplitude function is proposed, and a 1-D generalized 
logistic map is presented as a population growth model. In particular, the number of 
newly infected people, due to the COVID-19, is modeled by the 1-D logistic map. 
Secondly, 2-D generalized logistic maps with a system parameter and amplitude 
functions are derived by extending the 1-D logistic map, and stable limit cycles with 
entrainment and synchronization are numerically calculated. Finally, the pattern 
formation of limit cycles is discussed for the 2-D generalized logistic map, which is 
restricted by the system parameter and amplitude functions, as one of non-equilibrium 
open systems. 
Keywords: Logistic map, 2-D logistic map, Time-dependent chaos function, Population 
growth, Limit cycle, Pattern formation, Non-equilibrium open system. 
 
1  Introduction 
 
Over a long period of time, nonlinear dynamic phenomena, such as soliton,  
chaos and fractals, have been considered in the field of physics, chemistry, 
biology and engineering, and the papers and the books have appeared, in order 
to descrive the nonlinear science [1]. In the meantime, the nonlinear systems 
have been widely extended to medicine, optics, living systems, life science, 
neuro science and nonlinear demography [2-7].  
In particular, one-dimensional (1-D) nonlinear difference equations have been 
shown to possess a rich spectrum of dynamical behaviors as chaos in many 
respects [8, 9], and strange attractor, limit cycle, entrainment and 
synchronization have been discussed, as chaotic dynamics [10-13]. At the same 
time, the limit cycle in 2-D space has been proposed for predator-prey 
populations in communities and in the field of theoretical biology [14], and is 
reported to play a key role for chaotic dynamics of non-equilibrium open 
systems [15]. In addition, stable limit sycles have been observed in nonlinear 
oscillations [16], such as heart beating [17], daily rhythms in human body 
temperature [3], chemical reactions [18-20] and self-excited mechanical 
vibration [21]. 
Furthermore, the pattern formation in reaction-diffusion model has been studied 
[22], and the chaotic behaviors in predator-prey systems are considered with 
pattern formation conditions based on the bifurcation analysis [23]. 
During this decade, 1-D, 2-D and 3-D time-dependent solvable chaos  maps and 
a nonlinear expansion method have been presented from the standpoint of chaos 
functions [24, 25]. After that, the 2-D maps corresponding to the FitzHugh-
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Nagumo (FHN) model, the Belousov-Zhabotinsky (BZ) reaction and reaction-
diffusion systems are derived, and the bifurcation diagrams have been 
considered to descrive the chimera states and the generation of discrete limit 
cycles for population growth, neural cells and chemical cells [26-29]. Recently, 
a limit cycle analysis and the interaction of limit cycles for 2-D maps have been 
presented, as non-equilibrium open systems [30, 31]. 
The aim of this paper is to introduce amplitude functions and to consider the 
effect to the pattern formation of stable limit cycles with chaotic dynamics, for 
2-D generalized logistic maps. In Section 2, the time-dependent chaos function 
with an amplitude function is proposed, and a 1-D generalized logistic map is 
presented as a population growth model. In particular, the number of newly 
infected people, due to the COVID-19, is modeled by the 1-D logistic map, and 
the MATLAB program is shown in Appendix. In Section 3, 2-D generalized 
logistic maps are derived from the 1-D generalized logistic map, and stable limit 
cycles with entrainment and synchronization are illustrated. Moreover in 
Section 3, the effect of the system parameter and the amplitude functions to the 
pattern formation of stable limit cycles is numerically considered, for the 2-D 
logistic map as one of non-equilibrium open systems. Conclusions are 
summarized in the last Section. 
 
2  1-D Generalized Logistic Maps 
 
From the following time-dependent chaos function; 

 
),2(sin)()( 2 ttatx n

n =                (1) 
lmt 2/π±≠                                                                           (2) 

 
with an amplitude function )(ta  and finite positive integers },{ ml , we find a 

one-dimensional (1-D) solvable chaos map; 
                             
                              )2(cos)2(sin)(4)( 22

11 i
n

i
n

iin tttatx =++  

                                            )),(
)(

1
1)((4 in

i
in tx

ta
tx −=                                 (3) 

where the discrete time it  satisfies the condition (2), and the time step t∆  is 

given by ,0073.0431/1 ≈=−≡∆ + πii ttt  in order to avoid the accumulation of 

round-off error and the periodicity caused by the iteration [26].  
Then, the 1-D map (3) can be rewritten into a 1-D generalized time-dependent 
logistic map as  

                             ))(
)(

1
1)(()( 11 in

i
inin tx

ta
txtx −=++ α                                   (4) 

 
with a system parameter 0.40, ≤<αα  and the amplitude function 0)( ≠ita  of 
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the chaos function (1).  
As is known, the logistic map )1(1 nnn xxx −=+ α  is a mapping with chaotic 

dynamics, and has been well discussed as a population growth model [32, 33], 
and in part as a discrete-time demographic model [34]. However, the logistic 
map has the pathological problem as a demographic model, and the Ricker 
model )]/1(exp[1 kxrxx ttt −=+  with two parameters },{ kr  is proposed for a 

number of fish and invertebrate populations, and has been considered for a 
population growth regulated by an epidemic disease [35, 36]. 
Recently, it is known that the COVID-19 caused by severe acute syndrome 
coronavirus has resulted in a pandemic, and the government of each country has 
adopted various measures to mitigate the outbreak [37]. In the following part of 
this section, we attempt to model the number of newly infected people, for 
example, in Japan [38], on the basis of the 1-D generalized time-dependent 
logistic map (4) with α  and )( ita , which has the solution )( in tx  consisting of 

chaotic time series.  
In Fig. 1, a numerical result of the chaos function solution (1) and (2) to the 1-D   
map (3) is compared with the number of newly infected people, due to the 
COVID-19; (a) Solution )( in tx  with 0.1)( =ita , (b) Exponential amplitude 

function )( ita , (c) Solution )( in tx  with )( ita , and (d) The number of newly 

infected people in Japan [38]. Here, it is important to note that the )( ita  of (b) is 

an exponential function, and has two peaks caused by external factors, such as 
the cruise ship called at the port on Feb. 3, 2020 and the termination of the state 
of emergency on May 25, 2020, respectively. Therefore, the two peaks arise 
after a few weeks, as shown in Fig. (d). The MATLAB program for Fig. 1 (a)-
(c) is presented in Appendix. 
Furthermore, we show the numerical result obtained by iterating the 1-D 
generalized logistic map (4), at the system parameter ,6.3,7.3,9.3,0.4=α  in 

Fig. 2. It is found that the stable time series in (a)-(d) are transformed from 
chaotic to non-chaotic, that is, chimera states, as α  decreases [27]. 
 
3  2-D Generalized Logistic Maps and Limit Cycles 
 
In this section, we derive 2-D generalized time-dependent logistic maps by 
extending the 1-D generalized logistic map (4) with α  and )( ita , and consider 

the effect of a system parameter and amplitude functions to the pattern 
formation of limit cycles, for the 2-D logistic maps. 
According to the derivation of the 1-D solvable logistic map (3) with (1) and (2), 
we begin with the following chaos function solution; 
 

)2(sin)()( 2
1 i

n
iin ttatx =                                             (5) 

 
with an amplitude function ,0)(1 ≠ita  where the discrete time 

it  satisfies  
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(a)  Solution xn(ti) with a(ti)=1.0 
     

      
(b)  Exponential amplitude function a(ti) 

           

     
(c)  Solution xn(ti) with a(ti) 
                

      
(d)  The number of newly infected people in Japan [38] 
    

  
   
Fig. 1. The chaos function solution (1) with (2) to the 1-D map (3); Solution xn(ti)  

with a(ti)=1.0, (b) Exponential amplitude function a(ti), (c) Solution xn(ti) with a(ti),  
and (d) The number of newly infected people in Japan [38]. 

2020/04/01 2020/07/01 
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(a) α=4.0 

 
(b) α=3.9 

          
(c) α=3.7 

        
(d) α=3.6 

        
 

Fig. 2. Numerical solutions to the 1-D generalized time-dependent logistic map (4)  
with the amplitude function a(ti) and the system parameter α; (a) α=4.0,  
(b) α=3.9, (c) α=3.7 and (d) α=3.6 . 
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the condition (2). Then, we have  
 
                        )2(cos)2(sin)(4)( 22

111 i
n

i
n

iin tttatx =++  

)),(
)(

1
1)((4

1
in

i
in tx

ta
tx −=                                      (6) 

and by defining  
                             )2cos()()( 2 i

n
iin ttaty ≡                                                       (7) 

 
with an amplitude function ,0)(2 ≠ita  we find a condition from (5) and (7) as 

 

                            .1)(
)(

1
)(

)(

1 2
2
21

=+ in
i

in
i

ty
ta

tx
ta

                                           (8) 

 
By substituting (8) into the 1-D logistic map (6), and from the solutions (5) and 
(7), we find a 2-D generalized solvable logistic map; 
 

                            ),()()
)(

1
(4)( 2

2
2

11 inin
i

in tytx
ta

tx =++
                                       (9) 

                            )),()
)(

2
(1)(()(

1
211 in

i
iin tx

ta
taty −=++

                                (10) 

 
and by introducing a system parameter 0.40, ≤<αα  in (9), we arrive at a 2-D 

generalized logistic map; 
 

                             ),()()
)(

1
()( 2

2
2

11 inin
i

in tytx
ta

tx α=++
                                   (11) 

                             ))()
)(

2
(1)(()(

1
211 in

i
iin tx

ta
taty −=++

                                (12) 

 
with amplitude functions )(1 ita  and ).(2 ita  Therefore, the 2-D map (11) and 

(12) has chaos function solutions (5) and (7) at 0.4=α . Here, it is important to 
note that the 2-D logistic map corresponds to the FHN model for neural cells, 
the BZ reaction and reaction-diffusion systems for chemical cells [26-29]. 
For limit cycles of the 2-D logistic map (11) and (12) with the system parameter 
α  and amplitude functions )(1 ita  and ),(2 ita  we show the following three 

Cases on )(1 ita  and )(2 ita  at 4.2=α  in Fig. 3; 

 
                              Case 1: ,0.1)(,0.1)( 21 == ii tata                                        (13) 

                              Case 2: ,5.0)(,5.1)( 21 == ii tata                                        (14) 

Case 3: ,2.0)(,0.2)( 21 == ii tata                                       (15) 
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α=2.4: 
 
(a) Case 1: a1(ti)=1.0, a2(ti)=1.0 

 

  
 

 
(a) Case 2: a1(ti)=1.5, a2(ti)=0.5 

 

   
 

 
(b) Case 3: a1(ti)=2.0, a2(ti)=0.2 

 

  
 
 

Fig. 3. Limit cycles of the 2-D logistic map (11) and (12) at α=2.4, 
and with amplitude functions: (a) Case 1 (13), (b) Case 2 (14)  
and (c) Case 3 (15). 

 

Initial points Initial points 
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α=2.4: 
 
(a)  Orbit solutions of limit cycles for Cases 1-3 

 
 
(b) Sequential points of limit cycles for Cases 1-3 

 

        
 

Fig. 4. The pattern formation of limit cycles shown in Fig. 3  
for the 2-D logistic map (11) and (12), with amplitude  
functions of Cases 1-3 at α=2.4, and on the same xn-yn  
plane. 

 

Case 1 

Case 2 

Case 3 

Case 1 

Case 2 

Case 3 
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α=2.6: 
 
(a) Case 1: a1(ti)=1.0, a2(ti)=1.0 

 

  
 
 
(b) Case 2: a1(ti)=1.5, a2(ti)=0.5 

 

    
 
 
(c) Case 3: a1(ti)=2.0, a2(ti)=0.2 

 

    
 
 

Fig. 5. Limit cycles of the 2-D logistic map (11) and (12) at α=2.6,  
and with amplitude functions: (a) Case 1 (13), (b) Case 2 (14)  
and (c) Case 3 (15). 

 

Initial points Initial points 
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α=2.6: 
 
(a) Orbit solutions of limit cycles for Cases 1-3 

 

              
 
 
(b) Sequential points of limit cycles for Cases 1-3 

 

              
 
 

Fig. 6. The pattern formation of limit cycles shown in Fig. 5  
for the 2-D logistic map (11) and (12), with amplitude  
functions of Cases 1-3 at α=2.6, and on the same xn-yn  
plane. 

 

Case 1 

Case 1 

Case 2 

Case 3 

Case 2 

Case 3 
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where the amplitude functions are constants for simplicity. In Fig. 3 (a), discrete 
limit cycles of Case 1 (13) are illustrated as orbit solutions and sequential points, 
which converge to the limit cycle from an outside initial point for entrainment 
and an inside initial point for synchronization, respectively. Then, in Fig. 3 (b)-
(c), limit cycles of Case 2 (14) and Case 3 (15) at 4.2=α  are shown numerically. 
In order to compare the pattern of limit cycles for Cases 1, 2 and 3, and to 
understand about how the pattern formation depends on the system parameter 
and the amplitude functions, the limit cycles presented in Fig. 3 are shown on 
the same 

nn yx −  plane in Fig. 4. Similarly, Cases 1-3 at 6.2=α  are illustrated in 

Fig. 5 and Fig. 6, for the pattern formation of stable limit cycles obtained by 
iterating the 2-D logistic map (11) and (12). 
 
Conclusions 
 
The 1-D generalized logistic map (4) is presented on the basis of the time-
dependent chaos function solution with an amplitude function )( ita , and is 

modeled on the number of newly infected people, due to the COVID-19, as a 
population growth model. Moreover, the 2-D generalized logistic map (11) and 
(12) with a system parameter α  and two amplitude functions )(1 ita  and )(2 ita  

are derived by extending the 1-D logistic map (4). Then, we have found by 
iterating the 2-D map that the pattern of stable limit cycles depends on α , )(1 ita  

and )(2 ita  essentially, as shown in Figs. 3-6. Particularly, as a restriction on 

stable limit cycles, the amplitude functions effect to the pattern formation of the 
limit cycles, and therefore the functions may correspond to the boundary 
conditions in physics. In addition, the stability analysis of the 2-D logistic map 
(11) and (12) may be a research subject to be born. 
 
Appendix 
 
% MATLAB program for Fig. 1. (a)-(c) by S. Kawamoto 
% initial conditions 
E1=zeros(1, 200); 
E2=zeros(1, 200); 
T=zeros(1, 200); 
TT=zeros(1, 200); 
A=zeros(1, 200); 
AA=zeros(1, 200); 
ILN1=zeros(200, 200); 
X1=zeros(200, 200); 
XX1=zeros(1, 200); 
X2=zeros(200, 200); 
XX2=zeros(1, 200); 
L0=1; 
PR=431; 
T0=0.0; 
A0=0.05; 

411



X01=0.0; 
X02=0.0; 
C=8; 
% chaos function with time-dependent amplitude a(ti) 
for I=1:200, T(I)=T0+I*L0*pi/PR; 
                    E1(I)=exp(C*(T(I)-0.58))+exp(-C*(T(I)-0.58)); 
                    E2(I)=exp(C*(T(I)-1.40))+exp(-C*(T(I)-1.40)); 
end 
for I=1:199, A(I)=A0+(1.3/E1(I))^2+(2.0/E2(I))^2; end 
for I=1:200 
     for N=1 
           ILN1(I, N)=mod(2^N*I*L0, PR); 
           X1(I, N)=A(I)*(sin(ILN1(I, N)*pi/PR))^2; 
           X2(I, N)=(sin(ILN1(I, N)*pi/PR))^2; 
     end 
     for N=2:I 
           ILN1(I, N)=mod(2*ILN1(I, N-1), PR); 
           X1(I, N)=A(I)*(sin(ILN1(I, N)*pi/PR))^2; 
           X2(I, N)=(sin(ILN1(I, N)*pi/PR))^2; 
     end 
end 
for I=1 
     TT(I)=T0; 
     AA(I)=A0; 
end 
for I=2:200 
     TT(I)=T(I-1); 
     AA(I)=A(I-1); 
end 
for I=1 
     XX1(I)=X01; 
     XX2(I)=X02; 
end 
for I=2:200 
     XX1(I)=X1(I-1, I-1); 
     XX2(I)=X2(I-1, I-1); 
end 
% figures (a)-(c) 
figure(‘Position’, [100 100 350 100]) 
plot(TT, XX2, ‘-b.’,’MarkerFaceColor’,’b’,’MarkerSize’, 7); 
xlabel(‘ti’); ylabel(‘xn(ti)’) 
figure(‘Position’, [100 100 350 100]) 
plot(TT, AA, ‘-b.’,’MarkerFaceColor’,’b’,’MarkerSize’, 7); 
xlabel(‘ti’); ylabel(‘a(ti)’) 
figure(‘Position’, [100 100 350 200]) 
plot(TT, XX1, ‘-b.’,’MarkerFaceColor’,’b’,’MarkerSize’, 7); 
xlabel(‘ti’); ylabel(‘xn(ti)’) 
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Abstract: The interaction of discrete limit cycles related to the FitzHugh-Nagumo 
(FHN) model is discussed in this paper, from the standpoint of time-dependent chaos 
functions. Firstly, a two-dimensional (2-D) solvable chaos map corresponding to the 
FHN model is derived on the basis of chaos functions, and 2-D chaotic maps with one 
system parameter are presented for generating limit cycles. Secondly, two limit cycles of 
2-D systems A and B are located on the xn-yn plane as nonlinear dynamics of neural cells, 
and the propagations are illustrated with a constant velocity in opposite direction. Finally, 
the interaction of two limit cycles is numerically considered by adding interaction terms 
in a 2-D system A&B composed of the 2-D systems. Then, the 2-D system A&B with 
two stable limit cycles is shown to have chaotic dynamics depending on the interaction 
terms, as a complex system of non-equilibrium open systems. 
Keywords: Van der Pol oscillator, FitzHugh-Nagumo model, Chaos function, Limit 
cycle, Interaction, Complex system, Non-equilibrium open system. 
 
1 Introduction 
 
For the study of nonlinear science [1], nonlinear dynamics have been considered 
widely in the field of physics, chemistry, biology, engineering and social 
sciences [2, 3]. In particular, one-dimensional (1-D) nonlinear difference 
equations are known to possess a rich spectrum of dynamical behavior as chaos 
in many respects, and the chaotic modeling and the chaos theory have been 
extended to medicine, optics, living systems, life science and neuro science [4 -
8]. 
In the meantime, the state of having many parts and being difficult to 
understand or to find an answer is called complexity, and how single parts 
organize spontaneously into complicated structures has been studied [9]. Later, 
complex system is stated to be a system composed of many components which 
may interact with each other [10]. As examples of complex systems, large scale 
natural systems such as atmosphere, climate, human brain and economic 
organizations have been presented, and infrastructures such as power grids, 
transportation systems, information systems and communication networks have 
been considered [11-14]. The coexistence of coherence and incoherence in 
coupled phase oscillations has been proposed as chimera states [15, 16]. 
Moreover, the optimization of complex systems is presented, and the theory, 
algorithms and its applications are widely discussed.  
In recent years, 2-D and 3-D chaos maps have been presented for the analysis of 
population growth, electrical oscillation, atmospheric convection and chemical 
reaction [17]. Then, the time-dependent chaos functions are introduced and 
applied to engineering with a nonlinear time series expansion [18]. After that, 
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the FitzHugh-Nagumo (FHN) model [19, 20] has been considered from the 
standpoint of chaos functions for neural cells [21, 22], and the functions have 
been applied to bifurcation diagrams proposed in [23, 24] and the generation of 
limit cycles [25, 26] for reaction-diffusion systems [27, 28]. 
In this paper, Section 2 presents the derivation of 2-D chaotic maps with a 
system parameter corresponding to the FHN model, and Section 3 illustrates 
two limit cycles obtained numerically by iterating the 2-D maps on the xn-yn 
plane for chaotic dynamics, such as synchronization and entrainment, for neural 
cells. In Section 4, the propagation and the interaction of stable limit cycles with 
a constant velocity in opposite direction are considered by adding linear 
interaction terms with coupling constants in a combined 2-D system A&B, as a 
complex system based on the FHN model. Conclusions are summarized in the 
last section. 
 
2 The FHN Model and 2-D Chaotic Maps 
 
The forced Van der Pol oscillator is given by  
 

),sin()1( 0
2 tExxxx ωε =+−− &&&                                (1) 

 
which represents a model for simple vacuum tube oscillator circuit with an 
external voltage source as a heart beating model, where )(txx =  is the 

proposition coordinate function of time t, and },,0{ 0 ωε E≠  are the system 

parameters [29]. By the Liénard transformation, we find a 2-D model as 
 

),
3

1
( 3 yxxx −−= ε&                                              (2) 

),sin(
11

0 tExy ω
εε

−=&                                           (3) 

 
which is known to have chaotic behaviors in the equivalent circuit with 
sinusoidal forcing [30]. Moreover, the FHN model [19, 20] is a 2-D 
simplification of the Hodgkin-Huxley model [31] of spike generation in squid 
giant axons, and is derived from (1) and expressed by  
 

),(
3

1 3 tIwvvv +−−=&                                         (4) 

),(
1

bwavw −+=
τ

&                                               (5) 

 
which has an electric circuit as one of a large class of nonlinear systems 
showing excitable and oscillatory behaviors, with the membrane potential v, the 
recovery variable w, the stimulus external current I(t) and model parameters 
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}.0,,{ ≠τba  Here, it should be noticed that the 2-D model (2) and (3) of the 

forced Van der Pol oscillator has the external voltage term in (3), and the FHN 
model (4) and (5) has the stimulus external current term in (4) [21]. 
On the other hand, from the following chaos solutions consisting of time-
dependent chaos functions; 
 

),()2(sin)( 1
2

1 tbtatx n
n +=                                              (6) 

),()2cos()( 22 tbtaty n
n +=                                              (7) 

,1))()((
1

))()((
1 2

22
2

1
1

=−+− tbty
a

tbtx
a nn

                                (8) 

lmt 2/π±≠                                                                       (9) 
 
with nonzero coefficients },{ 21 aa , functions )}(),({ 21 tbtb  of time t>0, then we have 

a 2-D solvable chaos map from (6)-(9) as 
 

),())()())(()((
4

)( 1
2

212
2

11 iiiniinin tbtbtytbtx
a

tx +−−=++
                    (10) 

),()(2)()()(2)( 1
1

2
22

1

2
11 iiinin tb

a

a
tbatx

a

a
ty +++−=++

                        (11) 

 
where the discrete time ti satisfies the condition (9), and the passage from a 
point ))(),(( inin tytx  to the next one ))(),(( 1111 ++++ inin tytx  with the time step 

ii ttt −≡∆ +1
 

can be considered as a 2-D mapping. It is interesting to note that the third-order 
nonlinear term of (10) is involved in (2) and (4),  the terms )(1 tb  in (6) and )(2 tb  

in (7) play a role of coodinate transformation for the solutions )(txn
 and )(tyn

. 

Therefore, the term )(1 itb  in (10) is equivalent to the external current term )(tI  

in (4), and the term ))()/(2)(( 1122 ii tbaatb +  in (11) is found to correspond to the 

external voltage source )sin(0 tE ω  in (3) [21]. 

 
3  Stable Limit Cycles 
 
In this Section, we rewrite the 2-D solvable chaos map (10) and (11), by 
introducing a system parameter ε , into the following 2-D chaotic systems A 
and B; 
 

System A:                ),()()
1

()( 2
,1,12

2

111,1 ininin tytx
a

tx ε=++
                                     (12) 

                                 ,)()(2)( 2,1
1

2
11,1 atx

a

a
ty inin +−=++

                                          (13) 
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System B:    ),())()())(()()(
1

()( 1
2

2,21,22
2

211,2 iiiniinin tbtbtytbtx
a

tx +−−=++ ε                (14) 

                     )()(2)()()(2)( 1
1

2
22,2

1

2
11,2 iiinin tb

a

a
tbatx

a

a
ty +++−=++

                      (15) 

 

with system parameters 1ε , 0.40 1 ≤< ε  and 2ε , 0.40 2 ≤< ε . Then, we obtain 

discrete limit cycles LC-A and LC-B for System A and System B, respectively. 
Here, we set the LC-A and the LC-B on the 

nn yx −  plane as illustrated in Fig. 1 

(a)-(b) with initial points: (a) Inside initial points )3.0,2.0(),( 0,10,1 =yx  and 

)3.0,5.0(),( 0,20,2 =yx  for synchronization, and (b) Outside initial points 

)4.0,2.0(),( 0,10,1 =yx  and )4.0,5.0(),( 0,20,2 =yx  for entrainment, where the initial point of 

cell is indicated by a cross × (black) in Fig. 1. Then, we find that the distance 
)( 01 tb  of initial points between LC-A and LC-B is given by 3.0)( 0,10,201 =−≡ xxtb  in 

Fig. 1 (a)-(b), and the limit cycles, which are shown by orbits and sequential 
points, possess chaotic dynamics of synchronization and entrainment, depending 
on the initial points. Here, we set ,3.221 == εε  ,0.11 =a  5.02 =a  and the time 

step 0073.0431/ ≈=∆ πt  for the numerical calculation [28]. 
Additionary, in the case of LC-B shifted on the 

ny  axis from 3.0=ny  to 4.0=ny , 

the limit cycles LC-A and LC-B are located with the following initial points: (a) 
Inside initial points )3.0,2.0(),( 0,10,1 =yx  and )4.0,5.0(),( 0,20,2 =yx  for synchronization, 

and (b) Outside initial points )4.0,2.0(),( 0,10,1 =yx  and )5.0,5.0(),( 0,20,2 =yx  for 

entrainment as illustrated in Fig. 2 (a)-(b), where the initial point of cell is 
indicated by a cross × (black) in Fig. 2. Thus, it is found that we can locate limit 
cycles at any point on the 

nn yx −  plane, by setting initial points )},(),,{( 0,20,20,10,1 yxyx  

and external forces )}(),({ 0201 tbtb , in order to combine System A (12)-(13) and 

System B (14)-(15) in the next Section. 
 
4  Propagation and Interaction 
 
We consider System A and System B with conditions 3.0)( 0,10,201 =−≡ xxtb  and 

0)(2 =itb  for simplicity in this Section, and discuss the nonlinear dynamics of 

limit cycles LC-A and LC-B, which propagate and interact in opposite direction 
on the

nn yx −  plane. 

Under the conditions, we combine System A and System B into the following 
System A&B, in order to discuss the propagation and the interaction of limit 
cycles LC-A and LC-B by introducing a one-step propagation distance )( tv ∆  in 

opposite direction with the constant velocity v and the time step 
ii ttt −=∆ +1
. Then, 

we find a combined system from (12) – (15) as 
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(a) Solution orbits and sequential points for synchronization 
      LC-A (blue)          LC-B (red)         LC-A (blue)           LC-B (red) 

    
(b) Solution orbits and sequential points for entrainment 
         LC-A (blue)        LC-B (red)           LC-A (blue)         LC-B (red)  

    
Fig. 1. Limit cycles LC-A (blue) and LC-B (red) located on the xn-yn plane:  

(a) Inside initial points (x1,0, y1,0)=(0.2, 0.3) and (x2,0, y2,0)=(0.5, 0.3), and (b) Outside 
initial points (x1,0, y1,0)=(0.2, 0.4) and (x2,0, y2,0)=(0.5, 0.4), and the initial point of cell 
indicated by a cross × (black) in (a) and (b). 

 

(a) Solution orbits and sequential points for synchronization 
      LC-A (blue)          LC-B (red)         LC-A (blue)           LC-B (red) 

    
(b) : Solution orbits and sequential points for entrainment 
         LC-A (blue)        LC-B (red)           LC-A (blue)         LC-B (red) 

    
Fig. 2. Limit cycle LC-B (red) shifted on the yn axis : (a) Inside initial points  

(x1,0, y1,0)=(0.2, 0.3) and (x2,0, y2,0)=(0.5, 0.4), and (b) Outside initial points  
(x1,0, y1,0)=(0.2, 0.4) and (x2,0, y2,0)=(0.5, 0.5), and the initial point of cell  
indicated by a cross × (black) in (a) and (b). 
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System A&B: 
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a
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here we set ,3.221 == εε  ,5.0,0.1 21 == aa ,3.0)( 0,10,2010 =−=≡ xxtbb  inside 

initial points )3.0,2.0(),( 0,10,1 =yx  and )3.0,5.0(),( 0,20,2 =yx , and outside initial 

points )4.0,2.0(),( 0,10,1 =yx and )4.0,5.0(),( 0,20,2 =yx , for the numerical 

calculation. Therefore, it should be noticed that 3.0)( 01 =tb  gives the travel 

distance for six steps of limit cycles LC-A and LC-B from the initial states {LC-
A1, LC-B1} to the last ones {LC-A7, LC-B7} in opposite direction with one step 
distance 05.0)( =∆tv  and 0073.0431/ ≈=∆ πt , and coefficients },{ 21 cc  of linear 

interaction terms in (16) and (18) are coupling constants, respectively. Here, at 
each state of limit cycles; {LC-A1,..., A7 } and {LC-B1,..., B7}, we carry out 200 
iterations of System A&B, and the last points for the limit cycles at each state 
given by ),( 200,1200,1 yx  and ),( 200,2200,2 yx  are equal to the initial points for the 

next state of limit cycles, by adding one-step propagation distance 05.0)( ±=∆tv  

to the last points of limit cycles. The MATLAB program for System A&B (16)-
(19) is presented in Appendix. 
The propagation of limit cycles LC-A and LC-B with no-interaction 

}0,0{ 21 == cc  is firstly shown in Fig. 3 (a)-(b): (a) Inside initial points for 

synchronization and (b) Outside initial points for entrainment are presented with 
six steps; A1→A2→⋯→A7 (blue) and B1→B2→⋯→B7 (red) for solution orbits 
and sequential points of limit cycles. It is found that the limit cycles propagate 
forward or backward in opposite direction, keeping the pattern and chaotic 
properties of limit cycle, respectively. 
The interaction with coefficients }07.0,07.0{ 21 == cc  is presented in Fig. 4 (a)-

(b). As the System A&B has coefficients }07.0,07.0{ 21 == cc  but different initial 

points )3.0,2.0(),( 0,10,1 =yx  and )3.0,5.0(),( 0,20,2 =yx , LC-A and LC-B depend on the 

difference of interaction terms ))()(( ,1,21 inin txtxc −  and ))()(( ,2,12 inin txtxc − , and the 

limit cycles are found to have a slight effect at each step. 
Furthermore, for the case of coefficients }1.0,0.0{ 21 == cc , LC-A (blue) has  
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(a) c1=0.0, c2=0.0: Solution orbits and sequential points for synchronization 
LC-A1→A2→…→A7 (blue)    

LC-B7←…←B2←B1 (red) 

 

 
 
(b) c1=0.0, c2=0.0: Solution orbits and sequential points for entrainment 

LC-A1→A2→…→A7 (blue)    
LC-B7←…←B2←B1 (red) 

 

 
 
Fig. 3. Propagation of limit cycles LC-A (blue) and LC-B (red) with no-interaction 

{c1=0.0, c2=0.0}: (a) Inside initial points (x1,0, y1,0)=(0.2, 0.3) and  
(x2,0, y2,0)=(0.5, 0.3) for synchronization, (b) Outside initial points  
(x1,0, y1,0)=(0.2, 0.4) and (x2,0, y2,0)=(0.5, 0.4) for entrainment, and the initial  
point of cell indicated by a cross × (black) in (a) and (b). 

 

× × 

× × 

× × 
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(a) c1=0.07, c2=0.07: Solution orbits and sequential points for synchronization 
LC-A1→A2→…→A7 (blue)    

LC-B7←…←B2←B1 (red) 

 

 
 
(b) c1=0.07, c2=0.07: Solution orbits and sequential points for entrainment 

LC-A1→A2→…→A7 (blue)    
LC-B7←…←B2←B1 (red) 

 

 
 

Fig. 4. Propagation of limit cycles LC-A (blue) and LC-B (red) with interaction 
{c1=0.07, c2=0.07}: (a) Inside initial points (x1,0, y1,0)=(0.2, 0.3) and  
(x2,0, y2,0)=(0.5, 0.3) for synchronization, (b) Outside initial points  
(x1,0, y1,0)=(0.2, 0.4) and (x2,0, y2,0)=(0.5, 0.4) for entrainment, and the initial 
point of cell indicated by a cross × (black) in (a) and (b). 

 

× 
× 

× × 

× × 

422



(a) c1=0.0, c2=0.1: Solution orbits and sequential points for synchronization 
LC-A1→A2→…→A7 (blue)    

LC-B7←…←B2←B1 (red) 

 

 
 
(b) c1=0.0, c2=0.1: Solution orbits and sequential points for entrainment 

LC-A1→A2→…→A7 (blue)    
LC-B7←…←B2←B1 (red) 

 

 
 

Fig. 5. Propagation of limit cycles LC-A (blue) and LC-B (red) with interaction 
{c1=0.0, c2=0.1}: (a) Inside initial points (x1,0, y1,0)=(0.2, 0.3) and  
(x2,0, y2,0)=(0.5, 0.3) for synchronization, (b) Outside initial points  
(x1,0, y1,0)=(0.2, 0.4) and (x2,0, y2,0)=(0.5, 0.4) for entrainment, and the initial 
point of cell indicated by a cross × (black) in (a) and (b). 

 

× 

× 
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no interaction from LC-A1 to LC-A7 as shown in Fig. 5 (a)-(b). However, LC-B 
(red) has an effect at each step, and loose the pattern and chaotic properties of 
limit cycle from LC-B1 to LC-B7 gradually, in (a) Synchronization and (b) 
Entrainment.  
 
Conclusions 
 
In this paper, we derive a 2-D solvable chaos map based on time-dependent 
chaos functions, and present 2-D chaotic System A (12)-(13) and System B (14) 

-(15) with system parameters 1ε  and 2ε  for generating two limit cycles LC-A 

and LC-B, respectively. From the numerical result of the combined System 
A&B (16)-(19), it is found that we can locate LC-A and LC-B initially at any 
point on the xn-yn plane, and obtain the essential dynamics, that is, how LC-A 
and LC-B propagate in opposite direction and interact with each other in the 
complicated system, depending on the system parameters, the interaction 
coefficients and the velocity of limit cycles. In this regard, System A&B is a 2-
D chaotic system with two limit cycles and being difficult to find an answer for 
the interactions, which may be a complex system on the basis of the FHN model 
for neural cells, as one of non-equilibrium open systems. 
 
Appendix 
 
% MATLAB program for propagation and interaction of limit cycles by S. Kawamoto 
% Initial conditions 
X1=zeros(10, 199, 199); 
Y1=zeros(10, 199, 199); 
XX1=zeros(1, 200); 
YY1=zeros(1, 200); 
XXX1=zeros(10); 
YYY1=zeros(10); 
X0=zeros(10); 
Y0=zeros(10); 
X2=zeros(10, 199, 199); 
Y2=zeros(10, 199, 199); 
XX2=zeros(1, 200); 
YY2=zeros(1, 200); 
XXX2=zeros(10); 
YYY2=zeros(10); 
XX0=zeros(10); 
YY0=zeros(10); 
X10=0.2; 
Y10=0.3; 
X20=0.5; 
Y20=0.3; 
A1=1.0; 
A2=0.5; 
B=0.3; 
C1=0.0; 
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C2=0.0; 
EPSI1=2.3; 
EPSI2=2.3; 
VDELTAT=0.05; 
% System parameters EPSI1 and EPSI2, and two limit cycles 
figure(‘Position’, [100 100 350 100]) 
for J=1 
     X0(J)=X10; 
     Y0(J)=Y10; 

XX0(J)=X20; 
YY0(J)=Y20; 
for I=1:199 
      for N=1 
           X1(J, I, N)=EPSI1*X0(J)*(Y0(J))^2/(A2)^2+C1*(XX0(J)-X0(J)); 
           Y1(J, I, N)=-2*(A2/A1)*X0(J)+A2; 
           X2(J, I, N)=EPSI2*(XX0(J)-B)*(YY0(J))^2/(A2)^2+B+C2*(X0(J)-XX0(J)); 

Y2(J, I, N)=-2(A2/A1)*XX0(J)+A2*(1+2*B/A1); 
            end 
            for N=2:I 
                  X1(J, I, N)=EPSI1*X1(J, I, N-I)*(Y1(J, I, N-1))^2/(A2)^2+C1* 

(X2(J, I, N-1)-X1(J, I, N-1)); 
                  Y1(J, I, N)=-2*(A2/A1)*X1(J, I, N-1)+A2; 
                  X2(J, I, N)=EPSI2*(X2(J, I, N-1)-B)*(Y2(J, I, N-1))^2/(A2)^2+B 

+C2*(X1(J, I, N-1)-X2(J, I, N-1)); 
                  Y2(J, I, N)=-2*(A2/A1)*X2(J, I, N-1)+A2*(1+2*B/A1); 
            end 

end 
for I=1 
     XX1(J, I)=X0(J); 
     YY1(J, I)=Y0(J); 
     XX2(J, I)=XX0(J); 
     YY2(J, I)=YY0(J); 
end 
for I=2:200 
     XX1(J, I)=X1(J, I-1, I-1); 
     YY1(J, I)=Y1(J, I-1, I-1); 
     XX2(J, I)=X2(J, I-1, I-1); 
     YY2(J, I)=Y2(J, I-1, I-1); 
end 
for I=1:200 
     XX1(I)=XX1(J, I); 
     YY1(I)=YY1(J, I); 
     XX2(I)=XX2(J, I); 
     YY2(I)=YY2(J, I); 
end 
plot(XX2, YY2, ‘-r.’,’MarkerFaceColor’,’r’,’MarkerSize’,7); hold on 
plot(XX1, YY1, ‘-b.’,’MarkerFaceColor’,’b’,’MarkerSize’,7); hold on 
% The last points are the next initial points 
XXX1(J)=XX1(200)+VDELTAT; 
YYY1(J)=YY1(200); 
XXX2(J)=XX2(200)-VDELTAT; 
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YYY2(J)=YY2(200); 
end 
% Limit cycles LC-A and LC-B 
for J=2:7 
     X0(J)=XXX1(J-1); 
     Y0(J)=YYY1(J-1); 
     XX0(J)=XXX2(J-1); 
     YY0(J)=YYY2(J-1); 
     for K=1:199 
           for N=1 
                X1(J, K, N)=EPSI1*(X0(J)-(J-1)*VDELTAT)*(Y0(J))^2/(A2)^2 

+(J-1)*VDELTAT+C1*(XX0(J)-X0(J)); 
                Y1(J, K, N)=-2*(A2/A1)*X0(J)+A2*(1+2*(J-1)*VDELTAT/A1); 
                X2(J, K, N)=EPSI2*(XX0(J)-(B-(J-1)*VDELTAT))*(YY0(J))^2/(A2)^2 
                                     +(B-(J-1)*VDELTAT)+C2*(X0(J)-XX0(J)); 
                Y2(J, K, N)=-2*(A2/A1)*XX0(J)+A2*(1+2*(B-(J-1)*VDELTAT)/A1); 
           end 
           for N=2:K 
                X1(J, K, N)=EPSI1*(X1(J, K, N-1)-(J-1)*VDELTAT) 

*(Y1(J, K, N-1))^2/(A2)^2+(J-1)*VDELTAT 
+C1*(X2(J, K, N-1)-X1(J, K, N-1)); 

                Y1(J, K, N)=-2*(A2/A1)*X1(J, K, N-1)+A2*(1+2*(J-1)*VDELTAT/A1); 
                X2(J, K, N)=EPSI2*(X2(J, K, N-1)-(B-(J-1)*VDELTAT)) 
                                    *(Y2(J, K, N-1))^2/(A2)^2+(B-(J-1)*VDELTAT) 
                                    +C2*(X1(J, K, N-1)-X2(J, K, N-1)); 
                Y2(J, K, N)=-2*(A2/A1)*X2(J, K, N-1)+A2*(1+2*(B-(J-1)*VDELTAT)/A1); 
           end 
     end 
     for K=1 
           XX1(J, K)=X0(J); 
           YY1(J, K)=Y0(J); 
           XX2(J, K)=XX0(J); 
           YY2(J, K)=YY0(J); 
     end 
     for K=2:200 
           XX1(J, K)=X1(J, K-1, K-1); 
           YY1(J, K)=Y1(J, K-1, K-1); 
           XX2(J, K)=X2(J, K-1, K-1); 
           YY2(J, K)=Y2(J, K-1, K-1); 
     end 
     for K=1:200 
           XX1(K)=XX1(J, K); 
           YY1(K)=YY1(J, K); 
           XX2(K)=XX2(J, K); 
           YY2(K)=YY2(J, K); 
     end 
     plot(XX2, YY2, ‘-r.’,’MarkerFaceColor’,’r’,’MarkerSize’,7); hold on 

plot(XX1, YY1, ‘-b.’,’MarkerFaceColor’,’b’,’MarkerSize’,7); hold on 
% The last points are the next initial points 
XXX1(J)=XX1(200)+VDELTAT; 
YYY1(J)=YY1(200); 
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XXX2(J)=XX2(200)-VDELTAT; 
YYY2(J)=YY2(200); 

end 
xlabel(‘Xn(ti)’); ylabel(‘Yn(ti)’) 
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Stochastic properties of an inverted pendulum
on a wheel on a soft surface.

O.M. Kiselev

July 14, 2020

Abstract

We study dynamics of the inverted pendulum on the wheel on
a soft surface and under a proportional-integral-derivative controller.
The behaviour of such pendulum is modelled by a system with a dif-
ferential inclusion. If the the system has a sensor for the rotational
velocity of the pendulum, the tilt sensor and the encoder for the wheel
then this system is observable. The using of the observed data for the
controller brings stochastic perturbations into the system. The prop-
erties of the differential inclusion under stochastic control is studied
for upper position of the pendulum. The formula for the time, which
the pendulum spends near the upper position, is derived.

1 Introduction

The wheeled inverted pendulum (WIP) is a popular model for studies nor
only dynamics and the system of the control for robotics equipments near
instability positions. A list of contemporary works in this field is too large.
Here we should mention studies for the derivation of the mathematical model
for the WIP and the control synthesis, which one can see for example in the
book [5], and the article [15]. The questions concerned an stability and
control for WIP with two wheels were considered in [18] for the horizontal
and in [17] for the inclined surface.

We apply the proportional-integral-derivative (PID) controller to stabilize
the WIP at the upper point. We should mention the PID controller is often
used to the objects of different nature [2]. For example the PID controller
can be used to stabilize the WIP on the hard horizontal, see [16],[1] and a
review [19]. But the soft surface is more complicated to stabilize the WIP.
The mathematical model for the WIP controlled by the PID controller on
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y

α
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Figure 1: The inverted pendulum on the wheel. Let us denote r is the radius
of the wheel, l is the pendulum length, α is the angle of the pendulum turn,
β is the angle of the wheel turn and z is the inclination angle of the surface.

the soft surface was offered and detailed studied in [11] (see also preprint
[12]).

The major part of the PID controller is an observation value of the an-
gle of the pendulum position. This angle can be found by gyroscope sensor
. Usually the sensor obtains the value with a small stochastic error. The
maximal amplitude and the dispersion for the error is standardized by spec-
ification of the sensor, see for example [7].

An additional sensor for the WIP is a tilt sensor. Such sensors are com-
monly used and have a detailed specification in which the interval of errors
and the dispersion are pointed, see for example [6].

To obtain amount of the rotation of the wheel we use an encoder. If the
wheel does not slip, the errors of the digital encoder appear due to round up
only. Slipping brings additional errors to the value of the encoder. Therefore
one of the problems for the controller is to detect the slipping.

In this work we show that the gyroscope and tilt for the pendulum and
encoder for the wheel are enough to observe the state of the system in frame-
work of the mathematical model.

However the noise of the sensors and the slipping bring stochastic errors
into the value of the sensors. Therefore the controller which uses these values
has stochastic perturbations. Hence the mathematical model with the digital
PID controller is stochastic.

In section 2 we describe the mathematical model of WIP on the soft
surface with the PID controller. The dynamic model on the soft surface

2
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contains a rolling resistance. Pure mathematically this resistance is described
by the differential inclusion, see [11].

In section 3 one can find the formulas for the current state of the WIP.
These formulas use the data obtained from the gyroscope, tilt sensor and
encoder.

In section 4 we discuss the stochastic properties of the data for the PID
controller. The errors and dispersion of the data from the sensors are assumed
as known form the technical notes.

In section 5 we consider the properties of the WIP under the PID con-
troller with stochastic perturbations. The perturbations appear in the control
by using the data with the stochastic errors.

2 Dynamical system for the WIP

Here we will consider the moving of the WIP with the additional control
torque on the wheel. The torque is denoted by u. Let us assume that the
equipment moves on soft surface with inclination z. The value of z depends
on the traversed path by the wheel and hence one can write z = z(β). The
mathematical model of such moving has the form (see [11], also preprint
[12]):

α̈ = sin(α)− (cos(α− z)β̈ + sin(α− z)β̇2)ρ− 2
ρ

ζ
u,

(ζ + 2)ρ β̈ ∈ F (α, α̇, α̈, β̇). (1)

Let us denote

f = − sin(z)−
(
α̈ cos(α− z)− α̇2 sin(α− z)

)
ζ +

2

ρ
u.

In formula (1) the map F (α, α̇, α̈, β̇) has the form:

F (α, α̇, α̈, β̇) =


f − ν sgn(β̇), {∀β̇ 6= 0};

(−ν, ν), {β̇ = 0} ∪ {|f | ≤ ν};
f, {β̇ = 0} ∪ {{α, α̇, α̈} ∈ {|f | > ν}}.

Here the parameters of the mathematical model are following: α is an angle
of the pendulum turn, β is the angle of wheel turn, z is the current inclination
of the soft surface, ν is the torque of the friction resistant, ρ = r/l is the
ratio of the wheel radius and the length of the pendulum, ζ is the ratio of
pendulum mass and the rim mass.

3
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The system (1) can be simplify for hard (ν = 0) surface with the constant
inclination (z ≡ ε). As a result one gets the second order equation for α:

(sin2(ε− α)ζ + 2)α̈ = (2 + ζ) sin(α) + sin(ε) cos(ε− α) +

1

2
ζα̇2 sin(2(ε− α))− 2

(
1

ρ
cos(ε− α) +

(
1 +

2

ζ

)
ρ

)
u. (2)

The particular case for the WIP on the hard horizontal (ε = 0) looks as
follow:

(sin2(α)ζ + 2)α̈ = (2 + ζ) sin(α)− 1

2
ζα̇2 sin(2α)−

2

(
1

ρ
cos(α) +

(
1 +

2

ζ

)
ρ

)
u (3)

The control torque with the PID controller has the following form:

u = k1α + k2α̇ + k3A, where, A ≡
∫ t

α(t)dt.

In this case system (1) has a particular solution:

α ≡ 0, A =
sgn(β̇)ζνρ

(2k3ζ + 4k3) ρ2 + 2k3ζ
,

β =

{ β0 + β1(t− t0)−
ζνρ sgn(β̇)

(2k3ζ + 4k3) ρ2 + 2k3ζ

(t− t0)2

2
, (t− t0) < T ;

β0 + β1T −
ζνρ sgn(β̇)

(2k3ζ + 4k3) ρ2 + 2k3ζ

T 2

2
, (t− t0) ≥ T,

(4)

where

T =
1

β1

ζνρ sgn(β̇)

(2k3ζ + 4k3) ρ2 + 2k3ζ
, {t0, β0, β1} ∈ R.

There exists the set of the parameters ζ, ρ, k1, k2, k3 when solution (4) is an
attractor as (t− t0) < T [11] (see also preprint [12]).

In an ideal case the control should be defined by the current values of
α, α̇, A, but for real equipment these parameters can be obtained using the
sensors at the moment ti, where i ∈ N. As a result the control is a discrete
function: u(t) = u(ti) = ui.

At the interval t ∈ (ti, ti+1) the control torque ui is a constant. Such
system has a first integral and can be integrate in quadratures.

For example the moving on the hard surface with the constant inclination
(2) has a first integral at the interval t ∈ (ti, ti+1):

4
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Ei = cos(α)(ζ + 2) + sin(ε) sin(ε− α) +
(
1
2

sin2(ε− α)ζ + 1
)
α̇2 +(

2
(

1 + 2
ζ

)
ρα− 2

ρ
sin(ε− α))

)
ui. (5)

This formula allows us to integrate α̇ at the interval t ∈ (ti, ti+1) and we
can write the parameters of the system at t = ti+1:

αi+1 = F1(αi, α̇i, ui, dt),

α̇i+1 = F2(αi, α̇i, ui, dt),

Ai+1 = F3(αi, α̇i, ui, dt)

One can obtain the first integral for WIP on the hard horizontal surface
(3) if one assumes ε = 0.

The mathematical model for the WIP on the soft surface does not inte-
grate obviously. Nevertheless this model can be written in the form:

Ȧ = α, α̇ = a,

ȧ = sin(α)− (cos(α− z)ḃ+ sin(α− z)b2)ρ− 2
ρ

ζ
u,

β̇ = b, ḃ ∈ 1

(2 + ζ)ρ
F (α, a, ȧ, b).

One can obtain the numeric solution of this differential inclusion at the
interval t ∈ (ti, ti+1). Let us define the map:

(An, αn, an, βn, bn)→ (An+1, αn+1, an+1, βn+1, bn+1).

Formally this map can be written like a discrete dynamical system:

Xn+1 = F(Xn), where Xn = (An, αn, an, βn, bn, un).

3 Observability of the mathematical model

for WIP

In this section we consider the set of the data necessary for the observability
of the parameters of the mathematical model for WIP (1).

The angle of the tilt for the pendulum is defined by gyroscope. The
gyroscope can be work in two different cases. The first one it defines the
angle of the pendulum and the second one it define the angle velocity for
the pendulum. In the second case one should integrates the angle velocity to

5
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obtain the pendulum angle. Below we will use the gyroscope in the mode of
angle velocity. This means the value of the angle velocity α̇ is known at the
moment of the measurement.

Besides the gyroscope we assume as existing the tilt sensor. This sensor
define the linear acceleration of the pendulum in the plane of the moving of
WIP.

Let us define the coordinates as (x, y), where x is the horizontal coordinate
and y is the vertical one. The projections of the acceleration vector on the
coordinate axes Ox and Oy one can write as follows:

ẍ = β̈r cos(z(β)) + α̈l sin(α),

ÿ = β̈r sin(z(β)) + α̈l cos(α) + g.

It is convenient to write these formulas in the form:

α̈l cos(α + z) = −ẍ sin(z) + ÿ cos(z)− g sin(z),

β̈r cos(α + z) = ẍ cos(α)− ÿ sin(α) + g sin(α).

One more sensor is the encoder. This sensor allows us to define the
turn of the wheel. The data from the encoder allow to obtain the mean
value of the angle velocity of the wheel as value of the difference between
the current value of the turn angle of the wheel and another one value at
previous measurement:

β̇ ∼ β(t)− β(t−∆t)

∆t
.

Let us consider the system for WIP on the horizontal surface (i.e. z = 0):

α̈l cos(α) = ÿ

β̈r cos(α) = ẍ cos(α)− ÿ sin(α) + g sin(α).

The value a1 = α̇ is known from the sensor. Let us define by a2(t) = ÿ/l,
b2 = ẍ/r, γ = g/l and b1 = β̇. Then the dynamical system (1) can be written
as the system of the trigonometric equation and the inclusion:

a2

cos (α)
= −

(
cos (α− z)

(
sin (α)γ

cos (α)ρ
− a2 sin (α)

cos (α)ρ
+ b2

)
+ b2

1 sin (α− z)

)
ρ

−2uρ

ζ
+ sin (α), (6)

(ζ + 2)

(
sin (α)γ

cos (α)ρ
− a2 sin (α)

cos (α)ρ
+ b2

)
ρ ∈


f − νsgn(b1), b1 6= 0;

(−ν, ν), b1 = 0 ∪ |f | < ν;
f, b1 = 0 ∪ |f | ≥ ν;

(7)
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where

f =
2u

ρ
−
(

a2 cos (α− z)

cos (α)
− a2

1 sin (α− z)

)
ζ − sin (z).

The angle of the pendulum α and the control torque u are the unknown
variables in the system (6), (7).

If b1 6= 0 or b1 = 0 ∪ |f | ≥ ν then the inclusion (7) turn to the following
equation:

(ζ + 2)

(
sin (α)γ

cos (α)ρ
− a2 sin (α)

cos (α)ρ
+ b2

)
ρ =

2u

ρ
−
(

a2 cos (α− z)

cos (α)
− a2

1 sin (α− z)

)
ζ − sin (z)− νsgn(b1).

As a result one get the system of the equations for α, u. The control
torque u can be easy found through the trigonometric functions of α and
hence one get the trigonometric equation for α .

As {b1 = 0} ∪ {|f | < ν} the angle of the pendulum should be solution of
the inequality:

−ν
ζ + 2

− b2ρ < (γ − a2 ) tan(α) <
ν

ζ + 2
− b2ρ.

Here one get the observed parameter u. To obtain the integral term A of the
PID controller one should use the following formula:

A = u− k1
k3
α− k2

k3
a1.

Theorem 1 Let one know the values of the acceleration (ẍ, ÿ), angle velocity
of the pendulum α̇ and angle velocity of the wheel β̇, then the observed dy-
namical system is solution of the trigonometric equation (6) and the inclusion
(7).

The equations for small values of ν, α, ÿ, α̇, ẍ, β̇ and (z ≡ 0) can be written
in the following form:

a2 ∼ −
2ρu

ζ
+ (1− γ)α− ρ b2 ,

(ζ + 2)(ρ b2 + γα) ∈


∼ 2u

ρ
− ζa2 − sgn(b1)ν, b1 6= 0;

∼ (−ν, ν), b1 = 0 ∪ | − ζa2 + 2u/ρ| < ν;
∼ 2u

ρ
− ζa2, b1 = 0 ∪ | − ζa2 + 2u/ρ| ≥ ν.

(8)
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Corollary 1 The important case for the WIP on the hard horizontal is more
simplest. In particular the angle α is the solution of the equation:

ρ2 sin (α) (2γζ − 2a2 ζ + 4γ − 4a2 ) +

ζ sin (2α)
(
−a2

1 ρ
2 + b1

2ρ+ γ − a2 − 1
)

= (9)

ρ2 cos (α) (−2b2 ζ ρ− 4b2 ρ− 2a2 ζ)−
b2 cos (2α)ζρ− b2 ζρ− 2a2 ζ

For small values of ν, α, ÿ, α̇, ẍ, β̇ we get:

α ∼ −(ρ2 + 1) ζ a2 + ((ρ3 + ρ) ζ + 2ρ3) b2
((ρ2 + 1) γ − 1) ζ + 2ρ2γ

,

u ∼ −(ρ ζ2 + 2ργζ) a2 + (ρ2 ζ2 + 2ρ2ζ) b2
((2ρ2 + 2) γ − 2) ζ + 4ρ2γ

.

4 The observability and the stochastic prop-

erties

The value of the controlling torque at ti is defined by the measurement of
observed values of the parameters of the dynamic system. The obtained data
from the sensors and the computed observed data at ti will be denoted by
variables with upper symbol •̆.

The absolute errors and the dispersion are known for typical sensors.
Below we will assume that we know the standard deviation σj of the measured
data at t = tj.

Let the measured data be following:

ă1 = α̇ + δ(1), ă2 = ÿ/l + δ(2), b̆ = β + δ(3), b̆1 = β̇ + δ(4), b̆2 = ẍ/r + δ(5).

Here δ(i) is stochastic error.
Let us consider the WIP on the hard horizontal (ν = 0 and z ≡ 0). We

will assume the errors are small and one can use a linear system for find
observable values of α, u.

a2

cos (α)
= −

(
cos (α)

(
sin (α)γ

cos (α)ρ
− a2 sin (α)

cos (α)ρ
+ b2

)
+ b2

1 sin (α)

)
ρ−

2uρ

ζ
+ sin (α)

(ζ + 2)

(
sin (α)γ

cos (α)ρ
− a2 sin (α)

cos (α)ρ
+ b2

)
ρ =

2u

ρ
−
(
a2 − a2

1 sin (α)
)
ζ

8
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Figure 2: The observed phase curve on the plane (β, β̇) are black. This
curve is obtained using the data from the sensors as z ≡ 0. The white line
is the result of numeric solution for the system for WIP on soft surface. The
feedback controller use the tilt sensor and the gyroscope (1). The parameters
of the system are following: ρ = 0.2, ζ = 10, ν = 0.05, γ = 1, the PID
coefficients are: k1 = 1.7, k2 = 0.2, k3 = 0.02. The relative errors are uniform
distributed data at the interval (−0.02, 0.02). The dynamic system (1) solved
at A ∼ 0.2385, α = 0.02, α̇ = 0, β = 0, β̇ = 0.5 by Runge-Kutta method of
fourth-order method with the step 0.1.
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One can derive the equation for α:

{((−γ + a21 cos(α) + a2)ζ − 2γ + 2a2)ρ
2 −

b21 cos(α)ζρ+ a2 cos(α)ζ} sin(α) =

(b2 cos(α)ζ + 2b2 cos(α))ρ3 + (sgn(b1) cos(α)ν + a2 cos(α)ζ)ρ2 +

b2 cos(α)2ζρ+ a2ζ. (10)

For small ÿ, α, α̇, ẍ, β̇, ν we obtain the formulas for errors of the observed
data α and A:

ᾰ ∼ α− ((ζ + 2)ρ2 + ζ)ρ

(ζ + 2)γρ2 + (γ − 1)ζ
δ(5) +

(ρ2 + 1)ζ

(ζ + 2)γρ2 + (γ − 1)ζ
δ(2)

ŭ ∼ u+
(γ − 1)ζνρ

(2γζ + 4γ) ρ2 + (2γ − 2) ζ
(sgn(b1 + δ4)− sgn(b1))

− (ζ2 + 2γζ)ρ

(2γζ + 4γ) ρ2 + (2γ − 2) ζ
δ(2) − (ζ2 + 2ζ)ρ2

(2γζ + 4γ) ρ2 + (2γ − 2) ζ
δ(5),

hence:

Ă ∼ ŭ− k1
k3
ᾰ− k2

k3
(α̇ + δ(1)).

Remark.While the WIP moves on the soft horizontal the stochastic layer
appears near the hyperplane β̇ = 0. The width of this layer is min{δ(4)} ≤
β̇ ≤ max{δ(4)}. In this layer the stochastic error can be ±ν when |f | > ν. It
is important the value of this errors defines by value of the rolling resistance
for the wheel and does not depend on the error of the encoder.

The data with stochastic errors are used in the PID controller. As a
result the stochastic perturbations appear in the mathematical model for the
WIP (3 and in the systems (2) and (1). Therefore the mathematical model
with the PID controller looks like the stochastic differential inclusion (1). In
partial the results for the observed values of (β, β̇) and α with stochastic
errors are showed in the figures 2 and 3.

The remark about filtering data
The current values of the parameters of the dynamic system for WIP one

can obtain by the different approaches.
The first one is the integration of the differential inclusion as the predeter-

mined process. Such approach gives the errors at any step of the integration
because of two causes. First of all this errors appear because of the errors
in the initial data on the first step of integration. One more cause of the
appearance of the errors is the inaccuracy of the mathematical model.

10
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Figure 3: On the picture one can see the result of numeric modelling for the
angle of the pendulum of WIP on the soft horizontal. The horizontal axis
defines values of the time and the vertical axis defines the value of the angle
of the pendulum. The curve 2 is the numeric value and the curve 1 shows
the model of the observed data. The observed data ˘̈αi and ˘̇αi are modelled
using current values of α̈i and α̇i with the uniform distribution of the relative
error at the interval (−0.05, 0.05). The value of the angle ᾰi is defined as
the observed calculated using the angle acceleration and angle velocity from
the equation (10). The values ᾰ and ˘̇α were used to obtain Ă by integrating
by the trapezoidal rule. The value of the control torque ui+1 was obtained
at the interval t ∈ (ti, ti+1). The system of the equations was solved at the
interval t ∈ (ti, ti+1) with the constant value of the control torque u = ui+1

by Runge-Kutta fourth-order method with the step equals by 0.1.
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Another one approach is to use the observability of this system. This
case does not needed to integrate the differential inclusion. But the errors
appears in the current moment because of the errors of the measurement of
the data using the sensors.

To minimize the quadratic deviation of the data one can combine the
observed data and the forecasted data using the deterministic methematical
model. Such algorithms are called as the filters. The filters for the linare
system are well-knowing, see [10], [9], [4]. FOr nonlinear smooth systems like
the WIP on the hard surface is convenient the generalized Kalman’s filter,
see [14], [3]. But for the considered here case of WIP on the soft surface the
generalized Kalman’s filter is not appropriated because of non-lineared the
dinamical system in the neighbouhood of the hypersurface β̇ = 0. One of the
opportunity to use filtering in such case is the sigma-point filter, see [20], [8].

5 Stochastic properties for WIP on soft hor-

izontal

Let the interval dt between the moments of the measurements be small.
Then one can see at the dynamic system as a determined dynamic system
(1) with stochastic perturbation. The stochastic perturbation is contained
in the control torque:

ũi = k1α̃i + k2 ˜̇α + k0Ãi.

In the work [11] (see also preprint [12]) it was shown that the unperturbed
dynamical system with the PID controller has the attractor as sgn(β̇) =
±1. This attractor is a line belonged the fifth-dimensional phase space:
(A,α, α̇, β, β̇) = (A±, 0, 0, 0, β̇), where

2

ρ
k0A± = ±ν.

On this line the system for WIP is unstable and due to the perturbations
crosses to the trajectory with changing of the signum of rotation of the wheel
from sgn(β̇) = ±1 to sgn(β̇) = ∓1. As a result the numeric modelling gives
the trajectory like the hysteresis loop, see [11].

Let us consider here the impact of the stochastic perturbation on the
stability for the hysteresis loop. The typical trajectory for the system with
the stochastic perturbation is shown on the figure 4.

Theorem 2 The line (A±, 0, 0, 0, β̇) as sgn(β̇) = ±1 is the attractor for the
stochastic system (1).
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Figure 4: In this picture one can see the result of the numeric modelling for
the behaviour of the angle for the pendulum at ξ = 10, ρ = 0.2, ν = 0.05,
γ = 1, k1 = 1.7, k2 = 0.2, k3 = 0.02. On the left picture the horizontal
axis shows the time variable t and the vertical axis shows the angle of the
pendulum α. On the right picture the horizontal axis shows β and the vertical
axis shows β̇. The step of the change of the control torque is 0.1. The line
is the solution under the discrete control. The results of the measurements
˘̈αi, ˘̇αi and ˘̇βi are modelled by the current values α̈i, α̇i and β̇i with the
uniform distribution of the relative errors at the interval (−0.003, 0.003).
The value of the angle ᾰi is defined as the observed data through the angle
acceleration and the angle velocity using (1). The value Ă is computed using
ᾰ, ˘̇α integrating by the trapezoidal method. It allows to obtain the control
torque ui+1 at the interval t ∈ (ti, ti+1), where ti+1 − ti = dt. At t ∈ (ti, ti+1)
the system for the WIP on the soft horizontal is solved for the constant value
the control torque u = ui+1 by the Runge-Kutta method of the fourth order
with the step equals 0.01.
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This theorem is corollary from the results of [11] concerning the stability
of the line (A±, 0, 0, 0, β̇) as sgn(β̇) = ±1 for pure determined dynamical
system for WIP under the PID controller and the theorem about stability
under constantly perturbations [13].

The layer |β̇| ≤ max{δ(3)} appears in the stochastic system near the
hyperplane β̇ = 0. In this layer the term νsgn(β̇) takes the random values
±ν at t ∈ (ti, ti+1).

There exists the small neighbourhood (∆±) near the unstable lines (A±,
0, 0, 0, β̇), where can be obtained four typical cases:

• Let β̇ > 0, A < A+

– and sgn ˘̇β = 1, then the trajectory is kept in the neighbourhood
of the line (A+, 0, 0, 0, β̇);

– and sgn ˜̇β = −1, then the trajectory is kept in the neighbourhood
of the line (A+, 0, 0, 0, β̇).

• Let β̇ < 0, A > A−

– and sgn ˘̇β = −1, then the trajectory is kept in the neighbourhood
of the line (A−, 0, 0, 0, β̇);

– and sgn ˘̇β = 1, then the trajectory is kept in the neighbourhood
of the line (A−, 0, 0, 0, β̇).

The sequence of the changes of the trajectories at the neighbourhoods of
the lines (A±, 0, 0, 0) leads to the appearance of the hysteresis loop at the
phase plane (β, β̇), see figure 2.

Here it is important for applications the average time,which the WIP
spends in the neighbourhood of the upper position.

The time between the sequence measurements is equal dt. Let the tra-
jectory be in the neighbourhood ∆± of the unstable line. The probability of
sgn(δ(3)) = ±1 in primary order as ∆± → 0 equals p± ∼ 1/2. The average
time for trajectory in this neighbourhood is following:

T0 = dt
∞∑
n=1

n

2n
= 2dt.

Theorem 3 The average time spending at ∆-neighbourhood of the unstable
lines (A±, 0, 0, 0, β̇) for the stochastic system (1) equals 2dt, where dt is the
time between the sequenced measurements of the state for the system.
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6 Conclusion

The system for the WIP with discrete control by the PID controller is stochas-
tic due to the errors of the measurements. The stabilising of the WIP on the
soft surface leads to the appearance of the hysteresis loop in the plane of the
phase variables β, β̇. The average time spending near the upper position was
calculated.
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Abstract 

 

The paper considers methods for calculating the electrodynamic character-

istics of single and multi-layered planar chiral metamaterials based on thin-wire 

perfectly conducting helices and fractal elements placed in a dielectric container. 

The effective permittivity is determined by using the Maxwell Garnett model for a 

chiral metamaterial. In this paper the dispersion dependences of material parame-

ters for the considered metamaterial are obtained. The problems of plane electro-

magnetic waves reflection from metastructures based on one and two planar lay-

ers of a chiral metamaterial are solved. The possibility of discrete-multi-frequency 

concentration of incident microwave energy at a number of resonant frequencies 

is proved. The matrix theory for the description of a multilayered chiral met-

amaterial is considered and the relations for the transmission matrices of the chi-

ral layer based on helixes are obtained. It is proved that a two-layer chiral-

dielectric metamaterial based on thin-wire conducting helices near a predeter-

mined frequency allows performing a frequency-selective conversion of a normal-

ly incident electromagnetic energy flow into azimuthal scattering in the plane of 

the metastructure. 
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Abbreviations 

 

CM - chiral metamaterial. 

EMF - electromagnetic field. 

EMW - electromagnetic wave. 

LCP - left-circular polarization. 

RCP - right-circular polarization. 

UHF - ultra-high frequency. 
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Introduction 

 

Currently the research of so-called metamaterials, i.e. structures with elec-

tromagnetic properties atypical for natural media, is of great interest in the micro-

wave and optical ranges. One of the most interesting from the point of view of us-

ing metamaterials is chiral media, which are composite structures consisting of a 

homogeneous container and conducting elements of a mirror-asymmetric shape 

placed in it. Since the 90s. XX century there is a huge number of scientific publi-

cations devoted to the studing of chiral media and structures based on them. The 

examples of chiral elements are flat helices, S-elements, gammadions, double 

open rings, Tellegen elements, etc. Significant contributions to the development of 

the theory of chiral metamaterials were made by S. A. Tretyakov, S. L. Prosvirnin, 

I. V. Semchenko, A. H. Sihvola, A.D. Shatrov, V. V. Shevchenko, I. V. Lindell, 

B. Z. Katzenelenbaum, A. J. Viitanen, A. Lakhtakia and many others [1-11]. The 

main applications of chiral media are frequency and polarization-selective micro-

wave devices, polarization converters, low-reflection coatings, media with nega-

tive refraction, etc. 

Interesting from the point of view of chiral elements using are thin-wire el-

ements in the form of open rings with protruding ends (the Tellegen element), 

multi-turn helices, which represent a certain superposition of electric and magnetic 

dipoles. We know the results of research on the diffraction of plane electromag-

netic waves on Tellegen elements (S. A. Tretyakov, F. Mariotte) [12], cylinders 

with helical conductivity (B. Z. Katzenelenbaum, A.D. Shatrov et al.) [8], where it 

is shown that polarizationally selective resonant phenomena are observed in struc-

tures in the form of long helices of a small radius compared to the wavelength and 

lattices based on them. Frequency and polarization selective properties of interac-

tion with electromagnetic radiation are revealed in chiral media based on such el-

ements. In most cases the theory of electric circuits is used to analyze the electro-

magnetic properties of helical elements and there are a small number of papers 

that offer strict electrodynamic methods. One of the problems is to build a disper-

sion model of a chiral element and a meta-media based on a set of such elements. 

In the proposed work, a chiral metamaterial (CM) based on thin-wire multi-

turn helices placed in a dielectric container is chosen as the research object. The 

interest is the construction of a mathematical model of a helical element based on 

its electrical characteristics (inductance and capacitance), as well as a model of the 

metamaterial itself based on a matrix of helical elements. As a result of construct-

ing such a model, frequency dependences of the effective permittivity and the chi-

rality parameter are obtained. Another interesting aspect is the studing of multi-

layered and periodically inhomogeneous chiral metastructures based on helix 

elements using a new dispersion model. From a practical point of view, we have 

obtained results concerning the possibility of using a chiral metamaterial for fre-

quency selective redirection of the incident microwave energy flow by converting 

it into radiation in the metastructure plane at certain frequencies. 
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1.1 Metamaterial dispersion model 

 

In [13], a mathematical model of a thin-wire ideally conducting helical el-

ement and a metamaterial is constructed on the basis of a set of such elements, 

taking into account the dispersion of material parameters and the interaction be-

tween neighboring elements. Based on the theory of circuits, the resonant frequen-

cies of a thin-wire multi-turn chiral element were calculated through inductance 

and capacitance. In contrast to other works, when calculating the capacity, correc-

tions related to the inter-turn capacity of the helix were calculated, and the interac-

tion of the helix with neighboring elements was taken into account by calculating 

the inter-element capacity. Using such a low-frequency model of the element al-

lowed us to take into account an arbitrary number of turns of the helical element 

and also its electromagnetic interaction with the surrounding helixes, which is ex-

tremely important due to the presence of spatial dispersion of the chiral media. Al-

so, unlike most other models, the wire is not considered infinitely thin. The geom-

etry of the helix element is shown in fig. 1.1. 

For fig. 1.1 the following symbols are entered: N  is number of turns; R  is 

the radius of the helix; h  is step of a helix; l  is length of the helix in the expand-

ed state and r  is the radius of the thin wire. 

 

 
Fig. 1.1 Helix 

 

 

After calculating the resonant frequency of the helical element, the met-

amaterial was described by the Maxwell Garnett formula taking into account the 

dispersion [11, 12]: 
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s r s 0 0

ε ε ε β β ω
; ε ε ;χ ω ,

2ε ε 2ε ω ω ω ω
A

c

 
   

   


 


   (1.1) 

where rε  is the relative permittivity of the container; 0β  is a parameter that has a 

frequency dimension and is related to internal processes in the environment; с  is 

speed of light; A  is a parameter having dimension of length;   is volume con-

centration of micro-elements in the container. 

By substituting an explicit expression for the resonant frequency 0ω  in (1), 

we obtain the values for the permittivity and the chiral parameter of the chiral 
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metamaterial based on thin-wire helical elements with the dispersion in the 

framework of the proposed model. Further calculations showed that the using of 

the proposed low-frequency model is limited in frequency and the frequency limit 

of use is determined by the relationship between the linear dimensions of the helix 

elements and the wavelength of incident microwave radiation. 

When creating a metamaterial, elements with fractal geometry can also be 

used instead of helices, such as Koch snowflakes (fig. 1.2). 

 

 
 

Fig. 1.2 Koch snowflakes 

 

 

1.2 Solution of the problem of plane electromagnetic wave reflection 

from a chiral metamaterial 

 

The solution of the problem of plane electromagnetic wave (EMW) of line-

ar polarization reflection from a planar layer of a chiral metamaterial based on a 

set of thin-wire helix elements in the framework of the proposed dispersion model 

was considered. The problem geometry is shown in Fig. 1.3. Region 2 in Fig. 1.3 

is a planar layer of a chiral metamaterial with parameters  2 2ε ω ,μ  and  2χ ω ; 

regions 1 and 3 are dielectric media. A plane EMW with perpendicular polariza-

tion at an angle of θ  falls on the chiral layer. As a result of solving the electrody-

namic problem, it is necessary to determine the coefficients of reflection ( ee eh,r r ) 

and transmission ( ee eh,t t ) of the main and cross-polarized components of the field. 

Here it is appropriate to note that when the electromagnetic field (EMF) interacts 

with chiral media, there is always cross-polarization, that is, radiation of the field 

with the components of vectors ,E H , which are absent in the EMF structure of 

the incident wave. 

To describe the chiral metamaterial, material equations were used, accord-

ing to the Lindell-Sivola formalism [1]: 

     ε ω i χ ω , μ i χ ω ,   D E H B H E   (1.2) 

where  ε ω , μ ,  χ ω  are the relative permittivity and permeability, and the chi-

ral parameter of the metamaterial, taking into account the dispersion. The material 
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equations (1.2) are written in the Gaussian system for the right forms of chiral el-

ements for the harmonic dependence of the field vectors on time. 

The problem was solved using the partial domain method. At the first 

stage, Maxwell's equations in differential form for EMF in chiral metamaterials 

were reduced by a well-known substitution method to the Helmholtz equations 

with respect to the so-called Beltrami fields: 
2 2 2 2

R R R L L L0; 0,k k     E E E E    (1.3) 

where R,LE  are the electric field vectors of waves with right and left-circular po-

larizations in a chiral media (Beltrami fields); R,Lk  are the wave numbers of the 

waves of right-circular polarization (RCP) and left-circular polarization (LCP), de-

fined as 

    1 2 1 2

R,L 0 ε ω μ χ ωk k     (1.4) 

where 0k  is the wave number for a plane EMW in a vacuum. 

 

 
Fig. 1.3 Problem geometry 

 

 

The solution of equations (1.3) determines the EMF in the chiral metamate-

rial layer: 

 R L R L

ε
, i .

μ
   E E E H E E    (1.5) 

The electromagnetic field in the chiral layer 2 will be a superposition of 4 

waves: 2 waves refracted into the layer from region 1 with RCP and LCP and 2 

waves reflected from region 3 with RCP and LCP. 
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At the next stage of solving the problem from Maxwell's equations, EMF 

vectors in regions 1 and 2 are determined and then boundary conditions are used 

for tangential components of vectors ,E H  at the two boundaries of the section 

"Region 1- Region 2" and " Region 2-Region 3". When substituting expressions 

for component vectors ,E H  in regions 1, 2, 3 in boundary conditions: 

               
               

1 2 1 2

τ τ τ τ

2 3 2 3

τ τ τ τ

0 0 ; 0 0 ;

; ,

y y y y

y h y h y h y h

     

         

E E H H

E E H H
 (1.6) 

we obtain an inhomogeneous system of 8 linear algebraic equations with respect 

to unknown reflection and transmission coefficients: 

,A T P      (1.7) 

where A  is a square matrix of size 8x8, the explicit type of elements of which is 

not given in the paper due to their bulkiness; 
( ) ( ) ( ) ( )

ee eh R R L L ee eh

1 1

;

0 1 ε cosθ μ 0 0 0 0 0 .

r r T T T T t t      

  
 

T

P
 

The coefficients of matrix A  are determined by the geometric parameters 

of the container and helix elements; by the material parameters of the chiral layer 

and regions 1 and 3, and also take into account the dispersion of  2ε ω  and 

 2χ ω , and, as a result, the shape of inclusions. 

 

1.3. Numerical results 

 

Fig. 1.4 shows the frequency dependence of the reflected and transmitted 

power of the main and cross-polarized components of the field in the range from 1 

to 10 GHz. The solid curves in Fig. 1.4 shows the dependencies of the transmitted 

main components power (
2

ee10 lg t ); dashed line are reflected main components 

power (
2

ee10 lg r ); dash-dotted lines are transmitted power of the cross-polarized 

components (
2

eh10 lg t ); dotted lines are of the reflected power of cross-polarized 

components (
2

eh10 lg r ). The incidence of the wave on the metastructure was 

considered normal. The calculation was performed for the following structure pa-

rameters: 

0.01 m, 3, 0.002 m, 0.05 m, 0.05 mR N r H d     . 

At a frequency of 1.88 GHz is observed that the conditions for a better en-

ergy concentration of the incident radiation, as the levels of transmitted power 

main and cross-polarized components of the field are closely spaced in frequency 

local minimum (the attenuation levels of past capacity in the main and cross-

polarized field more than 20 dB). Fig. 1.4 shows that near the frequency of 1.88 

GHz, resonant minima of the coefficients of transmission and reflection of the 
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main component are observed on the characteristic. In this case the normally inci-

dent EMF energy flow is converted into an energy flow in the plane of the meta-

material. At other frequencies the metastructure is completely transparent and the 

incident radiation passes through it almost without attenuation (near 0 dB). Thus, 

the structure can be interpreted as a frequency-selective microwave energy con-

centrator (hub) in the region near 1.88 GHz frequency. We also note that the stud-

ied metastructure is equivalent in properties to a natural crystal (or artificial Bragg 

lattice) in the optical range, namely, the frequencies of resonant minima of attenu-

ation of the transmitted power of the main component of the field are calculated 

from the Wulf-Bragg condition. Thus, the possibility of discrete-multi-frequency 

concentration of incident microwave energy at a number of resonant frequencies is 

achieved. 

 

 
Fig. 1.4 Frequency dependence of capacity 

 

 

1.4 Multilayered metastructure 

 

If the structure consists of several layers of metamaterial, each of which is 

described by the transfer matrix  ωiZ , then the transfer matrix of the entire 

metastructure as a whole is represented as a product of the matrices of individual 

layers: 

   
1

ω ω ,
N

i

i

Z Z     (1.8) 

where N is the number of layers of the metamaterial. 
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Expressions for the elements of the surface impedance tensor of a chiral 

metamaterial based on a set of thin-wire helical elements are obtained. The well-

known Fresnel formulas for the chiral media without taking into account the dis-

persion are obtained as the use of the surface impedance tensor for CM and proof 

of their applicability. 

The surface impedance tensor for CM has the following form: 

 

   

 

 

 

 

0

2

0 c

χ ω
i
ε ω ε ω

,
ω χ ω

i
ε ω ε ω

z

z

k

k

k n

k

 
  

 
  
  
 
 

Z     (1.9) 

where      2 2

c ω ε ω μ χ ω ;n    zk  are the longitudinal component of the wave 

vector k  in the metamaterial. 

Also using approximate boundary conditions for a thin chiral layer from [7, 

14], we obtained a matrix of CM transmission that is infinitely extended along one 

of the coordinate axes. The matrix for a thin chiral layer has the following form: 

 

   

   

2 2

0 0

0 0

2 2

0 0

0 0

1 χ 1 β 0 iμ 1 β

χ 1 iμ 0
ω ,

0 iε 1 β 1 χ 1 β

iε 0 χ 1

k h k h

k h k h

k h k h

k h k h

   
 
 

  
    

 
  

Z    (1.10) 

where  0 cβ xk k n ; xk  are x is the component of the wave vector in CM. 

As an example, the solution to the problem of reflection of plane electro-

magnetic waves linear polarization from a planar bilayer chiral-dielectric met-

amaterial based on helical elements within the dispersion model obtained in Chap-

ter 1.1. In Fig. 1.5 the geometry of the problem is shown. Region 2 in Fig. 4 is a 

planar layer of a chiral metamaterial with parameters  2 2ε ω ,μ  and  2χ ω ; re-

gion 3 is a homogeneous dielectric layer; regions 1 and 4 are dielectric media. A 

plane EMW with perpendicular polarization at an angle of θ  falls on a two-

layered structure. As a result of solving the electrodynamic problem, it is neces-

sary to determine the coefficients of reflection ( ee eh,r r ) and transmission ( ee eh,t t ) 

of the field main and cross-polarized components. 

The transmission matrix of the chiral layer 2 is determined by the ratio 

(1.10), while the transmission matrix of the dielectric layer 3 is obtained from 

(1.10) at χ 0 . The transfer matrix of the entire metastructure is obtained by mul-

tiplying the matrices of the two layers (1.8). 

At the last stage, the solution of the problem is reduced to a system of 12 

linear algebraic equations with respect to unknown coefficients of reflection and 

transmission of waves in the outer regions and inner layers. All coefficients are 
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shown in Fig. 1.5. The index "e" refers to the field of the main component, the in-

dex" h " — to the field of the cross-polarized component. 

 

 
Fig. 1.5 Multilayered metastructure 

 

 

Fig. 1.6 shows the frequency dependence of the reflected and transmitted 

power of the main component of the field in the range from 1 to 6 GHz. The 

dashed curves in Fig. 1.6 show the dependences of the transmittes power of the 

main component (
 

2
4

ee10 lgforw t ); solid lines show the reflected power of the 

main component (
 

2
1

ee10 lgrev r ). The insidence of the wave on the metastruc-

ture was considered normal in order for the degree of cross-polarization of the 

field to be insignificant. The dielectric layer has material parameters 

1.8, 1    and a thickness of 3 mm. The chiral layer is based on a 5 mm thick 

dielectric container: ε 1.8 0.1i   , μ 1 . Chiral helical elements consist of 2 

turns with a radius of 1 cm and are located at a distance of 5 cm from each other. 

The outer regions were considered vacuum. As can be seen from Fig. 1.6, the de-

pendencies show narrow resonant maxima of energy attenuation in the forward di-

rection, at which it is possible to effectively convert normally incident microwave 

radiation into side scattering in the plane of the structure. From Fig. 1.6, it follows 
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that at frequencies 2.7, 3.25, 3.6, 3.8 GHz, a situation is possible when the attenua-

tion levels in the forward direction reach -30 dB. 

 

 
Fig. 1.6 Frequency dependence of the reflected and transmitted power 

 

 

In conclusion we will list the main conclusions from the results of research 

on the electromagnetic characteristics of planar chiral structures based on thin 

wire perfectly conducting elements of a helical shape: 

1. A mathematical model based on the Maxwell-Garnett formula is pro-

posed and the dispersion dependences of the permittivity and the chiral parameter 

for a chiral metamaterial based on a set of thin-wire ideally conducting elements 

of a helical shape are obtained. 

2. It is proved that in a single-layer chiral metamaterial based on thin-wire 

multi-turn helical elements, it is possible to transform a normally incident micro-

wave energy at certain frequencies into azimuthal scattering in the metamaterial 

plane. 

3. The paper theoretically predicts the possibility of discrete-multi-

frequency concentration of incident microwave energy using a single-layer chiral 

metastructure at a number of resonant frequencies. 

4. It is proved that a two-layer chiral-dielectric metamaterial based on thin-

wire conducting helices near a predetermined frequency allows for a frequency-

selective conversion of a normally incident flow of electromagnetic energy into 

azimuthal scattering in the plane of the metastructure. 
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Abstract 

 

The paper considers the solution of the problem of plane linearly polarized 

electromagnetic wave reflection from a planar layer of metamaterial, which is a 

matrix of thin-wire perfectly conducting elements in the form of two mutually or-

thogonal helix and fractal elements. A dispersion model is constructed for the 

considered metamaterial. The problem was solved using by the partial domain 

method and its solution was reduced to a system of linear algebraic equations 

with respect to unknown reflection and transmission coefficients. As a result of 

numerical analysis frequency-selective properties of the studied metamaterial 

were revealed. In particular, it is proved that the metastructure at certain fre-

quencies may be used as a frequency selective screen for microwave radiation. 
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CM - chiral metamaterial. 

EMF - electromagnetic field. 

EMW - electromagnetic wave. 

LCP - left-circular polarization. 

RCP - right-circular polarization. 

SLAE - system of linear algebraic equations. 

UHF - ultra-high frequency. 
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Introduction 

 

Currently, a significant interest in the microwave and optical ranges is the 

study of various types of metamaterials, that is, structures that have non-standard 

(for natural media) properties that occur when they interact with incident radiation 

[1]. In the microwave range metamaterials are composite structures consisting of a 

container and conductive elements. Of particular interest are the so-called chiral 

metamaterials based on a mirror-asymmetric shape elements [2]. Such elements 

can be three-dimensional or flat (helixes, S-formed elements, gammadions, double 

open rings, Tellegen elements, etc). It is possible to create frequency and polariza-

tion-selective microwave devices, polarization converters, low-reflection coatings, 

media with negative refraction based on f chiral structures. 

In 1948 Tellegen suggested that a new type of material could be created 

based on a combination of electric and magnetic dipoles [3]. The simplest element 

that has this property is an open ring with protruding ends (Tellegen element, ca-

nonical helix). We know the results of research on the diffraction of plane elec-

tromagnetic waves on Tellegen elements (S. A. Tretyakov, F. Mariotte) [4], cylin-

ders with helical conductivity (B. Z. Katzenelenbaum, A.D. Shatrov et al.) [5], 

where it is shown that polarizationally selective resonant phenomena are observed 

in structures in the form of long helices of a small radius compared to the wave-

length and lattices based on them. The possibility of using metamaterials based on 

thin-wire perfectly conducting helical elements for converting normally incident 

microwave radiation of a given frequency into scattering in the plane of the met-

amaterial was studied in detail. 

In this paper we analyze the reflection of a plane electromagnetic wave of 

linear polarization from a planar layer of a metamaterial based on a double per-

pendicular thin-wire helix elements and also construct a dispersion model of such 

a metamaterial. 

 

1.1 The problem of wave reflection from a planar metamaterial 

 

Consider the problem of determining the reflection and transmission coef-

ficients when a plane electromagnetic wave incidents on a planar layer of a chiral 

metamaterial that is infinitely extended along the Oz axis. The problem geometry 

is shown in Fig. 1.1. Let a plane electromagnetic wave of linear perpendicular po-

larization incidents on a chiral metamaterial from a semi-infinite dielectric region 

1 ( 1  and 1  are relative dielectric and magnetic permittivity) at an angle  . 

Region 2 in Fig. 1.1 is a planar layer of a chiral metamaterial of thickness h 

( 2  and 2  are relative permittivity and permeability; 2  is the relative chiral pa-
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rameter). The frequency dependencies of material parameters 2  and 2  are de-

termined by the type of resonant elements and will be obtained in the next section. 

 
Fig. 1.1 Problem geometry 

 

A chiral metamaterial consists of double mutually orthogonal multi-turn 

thin-wire helices that are evenly placed in a planar container (Fig. 1.2). The set of 

two mutually orthogonal helices is called a combined helical element (Fig. 1.2a) 

and the set of two fractal elements is called a combined fractal element (Fig. 1.2b). 

It is assumed that two elements in a combined element may have different geo-

metric parameters. In the case of a chiral media it is assumed that elements are 

oriented randomly in the container. The combined elements are evenly spaced in 

the container at a distance d from each other. For Fig. 1.2 shows examples of 

combined helical and fractal elements. 

Region 3 in Fig. 1.1 is a dielectric ( 3  and 3  are the relative permittivity 

and permeability). 

The task is to derive the relations for calculating the reflection coefficients 

of the main ( eer ) and cross-polarized ( ehr ) components of the field in region 1, as 

well as formulas for the transmission coefficients of the main ( eet ) and cross-

polarized ( eht ) components of the field in region 3. It is appropriate to note that 

when the incident microwave radiation interacts with the chiral medium, the phe-

nomenon of cross-polarization occurs [6], that is, in the structure of the reflected 

and transmitted waves, field components orthogonal to the components of the in-

cident wave arise. In a chiral metamaterial, two waves with right (RCP) and left-

circular (LCP) polarizations propagate [2, 6]. 
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 (a) 

 
(b) 

Fig. 1.2 Geometry of the metamaterial based on helices (a) and on fractal elements  

(Koch's Snowflake) (b) 

 

 

The chiral metamaterial 2 is described by material equations that simulta-

neously link the inductions and strengths of the electric and magnetic fields [2, 6]: 

   

 

(2) (2) (2)

2 2

(2) (2) (2)

2 2

,

,

D E i H

B H i E



 

   

  
  (1.1) 

where the upper and lower signs correspond to helix elements with right and left-

hand twists, respectively. The material equations (1) are written in the Gaussian 

system. 

The electromagnetic field in a chiral metamaterial is determined from a 

system of two related 2nd-order differential equations [1, 2]: 

 

 

2 (2) 2 2 (2) 2 (2)

0 2 2 2 0 2 2

2 (2) 2 2 (2) 2 (2)

0 2 2 2 0 2 2

2 0;

2 0,

E k E ik H

H k H ik E

    

    

    

    
   (1.2) 

where 0k c   is the wave number for a plane wave in free space;   is the cir-

cular frequency; c  is the speed of light. 
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System of equations (1.2) using the standard representation in the form of 

Beltrami fields [2] 

 (2) (2) 2

2

; ,R L R LE E E H i E E   



   (1.3) 

is reduced to two homogeneous Helmholtz equations for waves RCP and LCP in a 

chiral metamaterial: 
2 2

, , , 0,R L R L R LE k E       (1.4) 

where RE  is the electric field of the RCP wave; LE  is the electric field of the LCP 

wave; the wave numbers for RCP and LCP waves in a boundless chiral media are 

defined as follows: 

     , 2 2 2 .R Lk
c
  
 


         (1.5) 

The following expressions are obtained from solving equations (1.4) using 

representations (1.3) for the longitudinal components of the field vectors in a chi-

ral metamaterial: 
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   (1.6) 

where  ( )

, , ,sin , cosR L R L R Ls      are the unit vectors along which the refracted 

waves propagated in the metamaterial 2;  ( )

, , ,sin ,cosR L R L R Ls      are the unit vec-

tors for reflected waves from region 3; ,R L  are the angles of refraction of waves 

RCP and LCP, respectively; 
 2

2 2    is the impedance of the chiral met-

amaterial; 
( )

RT 
 and 

( )

LT 
 are the transmission coefficients (on the field) waves of 

RCP and LCP in the metamaterial 2; ( )

RT 
 and 

( )

LT 
 are reflection coefficients (on 

the field) waves of RCP and LCP from region 3 in the chiral layer. 

For the case of an incident of a plane electromagnetic wave with perpen-

dicular (s-) polarization, the following expressions are valid for the components of 

the field in the dielectric region 1, written taking into account cross-polarization: 
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   (1.7) 
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where  sin ,cosrs     is a unit vector that defines the direction of propagation 

of the reflected wave in region 1; eer  is reflection coefficient of main components; 

ehr  is the reflection coefficient of cross-polarized components; 1 0 1 1k k    is the 

wave number for plane wave in dielectric region 1; 
 1

1 1    is an impedance 

of the region 1. 

When solving the problem it is assumed that a wave with a single ampli-

tude of the electric field intensity incidents on the chiral layer. 

For the components of the electromagnetic field vectors in region 3, taking 

into account cross-polarization, the following expressions can be written: 
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    (1.8) 

where  3 3 3sin , coss     is a unit vector that defines the direction of propaga-

tion of transmitted wave in region 3; eet  is the transmission coefficient of main 

components; eht  is the transmission coefficient of cross-polarized components; 

 3

3 3    is an impedance of region 3; 3 0 3 3k k    is wave number for 

plane wave in dielectric region 3. 

At the last stage the boundary conditions are used for the tangential com-

ponents of the electric and magnetic field vectors at the interface at 0y   and 

y h  : 

 

   

   

   

   

(1) (2)

(1) (1)

(2) (3)

(2) (3)

0 0 ;

0 0 ;

;

.

E y E y

H y H y

E y h E y h

H y h H y h

  

  

    

    

 

 

 

 

    (1.9) 

As a result of substituting expressions (1.6), (1.7) and (1.8) into boundary 

conditions (1.9) with respect to unknown reflection and transmission coefficients 

we obtain a non-uniform system of linear algebraic equations (SLAE): 

,AT P      (1.10) 

where A  is a square matrix of size 8x8, the explicit form of elements of which is 

not given in the article due to their bulkiness; 
( ) ( ) ( ) ( )

(1)

1

;

0 1 cos 0 0 0 0 0 .

ee eh R R L L ee ehT r r T T T T t t

P
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The coefficients of matrix A  are determined by the geometric parameters 

of the container and the combined helical elements; by the material parameters of 

the chiral metamaterial and regions 1 and 3. 

Similarly, the case of a wave incidence with parallel (p-) polarization is 

considered and the solution of the problem is reduced to a SLAE (1.10) with other 

coefficients of the matrix A  and a vector column P . 

 

 

1.2 Dispersion model of a metamaterial based on combined helical elements 

 

Let's consider a chiral metamaterial based on combined helical elements 

(Fig. 1.3). Each of the two subelements of the combined element is a thin-wire 

conducting helix consisting of N  turns. Helix in combined dual element describes 

the following geometric parameters: iN  is number of turns; iR  is the radius of the 

helix loop; ih  is step of a helix; il  is length of the helix in the expanded state; ir  

is the radius of the wire; i  is angle of winding of the helix; 1, 2i   is the number 

of helices in the element. 

To calculate the resonant frequency of the combined element, we use the 

Thomson formula: 

0

1
,

LC
      (1.11) 

where L  is the inductance of the combined element; C  is capacity of the com-

bined element. 

The inductance and capacitance of the combined element are determined 

by the corresponding characteristics of the single helices as follows: 

1 2

1 2

1 2

; ,
L L

C C C L
L L

  


    (1.12) 

where iL  is the inductance of one of the helices; iC  is the capacitance of one of 

the helices. 

The capacity of a single helix is defined as follows: 

,i wire i inc i ine iC C C С       (1.13) 

that is, as the sum of the wire capacity, inter-coil capacity, and inter-element ca-

pacity, and as a result is expressed as follows: 
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 (1.14) 

The inductance of a single helix is calculated using the formula: 
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2 2

2 .i i

i c

i

N R
L

l



     (1.15) 

In formulas (1.14) and (1.15) 2 2,c c   are relative permittivity and perme-

ability of the dielectric container. 

Substituting the ratios (1.14), (1.15) in (1.12) and then in (1.11), we get the 

formula for the resonant frequency of the combined element. 

 

 

 
Fig. 1.3 Cross section of a single helix from a combined element 

 

 

The dispersion of the permittivity and the chirality parameter are deter-

mined by the following expressions [7]: 

   
 

2 2

0 0

2 2 2 02 2 2 2
0 0

; ,c A
c

  
 

  
    

   
   (1.16) 

where 0A  and 0  are parameters defined by the dimensions of the combined ele-

ments and the distance between them, respectively. 

Substituting the expression for the resonant frequency of the combined el-

ement (1.11) in formulas (1.16), we obtain dispersion relations for the permittivity 

and relative chirality parameter for metamaterial based on thin-wire perfectly con-

ducting elements in the form of mutually orthogonal helices. 

 

 

 

1.3. Numerical results 

 

When analyzing the numerical characteristics, the main interest was the 

calculation of frequency dependencies of reflected (
2

10 lg eer  and 
2

10 lg ehr ) and 
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transmitted (
2

10 lg eet  and 
2

10 lg eht ) power (in dB). The container was modeled 

on styrofoam with a relative permittivity of 2 1.5c  . 

Fig. 1.4 shows the frequency dependence of the reflected and transmitted 

power of the main and cross-polarized components of the field in the range from 

1 to 10 GHz.  

 

 

 
Fig. 1.4 Frequency dependences of the transmitted and reflected power for the 

case of identical helices in a combined element 

 

 

The dashed curves in Fig. 1.4 show the dependences of the transmitted 

power of the main component (
2

10 lg eet ); solid lines show the reflected power of 

the main component (
2

10 lg eer ). The incidence of the plane wave on the meta-

structure was considered normal. The calculation was performed for the following 

values of the structure parameters: 

1,2 1,2 1,2 1,2 1,20.01 m, 3, 0.002 m, 0.05 m, 0.05 mR N r H d     . 

In this case both helices that are part of the structure of the combined ele-

ment are identical. 

The level of reflection and transmission of cross-polarized field compo-

nents does not exceed -25 dB at normal incidence and is not shown on the graphs. 

At a frequency of 1.18 GHz there is a sharp local decrease in the level of 

power transmitted through the metamaterial, that is, there is mainly a lateral scat-

tering of normally incident electromagnetic energy. At this frequency the meta-
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structure can act as a frequency-selective shield. At other frequencies the meta-

structure is completely transparent and the incident radiation penetrates through it 

almost without attenuation (near 0 dB). 

It can be noted that the studied metastructure at a single frequency can 

serve as a frequency-selective protective screen that is not transparent to radiation 

near the main resonant frequency. 

Let's now consider the case of different values of geometric parameters of 

helixes in the structure of the combined element. 

Fig. 1.5 shows the frequency dependence of the reflected and transmitted 

power of the main and cross-polarized components of the field in the range from 1 

to 10 GHz.  

 

 
Fig. 1.5 Frequency dependences of the transmitted and reflected power for the 

case of not identical helices in a combined element 

 

 

The dashed curves in Fig. 1.5 show the dependences of the transmitted 

power of the main component (
2

10 lg eet ); solid lines show the reflected power of 

the main component (
2

10 lg eer ). The incidence of the wave on the metastructure 

was considered normal. The calculation was performed for the following structure 

parameters: 

1 2 1,2 1 2 1 2 1 22 0.01 m, 3, 2 0.002 m, 2 0.05 m, 2 0.05 mR R N r r H H d d        
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As can be seen from Fig. 1.5, in the case of an asymmetric double helical 

element, there is a sharp frequency selectivity of the transmission of electromag-

netic radiation through the metamaterial. In contrast to a symmetrical double heli-

cal element, a strong chirality occurs here and, as a result, a set of discrete fre-

quencies occurs at which the electromagnetic wave does not penetrate through the 

metamaterial and is converted into lateral scattering. It can also be noted that in 

this case, the reflection and transmission of cross-polarized components of the 

field also increases to-15-18 dB. In addition, there are no frequencies starting from 

2 GHz at which the level of attenuation of the main component of the field is close 

to 0 dB, which is associated with an increase in cross polarization. At resonant 

frequencies, the structure can play the role of a microwave shield. 

It was also proved that the studied metastructure is equivalent in properties 

to a natural crystal (or an artificial Bragg lattice) in the optical range, namely, the 

frequencies of resonant minima of attenuation of the passed power of the main 

component of the field are calculated from the Wulf-Bragg condition, taking into 

account the refraction of electronic waves in the crystal [8]: 

 2 2

2 2 22 cos ,d           (1.17) 

where   is the order of resonance;   is wavelength;   is angle of wave inci-

dence. 

 

 

Conclusion 

 

Thus, based on the results of the work, the following conclusions can be 

drawn: 

1. The presence of two identical thin-wire helices in the combined element 

reduces the effect of chirality and, as a result, the frequency selectivity of the en-

tire metamaterial to almost zero. 

2. The presence of two different geometric dimensions of helices in the 

combined element increases the degree of chirality of the entire metamaterial as a 

whole and there is a frequency selectivity of the transmission of a plane electro-

magnetic wave through the metamaterial and a sufficiently large cross-

polarization of the field. 

3. The studied metastructure in the case of various helices in the combined 

element is equivalent in properties to a natural crystal (or an artificial Bragg lat-

tice) in the optical range. 

4. The metastructure in the case of different helices in the combined ele-

ment can serve as a frequency selective microwave shield. 
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Abstract. The problem of wave propagation in the medium whose velocity char-
acteristics change under an external impact is considered. We investigate a three-
dimensional case. The asymptotics of the solution for the Klein–Gordon–Fock opera-
tor with a variable coefficient of the Laplacian at infinity have been constructed. The
case of holomorphic coefficients have been considered.

Keywords: asymptotic, holomorphic coefficient, Laplace–Borel transform, weighted
spaces.

1 Introduction

In this paper, the problem of wave propagation in dispersive three-dimensional
media whose velocity characteristics change under an external impact is con-
sidered. The problem of this type and its physical applications were considered
in [17],[1].

In this study, we consider the Klein–Gordon–Fock operator with a variable
time-dependent coefficient in the term that contains the Laplacian:(

d

dt

)2

u(x, t)− a0(t)∆u(x, t) + c0(t)u(t, x) = 0. (1)

Let us apply the variable separation method: u(x, t) = Y (x)v(t). We get

∆Y (x) + λY (x) = 0, (2)((
d

dt

)2

+ c0(t)

)
v(t)− a0(t)λv(t) = 0. (3)

Equation (2) is a classical Sturm–Liouville problem for the Laplace operator.
According to [13], it can be reduced to solving a homogeneous Fredholm equa-
tion of the second kind with a symmetric weakly polar kernel. In the general
case, the solution Y (x) can be represented by using the Green’s function

Y (x) = λ

∫
D

G(x, x̂)Y (x̂)dVx̂,
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where G(x, x̂) is the Green’s function corresponding to our problem. Such a
representation allows us to consider that problem (2) is solved and proceed to
solving equation (3), namely, to the problem of constructing the asymptotics
of solutions to equation (3) in the neighborhood of a point infinitely distant in
time.

Here, functions a0(t), c0(t) are regular at infinity, which means that there
is the exterior of a circle |t| > R such that the functions a0(t), c0(t) can be
expanded in it into the divergent power series

a0(t) =
∞∑
j=0

aj
tj
, c0(t) =

∞∑
j=0

cj
tj
.

The aim of our study is constructing the asymptotics of the solution to
equation (1) at t→∞.

Let us make the substitution of variable t = 1
r .

We get
d

dt
v(t) =

dv

dr

dr

dt
= − 1

t2
dv

dr
= −r2 dv

dr
.

Then, we rewrite equation (3) in the form:(
−r2 d

dr

)2

v(r) + (c(r)− a(r)λ) v(r) = 0. (4)

Generally speaking, infinity is an irregular singular point of equation (4). In
the particular case where infinity is considered to be a regular singular point,
the problem of constructing the asymptotics of solutions is solved. As is known,
the asymptotics in the neighborhood of regular singular points are conormal
(see, for example, [5]); namely, they have the form

∑
j

tsj
k∑
i=0

aji lni
1

t
, (5)

where aji , sj are some complex numbers.
The problem of constructing the asymptotics of solutions to ordinary dif-

ferential equations in the neighborhood of an irregular singular point was ulti-
mately formulated by Poincare [14] and remains unsolved in the general form
until now.

The singular point for equation (4) is the point r = 0. It was shown
in [3] that any homogeneous ordinary differential equation with holomorphic
coefficients of order n can be represented in the form

Ĥu = H
(
r,−rk d

dr

)
u = 0, (6)

where Ĥ is a differential operator with holomorphic coefficients with the symbol

H(r, p) =
n∑
i=0

ai(r)p
i.
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Here, ai(r) are holomorphic functions; an(0) 6= 0; a formula for calculating
the minimum integer nonnegative value of k is obtained in [3]. Depending
on this minimum value of k, the solutions of equation (6) have asymptotics
of different types. If k = 0, equation (6) does not have singular points. In
this case, the solutions are holomorphic functions. If k = 1, equation (6) has
a singularity at the point r = 0; this singularity is regular. In other words,
equation (6) in this case is the equation of Fuchsian type. At all other integer
nonnegative k, the point r = 0 is an irregular singularity. Such singularities
are called the cuspidal singularities.

Let us call the function H0(p) = H(0, p) the principal symbol of the dif-
ferential operator Ĥ. Nowadays, the most investigated equations are those
whose principal symbol H0(p) has only simple roots. Let us call such equa-
tions the non-Fuchsian equations of the first type. All other equations are the
non-Fuchsian equations of the second type.

The non-Fuchsian equations of the first type are considered, for instance,
in [15] and in many other papers. It was shown in those studies that the
asymptotics of solutions of non-Fuchsian equations of the first type can be
represented in the form

n∑
j=1

e

αj

rk
+
k−1∑
i=1

a
j
k−i
rk−i rσj

∞∑
i=0

bji r
i, (7)

where αj , j = 1, . . . , n are the roots of polynomial H0(p); ajk−i and σj are

some complex numbers. The power series
∞∑
i=0

bji r
i is asymptotic (generally

speaking, divergent) power series.
In the case when the asymptotic expansion

u ≈ u1+u2+ . . .+un = e
α1
r rσ1

∞∑
i=0

bi1r
i+e

α2
r rσ2

∞∑
i=0

b2i r
i+ . . .+e

αn
r rσn

∞∑
i=0

bni r
i

(8)
contains more than two terms, i.e., n ≥ 2, then, the problem of interpretation
of such an expression arises. There is the Stokes phenomenon whose gist is as
follows: in any of the sectors of the complex plane, one of the terms of sum (7)
is the dominant term of the asymptotics, while other terms are recessive; on
another sector, the dominant term may become recessive and vice versa. At
the boundary between the sectors, it is not clear which of the terms is domi-
nant. Therefore, the recessive terms of asymptotics of the form (7) cannot be
neglected. Hence, to construct uniform asymptotics of solutions, it is necessary
to introduce a regular method for summation of divergent series. Summing
up the asymptotic series obtained, we get an uniform asymptotics, namely,
the asymptotic expansion that is valid in the entire vicinity of the irregular
singular point. A more detailed consideration of uniform asymptotics and the
summation method can be found in [16].

The method for summation of asymptotic series of the form (7) was pro-
posed for the first time by Ecalle [2]. Summation is carried out with the help
of the integral Laplace–Borel transform. Ecalle has invented resurgent analysis
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which provides a method for summation of formal power series. To clarify the
concept of resurgent analysis, let us introduce the designation

The formal Laplace–Borel transform ũ1(p), ũ2(p) . . . are the power series
with respect to the dual variable p, which converge in the neighborhood of one
of the roots p = pj of the principal symbol. At that, the inverse Borel transform
provides a regular method for summing up these series. However, application of
this transform in practice requires proving the fact that the functions ũj(p) are
infinitely extendable or, in other words, that the function uj(r) is resurgent (the
definition of infinite extendability is presented below). To apply the methods of
resurgent analysis, it is necessary to prove the resurgence of the solution. The
infinite extendability of a solution is a differential equation with holomorphic
coefficients under the condition of holomorphy of its right-hand side was proved
in [9], [6], [6]. This result makes it possible to use the resurgent analysis
methods to construct uniform asymptotics of solutions to linear differential
equations with holomorphic coefficients in the spaces of functions of exponential
growth.

Using the result above, the authors of [9], [7], [6] have succeeded in con-
structing uniform asymptotics of solutions for equations such that the roots of
the polynomial H0(p) = H(0, p) are simple. So, the problem of constructing
uniform asymptotics of solution of the equations of this class for any order has
been solved. Namely, the following theorem was proved.

Theorem 1. Let function f be ressurgent . Then all the solutions of the equa-
tion

H
(
r,−rk d

dr

)
u = f

are resurgent functions. If the polynomial H0(p) has simple roots at points
p1, . . . , pm, then the asymptotics of a solution of a homogeneous equation has
the form

n∑
j=1

e

αj

rk
+
k−1∑
i=1

a
j
k−i
rk−i rσj

∞∑
i=0

bji r
i,

where summation is carried out over all roots of polynomial H0(p).

The results of this theorem will be used in our study.

We also note papers [10]-[12], in which an asymptotic expansion of solu-
tions of the basic boundary-value problems for the elasticity system and the
biharmonic (polyharmonic) equation in the exterior of a compact set and in a
half-space, including that in the form of a co-normal asymptotics, is obtained.

2 Definitions and Auxiliary Statements

In this section, we give definitions of some notion of resurgent analysis, which
will be used below.

Let us designate by SR,ε the sector SR,ε = {r| − ε < arg r < ε, |r| < R}.
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Definition 1. Let us say that a function f is analytical on SR,ε and is of
exponential growth with a rate of growth of at most k, if there are nonnegative
constants C and α such that in the sector SR,ε, the inequality

|f | < Ce
a 1

|r|k .

is fulfilled.

Let us designate by Ek(SR,ε) the space of functions that are holomorphic

in the domain SR,ε and of k-exponential growth at zero; by E(Ω̃R,ε) the space

of holomorphic functions of exponential growth in the domain Ω̃R,ε; by E(C),
the space of entire functions of exponential growth.

The Laplace-Borel transform is the main technique used for constructing
the theory of resurgent functions. Let us give the definition of the Laplace-Borel
transform in such a form that is necessary for the purposes of this study.

Theorem 2. Formulas

f̃ = Bkf =

r0∫
0

e−p/r
k

f(r)
dr

rk+1

and

B−1k f̃ =
k

2πi

∫
γ̃

ep/r
k

f̃(p)dp

define the mutually inverse mappings in the spaces

Bk : Ek(SR,ε)→ E(Ω̃R,ε)/E(C)

and
B−1k : Ek(Ω̃R,ε)/E(C)→ Ek(SR,ε).

Here, r0 denotes an arbitrary point in the domain SR,ε.

More details about the Laplace–Borel transform can be found in [16]. Now
we can give a definition of a resurgent function. The contour γ̃ is shown in Fig.
1 in [6].

Note that for the k-Laplace–Borel transform, the following formulae are
true:

Bk ◦
(
−1

k
rk+1 ∂

∂r

)
f(r) = pBkf,

∂

∂p
◦Bkf = −Bk

(
1

rk
f(r)

)
.

It was shown in [8] that if k ∈ N , then the equality

Bkr
kB−1k

[
f̃
]

= −1

k

p∫
p0

f̃(p′)dp′

is satisfied. Now we can define a k-resurgent function.
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Definition 2. The function f̃ is called infinitely extendable, if for any number
R, there is a discrete set of points ZR in C such that the function f̃ can be
analytically extended from the initial domain of definition along any path with
a length ¡ R, which does not pass through ZR.

Definition 3. The element f of the space Ek(SR,ε) is called the k-resurgent

function, if its k-Laplace–Borel transform f̃ = Bkf is infinitely extendable.

Theorem 3. Let f be a resurgent function, then the solution of the equation

H

(
−r2 d

dr
, r

)
u = f

is a resurgent function. If the polynomial H0(p) has simple roots at the points
p1, . . . , pm, then the asymptotics of the solution of the homogeneous equation
has the form

u(r) ≈
m∑
j=1

exp
(pj
r

)
rσj

∞∑
i=0

bji r
i, (9)

where the sum is taken by the union of all the roots of the polynomial H0(p).

For equations with k+ 1-order degeneracy, where k ∈ N , namely, for equa-
tions of the form

H

(
r,−1

k
rk+1 d

dr

)
u = 0

in the case when the roots of the principal symbol are simple, the asymptotics
have the form

u(r) ≈
m∑
j=1

exp

(
pj
rk

+

k−1∑
i=1

αjk−i
rk−i

)
rσj

∞∑
i=0

bji r
i. (10)

In the case when k+ 1 = m
n , m ∈ N , k ∈ N , m > k, the asymptotics of the

solution will be

u(r) ≈
∑
j

exp

(
pj

r
m
k −1

+
m−k−1∑
i=1

αjm−k−i

r
m−i
k −1

)
tσj

∞∑
i=0

bji t
i. (11)

The proof of this theorem can be found in [9],[6],[7].

Property 1.

Bkr
σ =

r0∫
0

e−p/r
k

rσ
dr

rk+1
=

=

r0∫
0

e−p/tt
σ
k
dr

t2
=



π

Γ
(
σ
k

)
sinπ σk

p
σ
k−1, ∀σ

k
/∈ Z,

Γ
(

1− σ

k

)
p
σ
k−1,

σ

k
= 0,−1, . . . ,

(−1)
σ
k
p
σ
k−1 ln p(
σ
k − 1

)
!
,

σ

k
∈ N

(12)
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3 The Main Results

Let us introduce designations bj = cj − λaj , then (c(r) − a(r)λ) = b0 + rb1 +

r2
∞∑
j=0

bj+2r
j and equation (3) can be rewritten as follows:

(
−r2 d

dr

)2

v(r) + b0v(r) + rb1v(r) + r2g(r)v(r) = 0. (13)

Here, g(r) =
∞∑
j=0

bj+2r
j . Let λ be such that b0 = c(0) − a(0)λ 6= 0. Then,

the principal symbol of the operator at the left-hand side of equation (3) is
p2 + b0. Let us denote by pi i = 1, 2 the roots of this polynomial. These roots
are simple, therefore Theorem 3 is applicable; the asymptotics of the solution
has the form (9.1). Let us construct it.

Let us find the asymptotics at the non-zero simple root p1. Let us shift the
root p1 to zero by using the substitution of variables v = e

p1
r v1 .

Since the equality(
−r2 d

dr

)2

v + b0v = e
p1
r

((
r2
d

dr

)2

− 2p1

(
r2
d

dr

)
+ p21 + b0

)
v1

holds, we can rewrite equation (13) in the form:(
−r2 d

dr

)2

v1 + 2p1

(
−r2 d

dr

)
v1 + rb1v1(r) + r2g(r)v1(r) = 0.

Let us perform one more substitution v1 = rσ1v2.
Since the equality(

r2
d

dr

)2

v1 = rσ1

(
σ1(σ1 + 1)r2 + 2σ1r

(
r2
d

dr

)
+

(
r2
d

dr

)2
)
v2

is satisfied, we get the equation(
−r2 d

dr

)2

v2 + 2p1

(
−r2 d

dr

)
v2 + (2p1σ1 + b1)rv2(r) + r2g(r)+

+

(
σ1(σ1 + 1)r2 − 2σ1r

(
−r2 d

dr

))
v2 = 0. (14)

Let us set

σ1 = − b1
2p1

= −c1 − λa1
2p1

, (15)

Equation (13) can be rewritten as follows:(
−r2 d

dr

)2

v2 + 2p1

(
−r2 d

dr

)
v2 + r2g(r)+
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+

(
σ1(σ1 + 1)r2 − 2σ1r

(
−r2 d

dr

))
v2 = 0.

Let us perform the Laplace–Borel transform. Using the designation v̂ = Bv,
we get

p2v̂2 + 2p1pv̂2 + 2σ1

∫
pv̂2dp+ σ1(σ1 + 1))

p∫
1

p2∫
1

v̂2(p1)dp1dp2+

+

p∫
1

p2∫
1

(B1(g(r)v2(r))(p1)dp1dp2 = f(p).

Here, f denotes an arbitrary holomorphic function. The principal symbol of
the differential operator in equation (14) is p(p+ 2p1). The asymptotics of the
solution of equation (15) in the neighborhood of the root p = 0 is constructed
by the method of successive approximations (see [9]), which shows that the
asymptotic behavior of the solution in the vicinity of the simple root p = 0 can
be represented as follows:

A

p
+ ln p

∞∑
i=0

mip
i. (16)

Here, A is some constant; the series
∞∑
i=0

mip
i converges in some neighbor-

hood of the point p = 0.
Let us find the inverse Laplace–Borel transform of function (16). We ob-

tained from (12)

B−11

(
A

p
+ ln p

∞∑
i=0

mip
i

)
=
∞∑
i=0

A1
i r
i. (17)

Here,
∞∑
i=0

A1
i r
i stands for the corresponding asymptotic series. It follows

from (17) that the asymptotic term for the function v1(r) corresponding to the
root c1 of the principal symbol in the neighborhood of r = 0 has the asymptotics

rσ1

∞∑
i=0

A1
i r
i; for the function v(r), the corresponding asymptotic term has the

form

e
p1
r rσ1

∞∑
i=0

A1
i r
i.

The asymptotic term corresponding to the root of p2 is found in a similar
way.

Thus, we have obtained that under the condition b0 = c(0) − a(0)λ 6= 0,
the asymptotics of the solution of equation (3) in a neighborhood of the point
r = 0 has the form:
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v ≈ e
p1
r rσ1

∞∑
i=0

A1
i r
i + e

p2
r rσ2

∞∑
i=0

A2
i r
i.

Here, the numbers pi, i = 1, 2 are the roots of the polynomial p2 + b0; the

numbers σi, i = 1, 2 are determined by formula (13);
∞∑
i=0

Aji r
i, i = 1, 2 are the

corresponding asymptotic series.
Now, let b0 = c(0) − a(0)λ = 0. Then, equation (3) can be rewritten as

follows: (
−r2 d

dr

)2

v + b1rv + r2g2(r)v = 0. (18)

Here b1 = c1 − λa1, g2(r) =

∞∑
j=2

(cj−λaj)rj

r2 =
∞∑
j=2

(cj − λaj)rj−2.

Unlike the previous case, the principal symbol of (18) is equal to p2 and has
a multiple root at zero. Therefore, Theorem 3 is not applicable to this case.
To use Theorem 3, it is necessary to transform equation (18).

Let b1 6= 0. We will construct the asymptotics for this case.
Since the equality(

−r2 d
dr

)2

= r

(
r

3
2
d

dr

)2

+
1

2
r1+

1
2

(
r

3
2
d

dr

)
is satisfied, equation (18) can be rewritten as follows:(

r−
3
2
d

dr

)2

v − 1

2
r

1
2

(
r−

3
2
d

dr

)
v + b1v + rg2(r)v = 0. (19)

Let us apply Theorem 3. The asymptotics of the solution has the form (11).
In the same way as it was done above, we make a substitution of variables
v = rσv1.

It is easy to show that equation (19) can be rewritten in the form(
−2r

3
2
d

dr

)2

v1+2

(
1

2
+ 2σ

)
r

1
2

(
2r

3
2
d

dr

)
v1+4b1v1+4r(g2(r)+σ(σ+1))v1 = 0.

Let us set σ = − 1
4 . Then the equation will take the form:(

−2r
3
2
d

dr

)2

v1 + 4b1v1 + 4r(g2(r)− 3

16
)v1 = 0. (20)

The principal symbol of the differential operator in equation (20) is p2+4b1.
We denote its roots by pi, i = 1, 2. Let us apply Theorem 3. The asymptotics
of the solution has the form (11). Since the roots of the principal symbol are
simple, the asymptotics of the solutions can be constructed as in the previous
case and have the form:

v ≈ e
p1√
r r−

1
4

∞∑
i=0

A1
i r

i
2 + e

p2√
r r−

1
4

∞∑
i=0

A2
i r

i
2 .
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Now let b1 = 0, then equation (11) takes the form:(
−r2 d

dr

)2

v + r2g2(r)v = 0. (21)

In this case, the principal symbol is p2 and has a multiple root of the second
order at zero. Therefore, the method used previously is not applicable here.
Since the equality

r2
d

dr
r2
d

dr
= r2

(
r
d

dr

)(
r
d

dr

)
+ r3

d

dr
,

holds, we can rewrite equation (21) in the form:(
r
d

dr

)2

+ r
d

dr
+ g2(r)v = 0. (22)

This is a Fuchsian-type equation. The point r = 0 is a regular singular point
of equation (22). The problem of constructing such solutions is well studied
(see, for example, [5]. It is reasonable to search for the solution to this equation
in the Sobolev weighted spaces Hk,σ(0,∞). The asymptotics of its solution is
conormal. The reasoning above allows us to state the following theorem.

Theorem 4. If c0 − a0λ 6= 0, then all the asymptotics of the solutions to
equation (1) in the space of functions of exponential growth in the neighborhood
of infinity with respect to variable t (at t→∞) have the form:

u(x, t) ≈

(
expp1t t

σ1

∞∑
i=0

A1
i t
−i + expp2t t

σ2

∞∑
i=0

A2
i t
−i

)
Y (x),

where numbers pi, i = 1, 2 are the roots of the polynomial p2 + c0 − a0λ. If
c0 − a0λ = 0, c1 − λa1 6= 0, then the asymptotics of the solution has the form:

u(x, t) ≈ t 1
4

(
expp1

√
t

∞∑
i=0

A1
i t
− i

2 + expp2
√
t

∞∑
i=0

A2
i t
− i

2

)
Y (x),

where the numbers pi, i = 1, 2 denote the roots of the polynomial p2+4(c1−λa1);
∞∑
i=0

Aji r
i, j = 1, 2 are the corresponding asymptotic series. If c0 − a0λ = 0,

c1 − λa1 = 0, then the asymptotic behavior of the solution of equation (1)
can be represented as the product of the function Y (X) by the corresponding
conormal asymptotics.

Remark 1. If equation (2) has the form(
d

dt

)2

v + a2λv = 0,
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where a 6= 0 is a real constant, then all asymptotics of solutions to this equation
in the space of the functions of exponential growth in the neighborhood of
infinity with respect to variable t can be represented in the form

u(x, t) = (A1e
c1t +A2e

c2t)Y (x).

Here, ci, i = 1, 2, are the roots of the polynomial p2 + a2λ; Ai are arbitrary
constants.

The results of the article are presented at the 13th International Confer-
ence Chaotic Modeling, Simulation and Applications (CHAOS2020, June 9–12,
2020, Florence, Italy).
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Abstract. A general model of the origin and evolution of chaotic wave processes in complex systems based on the proposed 
method of matrix decomposition of operators of nonlinear systems is developed in the article. The proposed model shows that the 
effect of self-organization in complex systems of different physical nature (for example, hydrodynamic, electronic and 
physiological ones) is based on the interaction of nonlinear processes of higher orders leading to stabilization (to the finite value) 
of the amplitude of chaotic wave process. Mathematically, this means the synchronous “counteraction” of nonlinear processes of 
even and odd orders in a general vector-matrix model of a complex system being in a chaotic mode. The implementation of the 
vector-matrix decomposition by means of computational experiments shows that the model of L.D. Landau describes the 

scenario of the occurrence of chaotic modes in complex systems quite well. It is noted that the regime of hard self-excitation of 
nonlinear oscillations in complex systems leads to the appearance of a chaotic attractor in the state-space. Moreover, the 
proposed vector-matrix model permits to find more general conditions for the origin and evolution of chaotic wave processes 
and, as a result, to explain the appearance of coherent nonlinear phenomena in complex systems. 

 

Keywords: complex nonlinear dynamical system, state-space, chaotic attractor, matrix series in state-space, general vector-

matrix model of chaotic wave processes, mode of hard self-excitation of nonlinear oscillations, stabilization of the amplitude of 

chaotic process. 

 

1    Introduction 

The development of the theory of chaotic wave processes (in particular, the theory of 

turbulence in aerohydrodynamic flows) is important from the point of view of understanding the 

processes of self-organization in complex dynamic systems. L.D. Landau in his article “To the 

problem of turbulence” [1] developed the theory of initial turbulence, within the framework of 

which he showed that the initial instability of the laminar motion of a fluid is determined by a 

small perturbation of its velocity 

),,()(v1 zyxftA


= ,     (1) 

where the time function )(tA has the form: 

tietA −= const)( ,     (2) 

and   determines the spectrum of «eigen frequencies» (generally speaking, complex-valued 

ones, i.e.  i+= ). Moreover, he emphasized [1]: 

“Expressions (1), (2) for the corresponding function ),,,(v1 tzyx


 (when 1= ) are suitable, however, only 

for a short period of time after the instant of failure of the stationary state, since the multiplier 
t

e 1 grows 

rapidly with time. In reality, of course, the amplitude modulus A
 
of non-stationary motion does not grow 

unlimitedly, but tends to some finite limit. ” 

As a continuation of this idea, a model of a discrete quasistationary linear dynamical system was 

proposed in [2] based on a generalized spectral representation in the basis of eigenfunctions 

corresponding to the eigenvalues of the operator of this system. As shown in [2], the class of 

such quasistationary dynamical systems and processes is characterized by operators invariant to 

the generalized shift represented by powers of the Frobenius matrix. Let us note that the term 

“invariance to the generalized shift” was first introduced by the founder of cybernetics Norbert 

Wiener to analyze non-stationary and non-linear dynamical systems and processes [3]. 
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E. Lorenz [4], studying the behavior of a viscous fluid under convection (the Rayleigh–

Benard flow), reduced the system of Navier–Stokes equations and thermal conductivity to a 

dynamical model using the Galerkin’ method. As a result, the Lorenz model (described by three 

ordinary nonlinear differential equations) revealed a chaotic (strange) attractor in the state-space. 

Mathematically, the concept of a “chaotic attractor” has been formulated by D. Ruelle and F. 

Takens [5] as a key element in the interpretation of irregular behavior described by deterministic 

equations for understanding mainly turbulence. This led to a new area of researches called 

deterministic chaos. Subsequently, I. Prigogine [6], H. Haken [7] have been shown that a new 

order (self-organization) in a complex system of various physical nature arises through 

deterministic chaos (fluctuations), i.e. by a chaotic mode of functioning complex system. The 

progress in this area has contributed to intensive studies of various scenarios of the transition of 

the dynamics of complex systems from a periodic to a chaotic mode through quasiperiodicity, 

subharmonic cascade, intermittency, etc. (see, for example, [8]). 

At the same time, despite the  achieved results, problems remain concerning the stabilization 

of chaotic wave processes in complex systems during a long time under unchanged the control 

parameters (for example, characteristic Reynolds Re  and Rayleigh Ra numbers, etc. in the case 

of aerohydrodynamic systems). Indeed, as noted above, the amplitude modulus A
 
of unsteady 

motion does not grow unlimitedly, but tends to a certain finite limit [1], [9]. In this connection, 

the aim of this work is to study the mechanisms of amplitude stabilization and evolution of 

chaotic wave processes [10] in complex systems of various physical nature (mainly, in 

hydrodynamic, electronic and electrochemical systems). 

2   Interrelation of Landau and Lorenz models of turbulence description 

 So, according to the Landau model of initial turbulence “for the smallest times, when it is 

still applicable (2)”, we have 

2

1

2
2/ AdtAd = . 

“This expression is essentially only the first term in the expansion in powers of A and *A . As the 

modulus increases, the following terms of this expansion must be taken into account” [1]. This 

means that the amplitude equation of the form is valid: 

42

1

2
2/ AAdtAd L −= ,     (3) 

where *2
AAA = , 1  is a damping constant, and L  is the Landau constant [9]. In the case 

of 0L , the amplitude equation (3) describes such dynamical states of a moving fluid, when 

01  , i.e. if cReRe  , for the first time, an arbitrarily small disturbance becomes unstable 

against the background of the main motion (a system with soft self-excitation).  

In the case of 0L , two terms is no longer enough in the expansion (3), so the following 

generalization [9] is true: 
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1

2

2
)(

AAA
dt

tAd
LL  −−= ,    (4) 

where 0L  is a constant. So, in the case of 0L , 0L , the amplitude equation (4) 

characterizes such dynamical states that under cReRe   a stationary motion cannot exist at all, 

since if cReRe = then a perturbation jumps up to a finite amplitude. In the interval 

cc ReReeR  , the main motion is metastable, i.e. it is stable with respect to infinitesimal 

perturbations, but unstable relative to perturbations of finite amplitude (a system with hard self-

excitation [9] ). 
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Following the Landau model (4) (after disruption of the stationary mode of fluid flow) having 

designated by 
2

AS =  the square of the amplitude of unsteady process, the equation is valid up 

to the third-order terms: 

...2 32

1 −−−= SSSS LL  ,    (5) 

where 1  is a damping coefficient, L  is the Landau constant, and L  is a positive or negative 

constant. 

As already mentioned, the model of convection turbulence is described by the Lorenz system: 









−=

−+−=

−=

,

;

;

3213

21312

121

buuuu

ucuuuu

auauu







     (6) 

where Pr=a , )/(4 222 qb +=  , 3222 )/(Ra qqc +=   are the given parameters, Pr  is the 

characteristic Prandtl number, Ra  is the characteristic Rayleigh number, q  is an integer [4], [8]. 

For example, in the case of 10=a , /38=b  under the value of the control parameter 27.24=c  

[8], a chaotic attractor is observed in the state-space Uuuu ),,( 321 . 

In the particular case, it is possible to pass from system (6) to one nonlinear equation with 

respect to the variable 1u , if the variable 3u  is considered by a constant, i.e. 3 0u =& . Expressing 

from the third equation buuu /213 = and substituting this value in the second, and then 2u  in the 

first equation, we get: 

2

1 2 1 2 1 1/u au au u b acu au= − − + −& & .    (7) 

If we additionally assume a weak dependence of the variable 2u  on time, leading to the condition 

2 0u & , then equation (7) takes the form: 
2

1 1 2 1( 1) ( / )u a c u a b u u − −& .     (8) 

As follows from (8), the first equation from the Lorenz system (under the condition that the 

second 2u ( )t and third variables 3u ( )t are fixed in time) has the same form as the Landau 

equation (5) with 0L = . This means that the vector equation describing the Lorenz system 

generalizes the scalar Landau equation. 

 

3 Development of a general model of the origin of chaotic wave processes using the 

matrix decomposition method 

 

 The Landau theory, based on the intuitive logical conclusions and the results of Reynolds 

hydrodynamic experiments, is suitable for explaining the initial turbulence origin in a moving 

viscous fluid. However, generally speaking, chaotic wave processes occur in complex systems of 

various physical nature (for example, electrodynamic, chemical or physiological systems [6]). In 

this connection, we will try to build a general model of the origin and stabilization of chaotic 

wave processes using the matrix decomposition method in the state-space of a complex system. 

As known [6], the mechanisms of the occurrence of spatial and temporal structures in complex 

nonlinear dynamical systems (NDS) can be revealed from the analysis of a system of nonlinear 

partial differential equations of the form: 

( ) Njicuuuf
t

u
ljjji

i ,...,2,1,,}{},...,{},{},{ 2 ==



,  (9) 
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where if  is a nonlinear function, and )r,(


t  u  u ii =  is a function of temporal and spatial 

variables, satisfying the initial and boundary conditions,   is the Hamilton differential operator, 

and lc  are the system parameters. 

Using the Galerkin method, the system of nonlinear partial differential equations can be 

reduced to a system of nonlinear ordinary differential equations [8], so that in the future we will 

not take into account the explicit dependence iu  on the spatial vector r


, assuming that )(tuu ii = . 

It is often necessary to study the behavior of the solution of equation (9) near a specific standard 

state }{ *

iu , moreover, )(** tuu ii =  is considered as an unperturbed solution (9), constantly 

disturbed by external influences or internal fluctuations by the value )(tvv ii =  [6]. As a result, a 

new solution becomes instead *

iu : 

iii vuu += * .        (10) 

From relations (9) and (10) we obtain a system of equations for }{ iv : 

( ) ( )}{}{ **

jijji
i ufvuf

dt

dv
−+= .      (11) 

Near the reference point when 1* ii uv , it is possible to linearize the function if  in the vicinity 

of zero values 0=iv , using the first terms of the multiple Taylor series [6]. Lyapunov’s theorem 

establishes a connection between the stability of systems of equations (9) and (11): if the trivial 

solution ( 0=iv ) of equation (11) is asymptotically stable, then *

iu  is an asymptotically stable 

solution to equation (9). However, the linear theory of stability does not allow us to predict the 

dynamics in the case of complex NDS. 

In the vector-matrix form, the system of ordinary differential equations (obtained from (9)) 

can be considered as the Cauchy problem in the N -dimensional state-space U of complex NDS: 

( )}{,u),(ufu 0 lct
 = , 0u(0)u


= , ,)(u Ut 


   (12) 

where 
T

1 ))(,),(()(u tutut N


= , T  is the transposition symbol, 0u


 is a vector of initial data,  }{ lc  

is a set of system parameters. The solution )(u t


of equation (12) defines a certain curve in the 

state-space (phase space) NU = , called the phase trajectory. Similarly, we can write system 

(11) in the vector-matrix form: 

( )}{,u),(vfv *

lct
 = ,    (13)  

where 
T

1 ))(,),(()(v tvtvt N


= , f


  is an increment of the vector function, *u


is a vector of the 

unperturbed (standard) state, { }lc is a set of system parameters. 

In [11]-[16], a matrix decomposition method for complex NDS operators based on a matrix 

series in the state-space has been developed, and numerous examples of the application of this 

method for the analysis of complex systems have been considered. Among them are attractors of 

complex NDS [13, 14], as well as the Hopfield artificial neural network and Chua circuit [15, 

16]. According to this method, the increment of the vector function f


 of a complex NDS in the 

state-space is described by a matrix series of the form [11]-[13]: 




=



 =+++=−+=
1

)()3((2)(1)*** v
!

1
)vvv(

!3

1
)vv(

2!

1
v)u(f)vu(f)u,v(fΔ

k

kk

NNNNNNNN k32 L
k
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,(14)  
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where 
*uTTT

)( )))f
v

(
v

(
v

( 


  
 














=



k

k

NN kL are the matrix kernels of the homogeneous 

nonlinear system operators, )vvv(v   





k

k =  is the k-th Kronecker degree of the 

perturbation vector v


, and *u


is considered as the standard state vector belonging to N . 

Application of matrix expansion (14) to the right-hand side of equation (13) allows us to 

formulate the following theorem: 

Theorem 1. The equation of dynamics of the perturbation vector v


of a smooth NDS near the 

standard state N*u


 is described by the vector-matrix expansion: 

)v(Rv
!

1
)vvv(

!3

1
)vv(

2!

1
vv )()3((2)(1)

32





k

kk

NNNNNNNN kL
k

LLL +++++= 

 ,    (15) 

where )v(R


k
 is the remainder term of the Lagrange’s form: 

1

**

)1( v
)uv(u)!1(

1
)v(R 1

++




−++
= +

kk

NNk kL
k







, 10   . 

Corollary (the synchronization condition in a complex system). If the mode of stochastic 

dynamics is theoretically reached in a complex system, then the following relation holds: 
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, 

where the upper line means the ensemble averaging. 

Proof: when a complex system demonstrates the chaotic dynamics like a stochastic system 

then following the stochastic processes theory the mathematical expectation of stochastic process 

0),(]),(M[ == twtw   where   is a state parameter of stochastic system (elementary event) 

[3], i.e. ]1,0[  and t  is time,  + ,0t . In this case the complex system generates 

fluctuations, for which the average value of the state vector 0v =


. Taking into account equation 

(15) we obtain the corollary. 

Comment. Under the incomplete compliance with the stochastic dynamics mode in a 

complex system, which is characteristic for a deterministic chaotic system, an approximate 

equality of the averaged signals from the outputs of kernels of even and odd orders occurs: 
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=
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− +

1 1

12)12(2)2( v
)!12(

1
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1
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m m

mm

NN

mm
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m

L
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. 

It is easy to see that the obtained equation (15) generalizes the Landau model (5) of initial 

turbulence; therefore, it can be considered as a general model for the emergence and evolution of 

chaotic wave processes in complex systems. 

 

4 Implementation of a general model for the origin and amplitude stabilization of 

chaotic wave processes 

  

The performed computational experiments using the general model (15) of the appearance of 

chaotic wave processes for specific types of complex NDS indicate the fact that chaotic 

oscillations are observed only at certain relations between the linear 
(1)

NNL  , quadratic 
(2)

2NN
L


, and 

cubic 
)3(

3NN
L


, etc. kernels of the matrix series into the overall dynamics of a complex system. 

Indeed, the model (15) of the appearance of chaotic wave processes in the above mentioned 

Lorenz NDS (6) has a rather simple form: 
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33 vv)vv(
2!

1
vv  +=+=  LL .    (16) 

In other words, the dynamics of the Lorenz system is described on the basis of only linear and 

quadratic kernels [12]-[14]: 
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Moreover, according to Corollary and Comment the computational modeling of signals from 

the outputs of linear and quadratic kernels in a chaotic state (when 10=a , /38=b , 24.27=c ; 

0*

3

*

2

*

1 === uuu ) of Lorenz’s NDS revealed a similarity of their evolution in time, but with the 

opposite sign and unequal amplitude (Fig. 1). In other words, when the Lorenz system operates 

in a chaotic mode, the output signals from the linear and quadratic kernels, being in antiphase, 

partially compensate each other, so that, as a whole, it leads to stabilization of the amplitude of 

the chaotic wave process to a finite value [10]. 
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2v     )2(

2v  

t 

Figure 1. Examples of signals generated by linear )1(

33xL and quadratic 
)2(

93xL  kernels in accord with the model (16) 

of origin of chaotic wave processes in the complex NDS of Lorenz 

 

A similar study of the general model (15) of the origin of chaotic wave processes in Chua’s 

electronic circuit [15, 16]: 
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when the system parameters are equal 6.15= , 28= , 002.0=A , 3.1−=C , 5.1*

1 −=u , it has 

been shown [16] that the dynamics of the Chua system are precisely described on the basis of 

only linear, quadratic and cubic kernels: 
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so, in this connection, the model (15) of chaotic wave processes in Chua system takes the form: 
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Like the Lorenz system, when the Chua circuit is functioning in a chaotic mode, the output 

signals from the cubic and quadratic kernels, being in antiphase, also partially compensate each 

other (Fig. 2). This manifests the effect of self-organization of processes in the Chua scheme 

[10]. Following to Corollary and Comment it consists in the interaction of nonlinearities of the 

2nd and 3rd orders with their subsequent synchronization. 

Let us justify the synchronization effect of nonlinear oscillations in the Chua scheme within 

the framework of the general model (15). To this end, substituting (17a)-(17c) into equation (18), 

we write the equation for the evolution of the first component 1v  of a vector variable v


 from the 

state-space 3 of the Chua scheme: 
3

1

2

1

*

11

2*

121 3)3( vAvuAvCAuvv  −−+−= .   (19) 

Introducing the notation, as in equation (5) for the Landau model: )3(2 2*

11 CAu +−=  , 
*

13 uAL  = ,  AL = , we can write equation (19) in the form: 
3

1

2

11121 2 vvvvv LL  −−+= .    (20) 

Given the above modeling parameters, we obtain the inequalities: 

0)3(2 2*

11 +−= CAu , 03 *

1 = uAL  , 0=  AL
, which fully correspond to the conditions 

for the hard self-excitation of the system within the framework of the Landau initial turbulence 

model [1, 9].  

 
Figure 2. Examples of signals generated by quadratic (2)

3 9L 
and cubic )3(

273L  kernels in accord with the model (18) 

of origin of chaotic wave processes in complex NDS of Chua’s type 
 

Under such conditions, a jump-like transition from a stationary regime of a complex NDS to 

an unsteady one is observed, accompanied by the appearance of two frequencies 
1  

and 
2
 

 )2(

1v  
(3)

1v&  
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defining two cycles in the state-space of the Chua system (Fig. 3). The obtained result also finds 

its explanation from the point of view of the Ruelle–Takens theory [5, 8]. Following this theory 

the power spectrum of signal from a complex NDS (as a function of the control parameter  in 

the case of Chua scheme) contains one frequency 
1  after the first Hopf bifurcation, then after 

the second Hopf bifurcation it has two frequencies 
1  

and 
2  but sometimes three frequencies 

(
1 ,

2
 
and 

3 ), although the third frequency 
3  

may not detect before chaos identified [8]. 

When an additional frequency arises, insignificant perturbations can destroy regular cycles 

forming the torus 3 and transform it into a chaotic attractor [5] (for example, the “double-scroll” 

attractor in the state-space of the Chua scheme (see Fig. 3)). 

 

Figure 3. Example of chaotic double-scroll attractor in the state-space of Chua scheme 

 

Let us note that, compared with the initial Landau turbulence model (5), the proposed model 

(15) applied to Chua circuit (18) gives a more general scalar equation (20) for the evolution of 

the first component 1v  of a vector variable v


, since it contains an extra term 2v . This additional 

term characterizes the influence of the second component 2v of the vector variable from the state-

space 3  which allows us to find more general conditions for the origin and evolution of chaotic 

wave processes in comparison with the Landau model even in the case of 12 0   [10], for 

example, when 6.15= , 28= , 5131.0=A , 9255.0−=C , 75.0*

1 −=u . 

Thus, despite the difference in the physical phenomena described by the Lorenz and Chua 

systems, the dynamics of their behavior in the state-space has a similar scenario expressing in the 

synchronous “counteraction” of nonlinear processes of even and odd orders (see Figs. 1 and 2) 

generated by the corresponding kernels )(2
2

k

NN kL


and )1(2
12

+

 +

k

NN kL in the general vector-matrix model (15) 

of complex NDS in a chaotic mode. 

Now let us consider the general model (15) in the case of complex NDS of FitzHugh–

Nagumo [17, 18]: 
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where cba ,,  are the parameters of a complex NDS describing the active media of the nerve 

fiber (in particular, 7.0=a , 8.0=b , 0.3=c ), g is a bifurcation characteristic, moreover, 

3452.04023.1 −− g .Similarly to the Chua system, the dynamics of the complex FitzHugh–

Nagumo system is also described by linear, quadratic and cubic kernels [12, 13]: 

u3 

u2  u1 
 

496

















−

−
=





c

b

c

cucc
uL x 1)(

2

1
)1(

22


,       (21a) 

 








−
=





0000

0002
)( 1)2(

42

cu
uL x


,       (21b) 

 








−
=

00000000

00000002
)()3(

82

c
uL x


,   (21c) 

 

so that the model of the occurrence of chaotic wave processes in the FitzHugh–Nagumo system 

has the form: 

)vvv(
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Taking into account (21a)-(21c), (22), the equation for evolution of the first component 1v  of the 

vector variable 3v 


 for FitzHugh–Nagumo NDS takes the form [10]: 

 
3

13
12

1

*

11

2

121 )1( cvvcuvuccvv −−−+=  .    (23) 

Introducing notations similar to equation (5) of the Landau model: )1(2 2

11

−= uc , *

1cuL = , 

3/cL = , for given parameters 7.0=a , 8.0=b , 0.3=c , and 45.0*

1 −=u  we obtain the 

inequalities 02 1  , 0L , 0L , corresponding to the condition of hard self-excitation of the 

system [9]. 

Figure 4 shows the attractors of FitzHugh–Nagumo NDS formed on the basis of the limit 

cycle for the above parameters and restored on the basis of directly numerical integration of 

system (21) and matrix decomposition (22). 

 

Figure 4. Attractors of FitzHugh–Nagumo NDS built on the basis of matrix decomposition (a) and without 

its use (b) 

Moreover, an additional control parameter 
*

1u opens up new possibilities for studying the 

dynamics of FitzHugh–Nagumo NDS [10]. Indeed, at 61.94290899*

1 =u , a qualitatively different 

chaotic attractor is observed in the state-space of the FitzHugh–Nagumo system (see Fig. 5). 

Indeed, as seen from Figure 5, with a set of parameters 8.0=b , 0.3=c , 61.94290899*

1 =u , an 

aperiodic mode arises similar to the aperiodic regime in the Belousov–Zhabotinsky chemical 

model [8]. 
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Thus, computational experiments carried out with two parameters 45.0*

1 −=u and 

61.94290899*

1 =u  show that a limit cycle in the first case and a chaotic attractor in the second 

case can be observed (see Figures 4 and 5). 

 

Figure 5. The Fitz-Hugh chaotic attractor obtained under parameter values  8.0=b , 0.3=c , 61.94290899*

1 =u . 

Following Corollary and Comment the signals from the outputs of kernels of the matrix 

decomposition of the FitzHugh–Nagumo system must demonstrate the general property of a 

complex NDS in the chaotic regime, i.e. the synchronous “counteraction” of nonlinear processes 

of even and odd orders (see Fig. 6). 

    

Figure 6. Examples of signals generated by linear 
(1)

2 2L  , quadratic 
(2)

2 4L  and cubic 
(3)

2 8L   kernels of the model (23) of 

origin of chaotic wave processes in the complex NDS of FitzHugh–Nagumo 

Indeed, according to Fig. 6, the derivative of the first component 1v& of the vector variable 

3v 


for the NDS of FitzHugh–Nagumo evolves in such a way that the output signals from the 

linear and cubic kernels are in-phase added to synchronously “counteract” the output signal from 

the quadratic kernel. More precisely, during the period the signals from the kernels of odd orders 

)3(

1v
 

)2(

1v
 

)1(

1v  

t 
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(1)

2 2L  , (3)

2 8L 
 add up and compensate for the signal from the even (second) kernel (2)

2 4L   which, as a 

whole, leads to stabilization of the amplitude of the chaotic wave process [10]. 

Thus, the application of the matrix decomposition method permits us to obtain new 

knowledge, for example, despite the difference in the physical phenomena described by the 

FitzHugh–Nagumo’s, Chua’s and Lorenz’s systems, the dynamics of their behaviour in the state-

space has a similar scenario. Moreover, using the matrix decomposition method for the NDS of 

FitzHugh–Nagumo a qualitatively different chaotic attractor has been revealed at 

61.94290899*

1 =u  (Fig. 6) than the one presented in Fig. 4(a) when 45.0*

1 −=u . To find out the 

reason for this, let us prove the following theorem: 

Theorem 2 (a necessary condition for self-organization in 2D NDS). For a two-dimensional 

complex system, the following necessary conditions of instability (leading to self-organization in 

2D NDS) are valid: 

 (1)

2 2Sp 0L   , if (1)

2 2det 0L   ;                                             (24a) 

(1)

2 2Sp 0L   , if (1)

2 2det 0L   ,                                             (24b) 

where (1)

2 2L   is a matrix of linearized 2D NDS, Sp  and det are the trace and the determinant of 

this matrix. 

Proof: we apply the bifurcation analysis technique to the kinetic model of FitzHugh–Nagumo, 

for which we rewrite (21) in general form: 

 
( )

( )
1 1 1 2

2 2 1 2
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, .

u f u u

u f u u
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=

&

&
                                                       (25) 

Let us consider the matrix of the linearized system 
(1)

2 2L   corresponding to (21a): 

 
11 12(1)

2 2
21 22

,
l l

L
l l

 
=  
 

                                                    (26) 

where 
*

(1) , , 1, 2,

j

i
ij

j u

f
l i j

u

 
= = 

  

 are elements of the matrix 
(1)

2 2L  . The trace and the determinant of 

linearized matrix (26) are found according to well-known formulas: 

 ( ) ( )(1) * (1) *

2 2 1 11 22 2 2 1 11 22 12 21Sp ; det .L u l l L u l l l l = + = −                        (27) 

It is known [6] that non-trivial solutions of a linearized system of equations exist when the 

condition is carried out: 
(1)

2 2 2 2det 0L E 
 − =  . 

 It defines the following characteristic equation: 

 
2 (1) (1)

2 2 2 2Sp det 0.L L  − + =                                          (28) 

To lose stability when the system leaves the stationary state, it is necessary that at least one 

root of equation (28) has a positive real part, i.e. 

Re 0,i                                                          (29) 
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where 

 

2

(1) (1) (1)

2 2 2 2 2 2

1 1
Sp Sp det ,

2 2
i L L L   

 
=  − 

 
 i = 1, 2.                           (30) 

As shown in [6], this occurs if the stationary state on the phase plane is described by an unstable 

node or focus, and this singular point is usually surrounded by a phase trajectory of the type of 

limit cycle. If inequality (1)

2 2det 0L   is fulfilled, then it follows from (28), (30) that in order to 

take place (29), the following condition must hold: (1)

2 2Sp 0L   . This inequality determines the 

necessary condition for instability leading to the origin of the phenomenon of self-organization 

in the active medium [19]. As follows from (30), in the case of (1)

2 2det 0L   condition (29) is also 

satisfied if (1)

2 2Sp 0L   , i.e. the necessary condition for self-organization takes the form (24b) 

which proves the theorem. 

So, according to Theorem 2, the above mentioned reason is that, taking into account the 

diagonal elements ( )*2

11 11l c u= −  and 22 /l b c= of the linearized matrix and, NDS of FitzHugh – 

Nagumo for given parameters 0.7a = , 8.0=b , 0.3=c , and 61.94290899*

1 =u  satisfies the 

second necessary instability condition (24b) which leads to a change in inequalities in the 

Landau model: 01  , 0L , 0L . In contrast, with the initial choice of the parameters 

0.7a = , 8.0=b , 0.3=c , and 45.0*

1 −=u , FitzHugh–Nagumo NDS satisfies the first necessary 

instability condition (24a) corresponding to the condition of hard self-excitation of the system 

according to the Landau model: 01  , 0L , 0L  [9]. 

5 Conclusion.  

Despite the great interest in the processes of self-organization in complex systems, there is 

still no universal theoretical apparatus for their study which required the development of new 

mathematical models of NDS and fairly general methods of nonlinear analysis of their dynamic 

behavior.  

In the present work, using the matrix decomposition of complex NDS operators [11]-[16], a 

general model (15) for origin and evolution of chaotic wave processes in complex systems is 

proposed. The proposed model shows that the effect of self-organization in a complex NDS of 

various physical nature (hydrodynamic, electronic, and electrochemical systems as examples) 

consists in the interaction of higher-order nonlinear processes leading to stabilization (to a finite 

value) of the amplitude of the chaotic wave process [10].  

Mathematically, this is expressed in the synchronous “counteraction” of nonlinear processes 

of even and odd orders (see Fig. 1, 2, 6) generated by the corresponding kernels )(2
2

k

NN kL


and 

)1(2
12

+

 +

k

NN kL in the general vector-matrix model (15) of complex NDS in a chaotic mode (see Theorem 

1, Corollary and Comment). In addition, the proposed vector-matrix model permits us to find 

more general conditions of the origin and evolution of chaotic wave processes in comparison 

with the Landau initial turbulence model (for example, if 1 0  ). In other words, when the 

second necessary condition of instability (24b) is fulfilled in accordance with Theorem 2, an 

additional condition can be found for the appearance and evolution of chaotic wave processes in 

a complex NDS. Thus, upon attaining the complex NDS the chaotic mode, self-synchronization 

of oscillations is observed as a self-organization phenomenon. 
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Application of ultrawideband chaotic signals for
wireless ranging

Lev Kuzmin1 and Elena Efremova1

Kotelnikov Institute of Radio Engineering and Electronics, 125009, Moscow, Russia,
Mokhovaya st. 11/7
(E-mail: lvkuzmin@gmail.com)

Abstract. The results of an experimental estimation of the propagation time of
ultra-wideband chaotic radio pulses occupying frequency band 2.5 to 3.5 GHz through
a multipath wireless channel are described. Accuracy of the time of the arrival mea-
surement of ultra-wideband chaotic radio pulses by their envelope is assessed in in-
dustrial and office environment, in order to solve the problem of wireless ranging and
localization of objects in space.
Keywords: Ultra-wideband signals, chaotic signals, chaotic radio pulses, multipath
propagation, multipath fading, localization, measurement of propagation time.

1 Introduction

Chaotic oscillations have a number of properties that permanently attract the
attention of researchers. The use of chaotic signals as noise-like information
carrier is interesting from the practical point of view in wireless communication
systems Andreyev et al.[1], radar systems Liu et al.[2] and in the problem of
wireless measurement of the distance between objects Beal et al.[3].

Measuring the time of radio signals propagation through a wireless chan-
nel is a vital scientific and practical task Zafari et al.[4]. One of the reasons
is the development of robotic systems in which the objects must be localized
using omni-directional radio systems in the unlicensed frequency range 2 to
10 GHz (centimeter wavelength range). Such systems are intended for use in
industrial, residential and urban infrastructure, where the effects of multipath
propagation are strong, which has significant effect on the accuracy. So, the
problem of the accuracy of measuring radio signal propagation time in multi-
path channels is critical Hölzl et al.[5], Alarifi et al.[6]. In addition to traditional
narrowband (NB) technologies Hölzl et al.[5] (WiFi, Bluetooth, ZigBee, where
the distance is determined by the power of the received signal or the angle at
the emitter), good candidates for solving this problem are noise-like and ultra-
wideband (UWB) signals Alarifi et al.[6]. Their two useful basic features are
the short time of coherence (narrow autocorrelation function of chaotic signal)
and a large signal gain. Due to these features, one can to achieve potentially
large processing gain in the receiver and high accuracy of estimating signal pa-
rameters (power or phase) after propagation through the channel. Moreover,
the signal gain can very simply be varied technically during the chaotic signal
formation, and it can be involved in the receiver.
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Technical methods of evaluating signal parameters ultimately determine
the capabilities of specific wireless technologies. In NB systems, the location
accuracy does not exceed 1 m Hölzl et al.[5].

Theoretical estimates Skolnik[7], Cardinali et al.[8] show that for UWB
signals the potentially achievable accuracy is rather high . Namely, with a
1.5 GHz bandwidth the ranging error varies (in order of magnitude) from 10−7

to 10−4 m for the distances up to 10 m Cardinali et al.[8]. From the physical
viewpoint, the maximum distance is determined by the signal-to-noise ratio at
the receiver input. For example, for the signal with 3 GHz central frequency
(7.5 cm wavelength) and 1 GHz bandwidth, this corresponds to sub-millimeter
measurement accuracy. Actually, this is the accuracy of optical directional
measuring instruments.

At the same time, it is not always possible to implement theoretical limits
in practice, both for technical reasons and for the reasons related with the
signal propagation conditions in real wireless communication channels, such
as the receiver noise and multipath propagation, which limit the ability of
determining the real time of signal propagation.

An attempt to improve accuracy by means of the use of UWB signals en-
counters the effect of multipath propagation, which, in the case of ultra-short
(US) pulses, manifests itself in distortion of the shape, amplitude and phase of
the pulses. This restricts the potentially very high measurement accuracy of
propagation time of US pulses (∼ 100 ps). In UWB systems with US pulses,
e.g., in UWB Decawave DWM-1000 or Ubisense modules, the indoor localiza-
tion accuracy does not exceed 10 cm at distances up to 10 m Zafari et al.[4],
Alarifi et al.[6], Poulose et al.[9], Wijaya et al.[10], Schroeer[11].

Therefore, it seems more appropriate to use a different approach based on
measuring the signal propagation time by means of analyzing its envelope. Of
course, in this case it is impossible to count on the sub-millimeter measure-
ment accuracy, but technically it is much simpler. Moreover, in this case the
restrictions imposed by the signal propagation conditions are also much weaker.

In the framework of this problem UWB chaotic radio pulses seem to be free
from disadvantages of UWB US pulses in multipath channels. The envelope of
UWB chaotic radio pulses changes only slightly when passing through a mul-
tipath channel, because of its noise-like nature Kuz’min et al.[12], Efremova
et al.[13], and the pulse duration can be chosen much longer than the dura-
tion of the multipath channel response. This allows us to measure the signal
propagation time by measuring the parameters of the envelope, not the carrier
wave.

The goal of the work is to experimentally confirm the possibility of mea-
suring time and distance using UWB chaotic microwave pulse envelope in real
multipath channels and to propose a corresponding method.

2 Experimental setup

The experiment was carried out in a laboratory room using UWB direct chaotic
transceivers Dmitriev et al.[14] in accordance with the scheme in Fig. 1a. In
the emitter TX , a chaotic oscillation generator GC formed Dmitriev et al.[15]
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a sequence s(t) of chaotic radio pulses of duration TP = 166 ns, power PP =
50 mW, frequency band 2.5-3.5 GHz and repetition period 2TP , according to
the modulation signal m(t). After the channel C, the signal sC(t) was fed
to the receiver ED, which formed the envelope e(t) of the signal sC(t). The
distance d between the emitter and receiver was varied from 25 to 150 cm. In
oscilloscope Osc the signal waveforms m(t) and e(t) were recorded from the
moment of the leading-edge arrival of the m(t) signal first pulse.

(a)

(b)

Fig. 1. Experimental setup (a) for measuring the time of chaotic radio pulse propaga-
tion from emitter Tx to receiver Rx at distance di (from d0 = 25 cm to d8 = 150 cm):
m(t) is the signal that modulates chaotic oscillator GC , e(t) is envelope of chaotic
radio pulses at log-detector output ED, C is wireless channel. Transceiver module
(b).

Following the procedure of Skolnik[7], let us estimate the distance measure-
ment accuracy attainable at distance d. The shape of the chaotic radio pulse
envelope is adequately approximated with a rectangular or trapezoidal pulse.
Let us consider the rectangular pulse approximation.

The error δd in determining the distance is expressed by expression δd = cδt,
where c is the light speed in vacuum and δt is the RMS measurement error of
the pulse arrival time. According to Skolnik[7]

δt =

(
τ

2BE/N0

) 1
2

=

(
τN0

2BPdτ

) 1
2

=

(
N0

2BPd

) 1
2
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where B is the bandwidth, E is the energy of one received pulse, N0 is the
noise spectral density, τ is the transmitted pulse duration, Pd = E/τ is the
pulse power at distance d.

Let Qd ∼ 1/dn be the signal attenuation at distance d between the receiver
and the emitter, and n be the attenuation index of the real wireless channel.
Then Qd (in decibel) can be calculated as Qd = Q0 + 10n lg d/d0, where Q0 is
the attenuation of the signal at a distance d0.

Then the pulse power Pd [dB] at distance d from the emitter is deter-
mined by the following expression: Pd [dB] = Prad [dB] –Qd [dB] = Prad [dB]
–Q0 [dB]–10n lg d/d0.

Due to antenna losses Qant [dB] and the use of low-noise-amplifier (LNA)
with power gain Qamp [dB] in the receiver, the expression should be supple-
mented: Pd [dB] = Prad [dB]–Q0 [dB]−Qant [dB] +Qamp [dB]–10n lg d/d0.

Hence,

δt(d) =

(
N0

2B
10−(Pd [dB]/10)

)1/2

.
In the experiments, a transmitter Fig. 1b with 17-dBm (50 mW) emission

power and 19-dB attenuator are used, so the emitted power Prad =–2 dBm.
The antennas losses are assumed to be Qant = 6 dB, the LNA power gain
Qamp = 20 dB. The distance d0 was taken as 1 m. Attenuation in free space
at a 1-m distance is Q0 = −41.3 dB. Let us take the entire frequency band
of the chaotic signal be B = 1 GHz, assuming there is no additional filtering
in the receiver. Noise power spectral density at temperature 290 K is N0 =
4 ·10−21 W/Hz. For example calculations give accuracy values of about 4 cm at
100 m. For a distance of 1.5 m, as in the experiment, the theoretical accuracy
is about 0.6 mm.

The chaotic radio pulse propagation time is measured by means of compar-
ing the signal waveforms m(t) and e(t). The time difference of the leading edges
of the pulse envelopes of the transmitter signal m(t) and the receiver signal e(t)
was evaluated for each pair of transmitted and received pulses. This method is
the most attractive from the technical viewpoint and it is extensively discussed
D’Andreaet al.[16], Dardariet al.[17], Liu et al.[18], Zwirello et al.[19].

Modulation signal m(t) controls the base-emitter junction of the transistor
generator GC of UWB chaotic radio pulses. The transistor oscillator GC gives
chaotic radio pulses, the initial pieces of which are nearly identical Dmitriev et
al.[15], so in the receiver, the leading edges of all pulse envelopes are similar
for the same propagation conditions, to within the effect of noise.

The receiver is based on a UWB log-detector [20] and a low-noise amplifier
with the signal gain 102. The receiver sensitivity is 3 ·10−9 mW. Instantaneous
value of envelope e(d, t) at the receiver output is proportional to logarithm of
instantaneous power of UWB chaotic signal at the receiver input. The envelope
amplitude obeys e(d, t) = 10αlgP (d, t)/P0, where P0 = 1 mW is reference
power; α is log-detector slope; P (d, t) is the signal power that came from the
transmitter at distance d.

For the incoming power within the range 3 · 10−9 mW to 10 mW, the
detector gives the output signal amplitude e(d, t) within the range 0.5 to 2 V,
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respectively. This is enough to have technical opportunity to receive UWB
chaotic radio pulses with the power varying from 50 mW at the transmitter
output (d = 0) to 0.05 mW (d = 25 cm) or to 0.0025 mW (d = 150 cm) at the
receiver input. These power values correspond to the receiver SNR for which
the negative effect of noise is negligibly small and only the interference due to
multipath propagation must be taken into account.

For each transmitter pulse, the emission moment was determined by the
leading edge as the moment τM the modulating signalm(t) exceeded the thresh-
old value VM Fig. 2a. In the receiver, the pulse arrival time was recorded at
the moment τE the signal e(t) exceeded the value VE , i.e., m(τM ) = VM and
e(τE) = VE , respectively. The difference τE − τM between these moments is
equal to the pulse propagation time from the moment it was formed in the
transmitter to the moment it appeared at the receiver output. This difference
includes the processing time TC for which the signal passes through the output
circuits of the transmitter, the processing time of the receiver circuits and the
propagation time through the space from antenna to antenna:

TD = τE − τM = TS + TC

3 Results of the experiment

Waveforms mi(t) and ei(t), i = 0...8, for distances di ={25, 30, 37.5, 50, 62.5,
75, 100, 125, 150} cm between the emitter and receiver were recorded in the
experiment. The waveforms mi(t) and ei(t) were sampled in the oscilloscope,
sampling frequency fS = 2.5 GHz. The time step 0.4 ns between the samples
corresponds to 12 cm accuracy of distance.

To determine the pure pulse propagation time TS through the wireless
channel (from antenna to antenna) it is necessary to exclude the unknown
time value TC . To do this, the propagation times TS(∆di) through distance
∆di = di − d0 corresponding to the difference TS(∆di) = TD(di) − TD(d0) =

(τE − τM )i − (τE − τM )0 = T
(i)
S − T

(0)
S between the propagation time TD(d0)

for distance d0 and TD(di) for di were evaluated.
Initial fragments of pulse waveforms ei(t) and mi(t) are depicted in Fig. 2b

for distances d0 = 25 and d8 = 150 cm. The leading edge of the pulse rises
for approx. 15 ns (Fig. 2b). The more the distance between the emitter and
the receiver, the smaller the envelope amplitude. The trailing edge of the
pulses is formed by the delayed paths. Values VM and VE were set at the

half of the average amplitudes of pulse envelopes: VM = V
(i)
M = A

(i)
M /2 and

VE = V
(i)
E = A

(i)
E /2. It allows us to compare the pulse propagation time for

different distances by the time moments corresponding to the same pulse phase,
namely, the moments when the pulse achieves half of its maximum amplitude.
The envelope pulse amplitude is proportional to its power; the mean pulse
amplitude corresponds to half the pulse power at a given distance from the
source.

Moments τ
(j)
i (VM ) of the leading edge of each pulse of signal m(t) and mo-

ments τ
(j)
i (VE) for the signal e(t) were determined in the experiment, where
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(a)

(b)

Fig. 2. Signal waveforms (a), (b) in the emitter and receiver: m(t) is curve 1, e(t)
is curves 3 and 4 for d0 = 25 cm and for d8 = 150 cm, respectively; line 2 marks
the threshold voltage to determine the emission moment; lines 5 and 6 are threshold
voltage values for pulse envelopes in the receiver for d0 = 25 cm and for d8 = 150 cm,
respectively; lines 7 and 8 mark the mean amplitude of pulse envelopes for distances
d0 = 25 cm and d8 = 150 cm, respectively.
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j = 1. . . 1000 corresponds to pulse numbers in signals mi(t) and ei(t). Distri-

butions of time differences ∆T
(j)
i (di) estimated in the experiment are depicted

in Fig. 3: ∆T
(j)
i (di) = τ

(j)
i (VE) − τ (j)i (VM ). Vertical black lines denote the

average values ∆Ti = 〈∆T (j)
i 〉, where angle brackets mean averaging by j.

Fig. 3. Distribution of time of arrival values P
(
∆T

(j)
i

)
for distances d0 = 25 cm

(curve 1), d4 = 20 cm (curve 2), d6 = 75 cm (curve 3), d9 = 150 cm (curve 4).

Vertical lines mark average propagation time values ∆Ti = 〈∆T (j)
i 〉.

Distances DS(di, d0) were estimated using average propagation time values
∆Ti (Fig. 4a): DS(di, d0) = c(∆Ti − ∆T0), where c is light speed. Solid line
corresponds to actual distance values. Errors of distance estimation ES(∆di) =
DS(di, d0)–(di − d0) are presented in Fig. 4b; errors vary from 1 to 15 cm.

The described method of measuring propagation time requires the knowl-

edge of the threshold VE = A
(i)
E /2, that depends on the amplitude of pulse

envelope. Practically it is not convenient and it is much more interesting to
measure the signal propagation time referring to a constant threshold value

VE = TE that does not depend on the pulse envelope amplitude A
(i)
E .

Estimation of moments τ
(j)
i (TE = 0.5 V ) and corresponding distances

DS(di − d0) for a constant threshold value VE = TE = 0.5 V , that is not
changed in the experiment for different sets of pulses, gives biased estimates
(Fig. 4a, crosses). This result agrees with Zwirello et al.[19], where it was also
shown that energy detection of UWB ultra short pulses with constant threshold
gave biased propagation time.

Application of ”threshold” method under condition of correct choice of sig-
nal reception phase solves the problem of estimating chaotic pulse propagation
time by its envelope, but there arises a question: is it possible to measure the
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(a)

(b)

Fig. 4. Distance estimate DS(∆di) (a) and average error ES(∆di) (b) as functions
of true distance ∆di calculated from: average time delay between emitted and re-
ceived pulses (diamonds) being in phase; average time delay between emitted and
received pulses for constant threshold (crosses); minimum time propagation delay for
the packet of pulses (squares); maximum cross-correlation function between emitted
and received signals (circles).

pulse propagation time for a series (a packet) of pulses, but not for each sepa-
rate pulse? This approach seems to give more precise estimates. The following
method is proposed.

Consider a value
(
τ
(j)
i (VE)−∆

)
− τ (j)i (VM ), where ∆ is parameter. If ∆ is

exactly equal to the pulse propagation time, then above value is equal to zero:(
τ
(j)
i (VE)−∆

)
− τ (j)i (VM ) = 0. The sum of modules

T (∆) =
N∑
j=1

|
(
τ
(j)
i (VE)−∆

)
− τ (j)i (VM ) |

is equal to zero T (∆) = 0, if the pulse propagation time for each pulse is equal
to ∆; otherwise, in case of measurement errors, it is greater than zero. Let us
find ∆opt, that is the value minimizing T (∆):

∆opt = arg min
∆

N∑
j=1

|
(
τ
(j)
i (VE)−∆

)
− τ (j)i (VM ) |

.
The found value ∆opt is an estimate of pulse propagation time based on

the series of N pulses. The results are depicted in Fig. 4a and Fig. 4b. The
achieved accuracy is better than that based on the single pulse.
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Finally, it is interesting to consider another limiting case. Let estimate the
pulse propagation time using the cross-correlation technique widely accepted
in physics. The propagation time TD equals to the time shift between signals
m(t) and e(t) for which the correlation function achieves the maximum:

TD = arg max
t

∫ +∞

−∞
m(t− τ)e(τ)dτ

.

Results of distance estimations based on the calculations of TD are depicted
in Fig. 4a and Fig. 4b. Here also, the bias of the pulse propagation time attracts
attention. This is due to the amplitude properties of the correlated signals, i.e.
the correlation function achieves the maximum if the correlated signals fit in
shape, but the shape itself in the context of determining the propagation time
has no physical meaning (Fig. 5).

Fig. 5. Time-aligned envelope e(t) and modulating m(t) signal waveforms for the
maximum of cross-correlation function for distances d0 = 25 cm (curve 1), d4 = 50 cm
(curve 2), d6 = 75 cm (curve 3) and d8 = 150 cm (curve 4).

4 Conclusion

The results confirm that application of UWB chaotic radio pulses in multipath
channel allows us to achieve centimeter precision in wireless ranging. This
precision is worse than the theoretical limit, but it is better than the oscilloscope
precision. The described approaches to wireless ranging can be applied in real
wireless transceiver based on UWB chaotic signals.
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The obtained results show that the estimation error is essentially less than
typical path delays of the multipath channel, that is about ≈ 1 m in terms of
distance.

Authors thank Itskov V.V. and Petrosiyan M.M. for the help with the ex-
periment.

This work is supported by the State Assignment of the Kotelnikov Institute
of Radio Engineering and Electronics.
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Abstract: Since the beginning of recorded history Saint Elmo’s fire (SEF) has been observed and 

experienced by humans in and close to thunderstorms which are dissipating in strength, either at sea level 

or in mountainous regions. The systematic study of SEF in nature has proved difficult due to inadequate 

measurement equipment and the understanding of high-voltage circuit requirements for partial gas 

breakdown measurement. The understanding of how SEF is generated is not only important in developing 

protection systems for shipping and aircraft flying at high altitudes and landing, but also for 

bioelectronics. Arguably our understanding of SEF is largely based on historical events and the empirical 

mathematical construct of Peek’s Law, which attempts to identify the visual inception voltage in terms of 

the minimum electrical field stress required for the generation of corona discharge at sharp protrusions. 

 

This paper examines how SEF is formed around water-ice particles (graupel), as well on the surface of 

dirigible airships and airplanes. The paper also compares these ‘natural’ mechanisms to those which are 

recreated under laboratory conditions, using high-voltage direct-current, (HVDC-), high voltage 

alternating-current HVAC (50 Hz), as well as using a Tesla coil (0.3 to 30 MHz). SEF has also been 

investigated for the stimulation of living insects; it can also be used for their eradication. The Tesla coil 

circuit has been demonstrated to be suitable for the creation of a minimum visual inception voltage on 

both these living insects (moths and beetles), as well as on larger artificial objects such as ship models. 

 

With wings spread wide he glided by, effortlessly and grand, He sailed out over the valley, ‘He’d finally 

left the land. 

 

 

Keywords St Elmo’s fire, plasmoid, Aircraft surface protrusion, Insects, Tesla coil. 

 

 

1. Introduction 

 

The objective of this paper is to help explain the nature and impact of Saint Elmo’s fire (SEF), which is a 

naturally occurring discharge observed in the Earth’s lower atmosphere. A further objective is to compare 

the effect of this electrification process on both living and manmade objects. Human observations of SEF 

have been reported from ancient times to the present day. For example the ancient Greek’s described eye-

witness accounts of naturally occurring atmospheric luminous disturbances, within thunderstorms and 

volcanic eruptions. At the time these events were called Helena where one was seen, and Caster and 

Pollux (the twin brothers of Helen) when two appeared. In Roman times these ‘brothers’ were regarded as 

the patrons Saints of Mediterranean sailors, to whom they appeared as SEF on the masts and spars of 

sailing ships as the electrical storm disturbance, began to dissipate. These good omens being manifest as 

characteristic cracking or hissing sound with a blue/violet flame-like glow. Between the years 1610-1611, 

art emulates real life when William Strachey’s account of the ill-fated ‘Sea adventure’ voyage from the 

new world in 1610, is retold by William Shakespeare within the play ‘The Tempest’ [1]. In this play, SEF 

takes on a more sinister role as the spirit ‘Arial’ who manipulates the mariners off the ship. Further on in 

time, in the summer of 1786, Britain and mainland Europe experienced a major dust cloud, caused by a 

plume of ash that was carried by the prevailing Atlantic winds when the Icelandic volcanic Laki erupted. 
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This led to an extronary number of violent lighting storms. Eye-witness accounts from the time, detailed 

how ball-lighting (BL) and fireball’s (FB’s) occurred. At least 17 events were recorded during the period 

from June 30th to August 31st in Britain and Ireland alone [2]. Modern measurements of the volcanic ash, 

from Icelandic an eruption in 2010, showed that the ash particles were typically SiO2 with particle sizes in 

the nano and micron range [3, 4]. These particles spread over Scotland and mainland Europe, with larger 

particles falling closer to the source. In 1886, these atmospheric phenomenon started to be systematically 

complied and reported [5] as SEF [6], BL [7] and FB [8]. The latter two types proving to be more life 

threatening when compared to SEF. It is clear however that many of the eye-witness accounts from that 

time, were not scientifically formulated and possibly some were embellished. In addition it has become 

clear that BL has the ability to interfere with radio broadcasts and to transfer part of its information 

through a glass window pane with and without damage to the glass [4, and 8 - 11]. In the period 1899 to 

1900, while working on wireless power transmission at Colorado Springs Nikola Telsa                                                                                                                    

performed a series of electrical and photographic studies, aimed at artificially generated FB [12]. In his 

notes Tesla proposed two hypotheses, firstly, that a ‘fireball is produced by sudden heating, to high 

incandescence, of a mass of air or other gas as the case may be, by the passage of a powerful discharge’. 

And secondly, maintenance of the FB may come from an external source such as stray, or a second 

cooperating electric field. Today the term cooperating has become equivalent to a resonance condition. 

By 1928, the term for this electrical phenomenon began to be classified under the term ‘plasma’ (Greek: 

meaning mouldable substance), which considers an assembly of gas molecules that has some of its atoms 

or molecules temporally ionized or excited [13]. The optical emissions obtained from plasmas are related 

to the relaxation processes of the ionized and excited species. By 1952 the subclass ‘plasmoid’ was added 

by Winston H. Bostick, which defines a separate plasma-magnetic entity that may be ejected from the 

parent plasma [14]. 

 

More recent (1978), Challahan and Makin, in an attempt to partly explain nocturnal observations (1965-

1968) of unidentified flying object (UFO) in the Utah Deseret-USA, performed a series of electrification 

experiments on moths and beetles that are naturally found in the Uintah basin [15]. From their 

experiments they proposed that a mass swarm of glowing (blue) insect could help explain some UFO 

sightings in the Utah basin. 

 

Grigor’ev et al 1991 [16] and Donoso et al 2006 [17] have statically shown that buoyant and mobile BL 

and surface attached SEF originate from thunderstorm activity, but there is a need to differentiate between 

their electrification mechanisms. Today, there is a renewed need to look at SEF, in particular due to 

impact on aircraft static discharge, as well as the online misinterpretation of cockpit window 

Precipitation-static (P-Static) discharges as SEF. An experimentally generated example was formed 

through the use of single, dual and multiple array metal (1 - 2 mm diameter) aerial-antenna igniter 

obtained using a converted domestic microwave oven plasma reactors (DMOPR). This equipment was 

fabricated for the production of hydrogen [18], as well as functional carbon-based nanostructures [19]. 

Within these systems, dielectric heating of the liquid and microwave aerial-antenna igniter generate 

bubbles and as the bubbles grow (under enhanced electric field stress at the igniter tips) they become 

detached from the metal surface and become buoyant. Fast camera imaging of water bubble growth and 

calculation also suggest as the interface liquid film dries, electrification (gas breakdown) of the bubble 

gas occurs producing a plasmoid at approximately 0.1 - 0.3 kV cm-1 in the pressure range of 7 - 20 kPa. 

This electrification transition from bubble to plasmoid has many similarities to electrification of graupel 

in thunderclouds and insects flying through high electric fields near thunderclouds. Improving the 

understanding of these electrification processes is part of the motivation of this paper. A further objective 

is to examine the complexity of terminology of BL, plasmoid, and SEF which describe electrification 

around point-like objects that are either metal conductors or living biological entities, in this case insects. 

In addition to help to differentiate SEF, from the 2-dimenational surface Streamers that forms on 

insulating surfaces. This paper reviews atmospheric corona disturbance and nitrogen chemistry (section 

2), SEF formation via of graupel and electrification of thunderclouds (section 3); Peek’s Law that 
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determines the visual inception electrical field strength for SEF production prior to gas breakdown 

(section 4); storm activity leading to dirigible airship disasters (section 5); aircraft encounter with 

atmospheric pressure electric fields (section 6). Section 7 considers HVDC-, HVAC and Tesla coil 

stimulation of model sailing ships in the length range of 1 to 10 cm. Section 8 reports on how electric 

fields can be used to stimulation of insects (section 8.1) as well as to annihilate them (section 8.2). Finally 

section 9 provides discussion and summary of this work. 

 

 

2. Atmospheric corona disturbance and nitrogen chemistry 

 

Saint Elmo’s fire (sometimes called brush discharge) is generally regarded to be produced at regions of 

high electrical stress around the tip of conducting tips and protrusions due to the geometric field 

enhancement where equal-potential lines become bunch up [20 - 22]. These partial discharges occur on 

elevated structures on the earth surface (figure 1) and beyond the cruising altitude of normal commercial 

aircraft (typically 10 - 12 km, close to the upper limit of the earth’s troposphere. It is now accepted that 

the energy that initiates these discharges originate for the dc potential difference between thunderclouds 

and ground and, ac electrical fields generated by lighting within cloud-to-cloud and cloud-to-ground/sea 

[9 - 12]. Within this atmospheric altitude range, mathematical models that estimate the corona visible 

inception voltages are generally normalized to pressure. For example, fair weather air atmospheric 

pressure conditions (20oC and 101.3 kPa) at sea level are normalized to 1 atm and decreases with altitude 

(10 - 12 km corresponding to 0.24 to 0.18 atm). An example of this normalization process can be found in 

Peek’s Law [20], see section 4. 

 

 
Figure 1: Engraving of SEF on the spars and masts of a sailing ship. Dr. G. Hartwig. (The Aerial World. 

(London 1886) [6]. 

 

Statistical analysis of over 200 SEF eyewitness observations under different geographical locations which 

indicated that approximately 62% of the observation had a blue/violet appearance, 20% appear to be 

white and 13% were red [16, 17]. Optical emission spectroscopy (OES) of SEF on aircraft reveals a 

similar blue/violet emission that can be attributed to the 2nd positive system of nitrogen (N2) (C3Π𝑢
+ −

B3Π𝑔
+): < 18 eV. [23]. In the laboratory at sea/ground level, the authors of this work has measured the 

OES of the 2nd positive N2 system within a flowing air arc afterglow as a function of axial distance [24] 

and determined the gas temperature varied from 500 - 300 K in the near-afterglow to > 300 K in the far-
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afterglow. 

 

3. SEF formation via graupel 

 

In order to interpret the formation of SEF and to differentiate it from BL, their origins within the earth’s 

weather system is considered as function optical emission of atmospheric air (mainly a mixture of N2 and 

oxygen (O2)) and graupel (a mixture of water and ice particles) surface chemistry. 

 

First consider the convection of warmed air from the earth as it expands adiabatically as it rises through 

the troposphere until it reaches the stratosphere, where the sun’s energy reheats the circulated air. This 

natural convection process allows the cloud to capture positive charged particles resulting in a initial 

electrification of the cloud. With increasing electrification a negative charge begins to be formed on the 

upper cloud boundary which then flows down outside to the base of the cloud. The accumulation of 

negative charge at the base of the cloud, now by convention called cumulonimbus, reinforces the cloud-

ground/sea electric field. The electric field in this region is known to be of the order of 1 - 3 kV cm-1 that 

is not sufficient to overcome the dielectric strength of air. To achieve the required field strength an 

inductive charge process within clouds has been considered [25, 26] where water moisture (H2O) is 

propelled to high altitudes by updroughts and cools to form graupel that undergoes a continuous 

dissociation-recombination process forming hydronium ions (H3O+) and hydroxyl ions (OH-) intermediate 

products. This reversible reaction process is given in equation 1 where approximately 20% of the 

intermediate product ions are available for electrification. 

 

2𝐻2𝑂  
𝑔𝑟𝑎𝑢𝑝𝑒𝑙
↔      𝐻3𝑂

+ + OH− (1) 

 

Under natural background acidic conditions, charge separation of the available ions then follows, where 

the H3O+ ions move into the vapor phase, and due to their buoyancy are lifted by updroughts to the top of 

the cloud leaving the larger and denser OH- charged graupel to fall under gravity to bottom of the cloud. 

This dynamic process generates a potential difference between the top and bottom cloud boundaries. With 

increasing gravitational separation, the negative charged graupel forms a negative space-charge that 

enhances the pre-existing fairweather electric field between the cloud and ground/sea. When the charge 

attraction between the cloud bottom boundary and ground strengthens, electrons and negative charged 

ions shoot down from the cloud as stepped leaders to meet upward positive charged streamers to produce 

a lighting channel. As the enhanced electric field subsides, sufficient energy still remains to partially 

ionize N2 molecules at the enhanced electrical fields at metal protrusions, at or, near ground level to 

produce the characteristic blue/violet appearance of SEF. 

 

 
Figure 2: a) Diagrammatic representation of graupel falling, under gravity onto a conducting tip; b) SEF 

formed around this conducting tip: The relaxation reaction (the blue/violet optical emission) is shown in 

the annotation box b). Vertical electric field conditions: cloud to ground/sea. 
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It has been proposed [26], that where a cluster (10 or more) of charged graupel particles fall to the ground 

in the absence of a metal protrusion SEF does not occur but a collective discharge action occurs breaking 

down the surrounding atmospheric air causing the production of buoyant BL. The characteristic optical 

emission of which ranges from yellow, through orange, to red  = 550 - 780 nm) as indicated by [16]. 

The associated atomic and molecular ion spectra are: atomic-H-Balmer-α line ( λ = 656 nm), the 1st 

positive system nitrogen ( = 580 and 654 nm), the O (3p5P−3s5S) (λ = 777 nm) and the excited NO2
* 

molecule continuum (λ = 450 - 800 nm) [24]. Plus metastable neutral oxygen (λ = 557.7 nm) [27]. The 

emission lines and bands quenching as the graupel finally melts. 

 

 

4. Peek’s Law for a single metal electrode (protrusions and tips) 
 

Increasing the electrical stress around a single metal electrode tip (or protrusions) ultimately results in 

local air breakdown around the electrode. At this level of stress, the local air volume is weakly ionized 

followed by a rapid electron recombination back to the ground state discharge. On the milliseconds time 

scale the outer boundary of this volume, the ionization frequency (vi) just balances the electron loss 

frequency (va) by attachment [28], see equation (2), and figure 3. Under these condition a static corona 

discharge, or SEF, appears attached to the electrode with the visual inception voltage being higher than 

the visual extinction voltage because, once started there are always electrons to ionize gas molecules [29].  

 

𝑉𝑖 − 𝑉𝑎 ≈ 0 (2) 

 

Upon increasing the voltage stress level further (~5 kV cm-1), the discharge extends outward to form 

multiple streamers flowing from the electrode, where breakdown is enhanced by the production of 

electrons at the head of streamer. If the voltage becomes large or a counter electrode is close by (1 - 10 

cm) a conducting trail or channel may form producing a flashover discharge. If the applied voltage is 

maintained then sparks may be also formed. Increasing the voltage stress still further, creates bidirectional 

leaders are formed, which involve; space-charge and a gas heating ( 500 K) mechanisms, rather than 

corona onset alone. 

 

Table 1. Corona inception electrical field values and characteristic temperature (K) for atmospheric 

discharge at ground/sea level. 

Parameter Corona discharge 

1 - 2 cm diameter 

grounded lighting rods 

[30, 31] 

Streamer discharge [34, 

31] 

Leader discharge [34, 

31] 

Electric field (kV cm-1) 0.2 - 2.7 ~5 ~1 - 5 

Gas temperature (K) ~300 ~300  3000 K 

 

From this sequence of increasing discharge energy states, it is reasonable to assume that SEF influences 

streamer and leader production. Table 1 (adopted from Gibson [30]) provides a guide to the inception 

voltage for the three different discharge types. The data shows that although the corona inception voltage 

for lighting rods has the lowest value for the three discharges (where the variation in the values is due to 

physical structure orientation of the rods [31]). 

 

Peek’s Law was originally proposed as an empirical formula for coaxial cylindrical configurations, 

parallel wires and spheres in the 1920s [20] and is still used today [29 - 37]. Peek’s empirical formula 

utilizes the local atmospheric condition and the surface condition of a conductor to estimate the corona 

visual inception voltage at local gas breakdown. For a manmade ac voltage source, see equation (3). 
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𝑔𝑣 = 𝑔𝑜𝛿𝑚 (1 +
𝑘

√𝛿𝑟0
)                 Measured in units of kV cm-1 (3) 

 

In equation 3, gv is the voltage gradient (kV cm-1) at the visual corona inception voltage; go is the 

disruptive electric gradient, for an ac voltage the value varies from: 27.2 k.cm-1 for a sphere, 30 kV.cm-1 

for parallel wires, and 31 kV cm-1 for coaxial geometries. The parameter  is the local relative air density 

(at sea level,  = 1 under fair weather conditions and 0.9 to 0.8 for storm conditions), m is the surface 

roughness factor (m = 1 represents dry and smooth clean surface under laboratory conditions). For wet 

conditions, Peek found that the gv fell sharply and considered this as a special case for m by substituting it 

with go = 9 kV cm-1. The parameter k is an empirical dimension factor (0.301 to 0.308) and ro is the tip 

geometry radius (cm). As energy is required to start a corona discharge the single electrode surface-to-

space boundary limits requires that the surface electrical stress is raised to gv so that at a finite distance 

away in space where kro is go air breakdown occurs. This conducting medium increases in volume 

beyond which ions and neutral drift to infinity causing an ionic wind. A simple schematic of this scenario 

for a single metal electrode is shown in figure 3. 

 

 
 

Figure 3: Schematic of corona discharge boundary limits (gv and go) for a single electrode and drift zone. 

 

Natural occurring disruptive electric gradients formed by near thunderstorms are generally accepted to be 

driven by direct current voltage source [20], therefore equation 3 may be rewritten as follows - 

 

𝑔𝑣 = 21.9𝛿𝑚 (1 +
𝑘

√𝛿𝑟0
) Measured in units of kV cm-1 (4) 

 

Where 21.9 is the route mean square (RMS) of the ac disruptive electric gradient for air (go). The 

parameters: gv, k and r0 having the same meaning as in equation 3. 

 

Given that Peek’s Law, in its different forms, is an empirical mathematical construct for ac and dc applied 

voltages, parameters  m k and ro are varied to fit experimental observations. For example Mombello et al 

[33] characterized contaminated conductors using the following parameters values: go = 21.9 and a range 

of m values: m = 0.6 (low), m = 0.4 (severe) and m = 0.2 (very severe) with a k value of 0.308. When 

studying lightning initiation, Bazelyan et al [34, 35] used the following parameter values go, k and ro value 

of 27.8, 0.54 and 1 cm, respectively. In 2018, Riba et al [36] republished values of m based on the work 

of a Cigré report [37]. These values are given in table 2, along with the Mombello et al. [33] surface sand 

contamination index, where m for clean surface = 1, and decrease with the amount of surface sand 

contamination. 
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Again in 2018, Riba et al [36] followed Peek’s original work by reducing parameters go  m to a single 

global parameter (b) for fitting purposes for metal spheres suspended above a ground plane. Such a data 

reduction technique limits the number of mechanism that can be modeled in this field of research. 

However the reduction technique does open up new fields of research where the radius of conducting 

objects, effects corona production. One such use of equations 3 and 4 is their application to the study of 

the dielectric extremities of month and beetle exoskeleton under which a conductive medium is held [15]. 

 

Table 2. Surface irregularity factor m [33, 36]. 

Surface irregularity factor Surface classification [36] Surface contamination 

index [33] 

m = 1 Smooth and polished surface Clean 

m = 0.8 - 0.6 Dry weather Low 

m = 0.6.- 0.3 Extreme pollution, snowflakes, raindrops Severe 

m = 0.25 Heavy Rain Very severe 

 

 

5. Storm and thunderstorm activity leading to airship disasters 

 

Another source of SEF has been extensively recorded in conjunction with airships filled with the lift gas 

hydrogen and helium. This section looks at some notable airships disasters between World War I (1914-

1918) and World War (1939 to 1945). At the beginning of this inter war era, German’s war reparations to 

the winning side supercharged the wide spread dirigible airship technology in both the militarily and 

commercial travel sectors even though airship susceptibility to ground-handling damage was well known. 

For example: hydrogen fires while the lift gasbags were being inflated; damage due to uncontrolled 

movement within the hangar; or lost from their mooring stations during stormy weather [38, 39]. Three 

airship disasters attributed to storm and thunderstorm activity are considered here are; the French Navy 

Dixmude, originally built by Luftschiffbau Zeppelin as LZ-114 for the Imperial German Navy; the United 

States Navy Akron ZRS-4; and the Hindenburg LZ-129 that ended the dirigible airship adventure. 

 

5.1 Dixmude airship 1923 

The French Navy Dixmude airship was the third and final 1918 ‘Height Climber’ X-class Zeppelin design 

(working altitude 6000 - 6,400 m). To achieve the design altitude these airships required a significant 

weight lost by removal of part of the original R-class airframe, and removal of one of the original seven 

engines from the rear gondola. At the French naval air base Cuers-Pierrefeu near Toulon, the airship 

underwent a three-year reconstruction for low level flight, along with the replacement of its now perished 

H2 lift goldbeater's skin gasbags.  

  

After a number of trial flights in 1923, the Dixmude made its last flight in December, a return flight from 

Toulon-France to the Algerian oasis of Ain Salah. On her return, at 8.00 am on Thursday (some 50 hours 

of flying time) the airship reported violent winds to the north and as the ship fought the winds further 

reports where sent stating that fuel was running low and two engines had broken down. The Dixmude had 

now become a ‘free-balloon’ and at the mercy of the winds. Her last radio message (02:08 Saturday 

morning 21st December) reported that they were following standard operating procedures to reel-in its 

radio antenna due to thunderstorm activity. Soon afterwards (02:30) railway workers and a hunter near 

Sciacca - Sicily reported a red flash in the Western night sky followed by burning objects falling in to the 

sea. In the morning, burnt airship wreckage was found and the charged corpse of the Dixmude 

Commandant and radio operator was found on the 26th December. With this news, many newspapers 

speculated that the Dixmude was struck by lightning causing the death of its 52 crew and passengers [40]. 
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A year later, Hugo Eeckener (Manger of Luftschiffbau Zeppelin and later Commandant of the Graf 

Zeppelin) wrote in the ‘Luftfahrt’ on the Dixmude disaster. In his article he states that the Dixmude was 

built to withstand routine lighting strikes, particularly at the nose and rear of the ship [41]. Furthermore, 

the burnt condition of the wreckage and corpse were consistent with a gasoline fire (i.e. that the hydrogen 

in the gas cells was not set on fire by a flash of lightning). He goes on to state that by the time of the 

disaster (some 60 hours flying time) the Maybach engines would have been working well beyond their 

maintenance schedule (the military specification was 1-2 days (24 - 48 hours)). Indeed Maybach refused 

to guarantee more than 48 hours continuous use, especially for the crankshafts. In closing his report, 

Eeckener notes that the airship should not have be used for such a prolonged flight as both the airframe 

and the 6 engines were not originally intended for long duration flight, in particular flying in serve storms 

that are associated within the Mediterranean region in the winter months. It is most likely that the true 

cause of the airframe sudden and catastrophic failure be know, but high altitude automatic hydrogen 

valveing due to a violent up draft in connection with a lighting strike cannot be ruled out. 

 

5.2  Akron airship 1933 

On the 4th April 1933, the worst airship disaster unfolded as the United States Navel helium filled 

dirigible flying aircraft carrier airship ‘Akron’ crashed at sea off the coast of New Jersey with the loss of 

73 out of 76 crew. The great death toll being due to drowning or hypothermia as there was on life jacket 

on board [42]. The disaster happened whilst the airship was navigating at low altitude through a 

thunderstorm when tail section hit the water. Eeckener’s comments on storm conditions comes to mind 

here, not only for this disaster, but also for its first (1932) crash [41]. 

 

5.3 Hindenburg airship1937 

At 3.27 EST on May 6th 1937 the 2nd worst dirigible airship disaster, with the lost 36 lives, unfolded at 

Lakehurst, New Jersey when the Hindenburg commenced its tethering procedure at the airship mooring 

mast. Herbert Morrison and Charles Nehlson’s [43] sound recording of the Hindenburg disaster, 

transmitted on the following day of the disaster, imprinted such public reflective memories (Hindenburg 

syndrome [44]) that would not allow hydrogen gas to be used in public transport for many decades. Both 

the US and German board of inquiries into the Hindenburg disaster picked out from the many ignition 

theories that a static discharge (spark) due the inclement weather at the time ignited the hydrogen gas. 

This partial conclusion may have been influenced by the knowledge that since the early to mid 1900s 

static discharge disrupts both aircraft radio and avionics. In addition an electric charge generated on the 

airframe can lead to exogenous charging. This electrical disturbance under all weather conditions has 

become known as P-Static [45 - 47]. Alexander J. Dessler’s critic of the incendiary-paint theory of the 

Hindenburg disaster [44] suggests that the water soaked outer surface skin material may have be factor in 

the spark ignition theory [48, 49] and by extension the Dixmude airship disaster: specifically the 

formation of SEF on the outer dielectric skin fabric which can allow an electrical capacitance leakage 

pathway(s) to the internal duralumin airframe, thereby providing the necessary conditions for P-static 

ignition. For the readers interest, table 3 provides the maximum length and diameter, the calculated entire 

cylinder surface area and cylinder surface capacitance (C = [(8 + 6.95(l/d)0.76]ε0d/2, where ε0 = 8.85 x10-12 

F m-1) for all three airships. Note however that the physical data does not reflect the electric field variation 

on individual panels or electrical stress points at the nose and the cruciform rear section of the airships. 

 

Table 3. Length (l), diameter (d) and entre surface area (A) and capacitance of the Dixmude, Akron and 

the Hindenburg. 

Airship Max length  

(l = m) 

Max diameter 

(d = m) 

Entire cylinder 

surface area 

 (A = km2) 

Right cylinder 

surface 

capacitance (F) 

Dixmude 226.5 23.9 17.8 4.8 x 10-9 

Akron 239.3 40.5 33.4 6.2 x10-9 

Hindenburg 245.3 41.2 36.2 6.3 x10-9 
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A final note on note on Dixmude and Hindenburg disasters: Considering that, there was thunderstorm 

electrical activity present at the time it is surprising however, that neither Bain [44] nor Dressler et al [48, 

49] discussed or compared the two H2 filled airships disasters. Moreover neither mentions Eeckener’s 

Luftfahrt article [41]. Dressler only relies physical chemistry evident and concludes with the possibility of 

corona discharge (brush discharge or SEF) was an energy ignition source. This line of thought is 

supported by Professor Mark Heald’s eye witness accounting of seeing blue SEF-like flicking along the 

Hindenburg’s top ridge minutes before the fire started [50, 51]. 

 

 

6. Aircraft encounter with atmospheric electric fields 

 

In order to quantify the level of electrical field the international Civil Aviation Organization has listed 

SEF within the aircraft encounter severity index at a value of 0, where the range of severity increases 

from 0 to 5. Index values of 4 to 5 are associated with encounters with volcanic ash, where an index value 

of 5 equates to engine failure or other damage leading to a crash [52]. Under these increasing severity 

conditions ash particles induce an electrostatic negative surface charge on the airframe surface, effect 

engine operation and interfere with radio communications. These in-flight charging conditions come 

under the generic term of P-static [45 - 47], see figure 4 and [53]. Over the years static discharger 

structures (or static wicks) installed at the wing trailing edge, and empennage, have been developed to 

alleviate charge build-up. This electrostatic surface phenomenon is mainly due to triboelectric charging as 

the aircraft moves through the ash cloud and is proportional to the drag presented by the aircraft frontal 

area and airspeed (typically ~10 - 400 A m2 at 475-500 knots (880-926 km/h for design purposes [26]), 

see figure 4. Ash cloud-aircraft interactions may occur near a volcanic eruption source, or some 100s km 

away from the eruption [4]. 

 

On the Web, videos and commentary can be found that describes mysteriously rapidly moving spider-like 

discharges on aircraft cockpit windows. Generally these discharges are misinterpreted as SEF rather than 

surface streamer discharge, even though they have different visual properties. As previously stated in this 

work, SEF appears as a static glow attached to an electrical conducting tip or protrusion. The main 

characteristics that differentiate SEF from a surface streamer discharge on an insulator surface are listed 

in Table 4. The differentiation between these two types of discharge is that SEF occurs at aircraft 

extremities (wingtips, tail fins, and aerials), whereas surface streamer discharge occur on insulating 

surfaces (dielectric cockpit windows and non-electro-magnetic protected regions of the radome where 

each have high bulk resistivity > 1012 m). The application of metal diverter strips on radome protect 

the radar system by dissipating the received electrical charge onto the aircraft fuselage faraday cage, and 

then normally dissipated from the aircraft via the engine(s) and static wicks [45 - 47]. However windows 

and radome may have low local surfaces resistivity due to contamination that enhance the local electrical 

field promoting streamers that can propagate or track along weaknesses to cause irreversible surface 

damage in accordance with an aircraft encounter severity index 2-3 [52]. At ground level and within 

research laboratories, similar surface damage caused by streamer and sparks are known to occur in 

atmospheric N2 dielectric barrier discharge plasma, operated with a peak voltage of 2 - 8 kV in the 17 - 25 

kHz range [54]. 

 

Table 4. Main parameter characteristics of SEF and surface streamer discharge. 

Parameter SEF Surface streamer discharge 

Visual inception voltage field 0.2 - 2.7 kV cm-1 3 - 5 kV cm-1 

Friction (induced by air flow) No Yes 

Bonded metal protrusions Yes No 

Insulator surface No Yes 

Appearance and color Blue glow Blue and white spider-like appearance, mobile 
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Since the 1940s, accounts of SEF horns on aircraft composite radome or as a streamer on cockpit 

windows have been documented, both of which may initiate BL formation within the Faraday cage of an 

aircraft and exiting via the wing or rear of the aircraft [11, 17, and 55 - 57]. Reference [11] describes a 

thunderstorm accouter with a Lockheed C-130 Hercules transport plane, along with thin cloud encounter 

(~4500 m) with a Douglas C-133A Cargomaster plane, while [55] describes a thunderstorm encounter 

with an all metal airliner (Eastern Airlines EA539. In addition [56, 57] report on an in-flight (4500 m) 

encounter with a Boeing KC-97 Stratofreigther tanker. The wittiness’s to all of these encounters describe 

seeing a luminous (gold or yellow-white) ball of approximately size 10-20 cm in diameter that slowly (5-

10 seconds) passes horizontally from front to rear of the fuselage isle. 

 

 
 

Figure 4: Aircraft P-static locations and BL path (drawing modified from Nunes [53]). BL genially enters 

at the front aircraft and exits at the wings and the empennage [11, 17, 55 - 57]. 

 

A commonly discussed cockpit BL window penetration mechanisms is observed for high flying aircraft is 

driven by and formed by atmospheric ions impinging and collecting on the dielectric window surface. In 

this a surface charge can produce an electric field on the other side of the window that is sufficient to 

sustain BL that is transient and a separate entity from the outside surface charge. Once established the BL 

is attracted (without coming into contact with any surface) to surface electric currents flowing within the 

electrically charged aircraft. The BL passes through the aircraft and may be dissipated at the static wicks 

located at the trailing edge of the wings and on the empennage. Under these formation conditions, BL can 

be considered to fulfill the criteria for being a plasma-magnetic entity or plasmoid [14]. 

 

By 2000, Varas and Rokne [58] uses the term plasmoid to describe BL when developing physics based 

software that color renders and sizes a plasmoid whilst it passes through a small opening. More recently 

Egrovo et al [59] and Dubowsky et al [60, 61] produced hydrated plasmoids with sub-second lifetimes 

using a high-voltage triggered impulse circuit. Their experiments shed light on the luminous colors of the 

plasmoids, but left open questions regarding the prolonged lifetimes observed in aircraft the fuselage. 

 

 

7. Laboratory HVDC-, HVAC and Tesla coil stimulation of model sailing ship experiment 

 

Section 5 considered large scale manmade object (100s of meter in length). This section now considers 

the work by Tonmitr and Kaewrawang who used classical sailing ship models that where scaled down by 

1:500 cm to give artificial cloud-to-ship length of 1-10 cm [21]. The aim of their research being the study 

early streamer air terminal devices to protect tall structures from lightning strike. For electrification 
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purposes HVDC-, HVAC (50 Hz), and a Tesla coil (0.3 to 30 MHz) were used. Although little 

information on the high voltage circuit is given, the operational principles of the HVDC and Tesla circuit 

are similar to [15]. The electrode is constructed as an upside-down cup with an open lattice to represents a 

thunder cloud and the gap distance is measured from the center of the electrode to the tip of the mast top 

of the ship model. The classical sailing ships are designed with three masts and are electrically boned to 

earth: however no detail of the ship’s material is given. 

 

Table 5. HVDC-, HVAC and Tesla coil inception voltage as a function of electrode-mast gap distance, 

normalized electric field stress reference to kV cm-1. 

Test subject Electrode-to-ship 

gap (cm) 

Corona inception voltage (kV) and electric field 

stress (kV cm-1) 

 

 

 

Model ship 

Scale  = 1:500 

DC- AC (50 Hz) Tesla coil 

5 19.5   (3.90) 24.4   (4.88) 10.10   (2.02) 

10 25.9   (2.59) 43.8   (4.38) 11.69   (1.16) 

15 32.8   (2.18) 57.4   (3.82) 19.94   (1.32) 

20 39.1   (1.95) 67.2   (3.36) 25.43   (1.27) 

25 45.7   (1.82) 73.0   (2.92) 23.93   (0.95) 

30 64.4   (2.14) 82.7   (2.75) 33.85   (1.12) 

Using Tonmitr and Kaewrawang’s original inception voltage date and their respective computed voltage 

electric fields, the experiment outcome is analyzed using Peek’s Law. Table 5 shows the original 

inception voltages with the new computed electric fields.  

 
Figure 5. Tonmitr and Kaewrawang’s inception voltage date [21]. The trend lines are used as a guide and 

show the Y-axes intercept constant (table 6). 

 

Figure 5 shows the inception voltages supplies as a function of electrode-mast gap distance for each 

circuit. Microsoft excel linear fitting for all three power supplies is also shown in table 6. The trend line 

regression (goodness of fit) and backward extrapolation to the Y-axes origin are listed in table 5. The 

linear fit assumes that the electric field is uniform throughout the measured gap distance. However, the 

real-world asymmetric geometry of the electrode-ship arrangement (voltage stress on the electrode with 

the ships mast at ground potential) the electric field becomes focused at short gap distance (0 - 5 cm) [20, 

62]. Hence a Microsoft Excel linear fit algorithm is used to aid the reader’s eye to show the theoretical 
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intercept constant on the Y-axes. Given this, the HVAC supply provides the greatest inception voltage 

over the given gap distance (2.22 kV cm-1 between 5 to 30 mm), followed by the HVDC- circuit that 

provides electric field of 1.65 kV cm-1 over the same gap distances. Whereas the Tesla coil provides the 

least visual inception voltage with a radio frequency electric field of 0.91 kV cm-1, again over the same 

gap distance. 

 

The lower voltage disruptive gradient of the HVDC- supply may be partially understood by comparing 

the two Peek’s Law (equation 3 and 4) where a HVDC- (50 Hz) would be expected to produces a 

disruptive gradient a RMS (0.707) of the AC supply voltage gradient. As for the Tesla coil gradient, 

Tonmitr and Kaewrawang has suggested that this maybe due to a higher field utilization factor at radio 

frequency [21]. 

 

Table 6. Figure 5 Excel line fittings parameters, goodness-of-fit (R2) and line equation. 

Fitting parameter Power supply Excel regression (R2) Excel line equation 

Linear fit HVDC- 0.945 y = 1.6583x + 8.880 

Linear fit HVAC (50 Hz) 0.960 y = 2.2223x +19.93 

Linear fit Tesla coil 0.925  y = 0.9198x + 4.727 

 

 

8. Laboratory electric field stimulation and annihilation of insect experiment 

                                                                

This section considers SEF formation on insects that have a characteristic length in the range of a few cm. 

Specifically, the focus is on the analysis of live insects, which are subjected to electrification experiments, 

such as performed by Challahan and Mankin [15] as well as by Morar et al [63]. 

 

8.1  Callahan and Mankin experiments 

Callahan and Mankin evaluated how an electric field stress when applied to living insects, would induce a 

visible glow on the dielectric exoskeleton which surrounds the conducting medium of the insect’s body 

without causing death. The second aim was to determine whether a swarm of glowing insects could be 

seen in the night sky. Within the journal ‘Applied Optics’ Tha Paw questions the validity of Callahan and 

Mankin’s experiments and calculations [64], whom follow-up with rebuttals [65, 66]. In the discussion 

the focus was on whether a Tesla coil that operates in the medium to high frequency band (0.3 to 30 

MHz) is suitable to mimic atmospheric electric fields induced by a thunderstorm, Callahan contest the 

electric fields produced by nearby thunderclouds is not pure dc in origin, but is also partly supported by 

energy absorption from radio or other electromagnetic energy form thundercloud region. In support of 

Callahan’s use of the Tesla coil it is should be noted that in Peek’s original atmospheric spark-over 

(flashover) experiments [20] used a similar spark gap transformer circuit that operates in the 100 kHz 

frequency range for the evaluation thunderstorms activity. Recently (2012) aircraft in-flight encounters 

with lighting and thunderstorms cause interference in the 10 MHz range [67]. 

 

The Paw also questioned the validity of the insect luminosity calculations. Mankin responses [66] by 

agreeing with Tha Paw that although the insects-swarm hypothesis is plausible, it is by no means 

completely validated, and may never be completely validated to everyone's satisfaction. The entomologist 

May Berebaum writing in American Entomologist some 34 years later, reopened Callahan and Mankin’s 

insect swarm hypothesis by citing 2012 Television reports and numerous internet reports on possible 

insect swam seen at night [68]. For this reason this current work only examines the first aim of Callahan 

and Mankin’s electrification experiments. 

 

The first circuit used a Molectron HVDC supply provides a 0 - 20 kV impulse voltage across a capacitor 

consisting of 2 aluminum plates, each having an area of A = 20 cm2 and a separation distance d = 1.9 cm 

in which the insects were suspended between the plates using Duro rubber cement. However the circuit 
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produced arcing (flashover) that resulted in the death of the insect. Therefore HVDC circuit was not 

deemed suitable for the purpose of SEF stimulation of living insects and no further experiments were 

performed. The second circuit used a Cenco Tesla coil: 0 - 10 kV operating at a resonant frequency with 

the medium to high frequency band where the resonant frequency is adjusted by altering the spark gap 

[12, 15]. The operating difference between circuit 1 and circuit 2 is that the HVDC produces high-voltage 

and high to medium current, while the Tesla coil produces a high-voltage and low-current that produces a 

lower energy transfer due to the loosely-coupled nature of the windings [12, 69, and 70]. 

 

For the second circuit (Cenco Tesla coil) the insect was attached using approximately 1 cm of Duro 

rubber cement to the secondary winding tip of the Tesla coil (figure 6). The 2 MHz self-tuning bandwidth 

of the circuit was found sufficient to stimulate glow on living insects at electric field stress levels of 

approximately 2 - 3 kV cm-1 and continued as the voltage stress was reduced to 200 - 300 kV cm-1 [63]. 

 

The entomologists did not explain fully how electrical turning was performed. From an electrical 

engineering perspective, it is assumed that without an iron core the transformer primary and secondary 

windings are loosely coupled. The loose coupling efficiency means that 5-20% of the magnetic field of 

the primary winding passes through the secondary when it is open circuited. Thereby slowing the 

exchange of energy between the primary and secondary windings, which allows the oscillating energy to 

stay in the secondary longer before it returns to the primary and dissipate in the spark. At this point the 

topload capacitance (rubber and insect) frequency pulls the operating frequency downwards, but still 

remaining within the design frequency bandwidth of the circuit [69, 70]. 

 
 

Figure 6. A schematic of the Cenco Tesla coil, with a topload moth on the secondary winding tip. 

 

Table  7. Tesla coil experiment matrix [15]. 

Insect species description Reason  for  SEF 

susceptibility 

Visible inception 

electric field 

(kV cm-1) 

Trichoplusia ni (Hübner); 

(Cabbage looper) 

Moth 

(33 - 37 cm wingspan) 
Insect ε~ 2 - 3 [71], 

high static charge.4 

Mass night flights 

  

2.1 

Choristoneura fumiferana; 

 (Eastern spruce budworm) 

Moth 

( 21 - 30 m wingspan) 

2.1 

Euthyrhynchus floridanus; 

(Stink bug) 

Beetle 

(12 -17 mm) 

pointed projections on 

its elytra 

2.1* 

Tylocerina nodosus; 

(long-horned beetle) 

Beetle 

(12 -17 mm) 

2 long antennae 2.1 

Conotrachelus nenuphar; Beetle control 2.7 
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(Plum curculio) (6 - 9 mm) 

* The stink bug produced emission in the 350- 450 nm (blue) spectral range at distance of 18 cm. 

  

Table 7 provides a matrix of the experiment variables (species name, main description of insect, reason 

for SEF susceptibility and SEF visible inception electric field strength. The tabulated data shows that the 

test species (except the Plum curculio) exhibited a visible inception electric field of 2.1 kV cm-1. The 

luminesce originating at discrete external locations on insects body such as the distal tip of mandibles, 

ovipositors, antennae, and leg joints. Following on from Bostick’s work [14] these discrete luminesce 

regions may be classed as plasmoid s as they originate from body of the host insect. 

 

The Plum curculio however exhibited a higher visible inception electric field of 2.7 kV cm-1. Although 

the authors give no reason for the higher visible inception electric field, they imply that insects of small 

body size and minimal protrusions are least susceptible to SEF; whereas insects with extensive 

protrusions (antennae, legs and wings etc.,) are more susceptible to SEF. However, in flight mode the 

authors suggested that a triboelectric (ancient Greek tribo meaning to ‘rub’) mechanism on the 

Lepidoptera (ancient Greek lepís ‘scale’ + pterón ‘wing’) would greatly enhance the production of SEF. 

In all cases insects survived the test and lived a nature full life span after the experiment. However when 

dead and dry insects underwent the same electrical stimulation no glow was observed, and it was only 

after these insect were immersed in water did temporality glow occur.  

 

8.2 Morar et al corona discharge insect annihilation experiments 

The aim of Morar et al laboratory corona experiments was to identify the voltage levels that would 

annihilate pest insects using a HVAC (50 Hz) circuit [63]. Typically in this type of circuit an iron-core 

step-up transformer provides the high-voltage along with associated high-current. Therefore the necessary 

increase in voltage beyond the survivable voltage levels indentified by Callahan and Mankin needed to be 

surpassed implying additional current being supplied. In these annihilation experiments the HVAC was 

either directly applied to the insect that was positioned between the two electrodes separated a distance of 

4 cm apart within a glass bell jar, or indirectly where the insects are exposed to ionized air within the 

same bell jar. 

 

The insects studied where Phorodum humuli (Green malt bug, typically 2 to 2.6 mm in length) and where 

subject to various high voltage stress levels (10, 11.5, and 13 kV) and exposure times (10, 15 and 30 

seconds). Table 8 provides a summarized matrix of the experimental variables and evaluation of the 

experimental outcome in terms of mortality as a function of time after the stimulation. 

 

Table 8. HVAC direct and indirect corona discharge experiments matrix [63]. 

Insect species kV cm-1 Exposure time 

(min) 

Mortality (%) 

after 2 hr 

Mortality (%) 

after 24 hr 

Mortality (%) 

after 48 hr 

Direct exposure 

Phorodum humuli; 

 (Green malt bug) 

2.5 30 70 80 90 

Phorodum humuli; 

 (Green malt bug) 

3.25 15 64 90 100 

30 75 100 100 

Indirect exposure 

Phorodum humuli; 

 (Green malt bug) 

4.27 30 70 80 90 

Phorodum humuli; 

 (Green malt bug) 

5.25 15 80 92 96 

30 96 100 100 

 

The results of this work showed that mortality rates for direct exposure to 2.5 to 3.25 kV cm-1 is observed, 
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and for indirect exposure higher stress levels (4.7.5 to 5.25 kV cm-1) is required. The authors also suggest 

ozone generated by the corona discharge within a sealed bell jar is reasonable for the annihilation of the 

Green malt bugs, although no ozone measurement levels was  reported in this work. 

 

 

9. Discussion 

 

Since the beginning of recorded history SEF has been observed and experienced by humans that are close 

to thunderstorms, both at sea level and in mountain regions: many of which have been reenacted in the 

performing arts. Systematic study of naturally occurring SEF has proved difficult due to both the 

unpredictable timing of the event and the understanding of high voltage circuit requirements for partial air 

breakdown. The understanding of SEF generation is important for high power transmission line design, 

the developing protection system for marine shipping and airships and airplanes (flying at high altitude 

and when coming into land). 

 

The three dirigible Airships discussed in this paper represent the worst airship disasters in term of life 

lost. With a high degree of certainty SEF, or another form of static discharge, did not have part in the 

helium filled USS Akron disaster. However, it cannot be said with certainty that SEF or another form of 

static discharge was the energy source for the ignition of the H2 lift gas in the Dixmude and Hindenburg 

airships disasters. 

 

Arguably our understanding of the complexity and interconnectivity of SEF and BL is largely based on 

observations of natural atmospheric disturbances and the interaction with living and non-living objects at, 

or near, ground level as well at high altitudes. The application OES, triboelectric charging, and Peek’s 

empirical mathematical construct to these events provide an insight to the physical mechanism that 

generates SEF and BL. Bostick’s generic term ‘plasmoid’ [14] is found useful when describing the 

generation and motion of BL in aircraft fuselage and discrete SEF formations on insects.  

 

This work highlights the use of different high-voltage sources for generating SEF. For example, when 

comparing the application of HVDC-, HVAC (50 Hz) circuits and the Tesla coil on test subject (model 

sailing ships and insect) the Tesla coil provides the lowest SEF visual inception voltage in terms of 

electric field stress (0.91 and 2.7 kV cm-1 depending on the test subject) before sufficient corona electrical 

current is drawn to cause flashover. The HVAC (50 Hz) circuit provides both the highest inception 

voltage and is shown to annihilate insect pest (Green malt bug). Paw’s objection to the use of non dc 

high-voltages for SEF stimulation [64] has been considered. However over the past 100 years it has been 

well known within the aircraft industry that the combination of BL and lightning [11, 17, 55 - 57 and 65] 

introduce radio interference to dc electric field within cumulonimbus and the region between the cloud 

and ground level where, electrical stimulation of insect swarms have been observed [67]. Thus, the use of 

HVAC and the Tesla coil is considered here. The use of the Tesla coil is of particular importance because 

HVDC and HVAC circuits normally employ a tightly-coupled soft-iron core in their step-up transformer 

which becomes fully magnetized when polarity reversal occurs at every half-cycle of the input waveform: 

resulting in large current flow at the switching point [72] that detrimental to the sensitivity of the 

inception voltage measure. The Tesla coil uses a loosely coupled primary and secondary winding thus 

avoiding magnetic saturation; therefore the coil can provide an extremely high voltage with low power 

output, which is a perquisite when indentifying the minimum SEF visible inception voltage. Furthermore 

the Tesla coil windings, with respect to tightly-coupled soft-iron core transformers, have an open 

construction that can be easily altered to the requirement of the application. A further feature of the Tesla 

coil is the medium to high frequency band of operation corresponds well with the electromagnetic 

interference emanating from the ionization and relaxation processes within the SEF and corona discharge. 

This would suggest that the Tesla coil is more suitable for inception voltage measurements when 

compared to HVDC or HVAC (50 Hz) circuits. 
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Abstract: This paper reviews the literature on the formation of carbon-based nanomaterials using 

converted domestic microwave oven plasma reactors. The carbon-based compounds range from single 

and multi-walled carbon nanotubes, to onion-like nanostructures, fullerene, and graphene sheets. The 

microwave plasma process is performed using in-liquid containing plasma bubble (plasmoids) generated 

at an aerial-antenna igniter, susceptor surface ignition within gaseous plasma as well as the use of 

conventional gaseous plasmas. Based on the literature reports, the thermodynamic and kinetic plasma 

processing conditions are reviewed, along with process input criteria that include: applied microwave, 

hydrocarbon precursor, aerial-antenna igniter design, and susceptor material and sample collection. The 

use of microwave oven drilling (local thermal runaway) and reverse drilling that lead to the ejection of 

plasmoids which may give rise to the formation dusty plasma or fireball as a processing route for the 

formation of nanomaterials.  

 

Keywords Aerial-antenna igniter, Plasmoids, Ball-lighting, Fireball, Microwave oven, Carbon-based 

nanoparticles 

 

1. Introduction 

 

Carbon-based particles may be manufactured in a variety of allotropes, but to be classed as nanoparticles 

(NP) the grain size < 100 nm in at least one dimension. A brief list of the carbon-based allotropes 

includes fullerene and graphene, single and multi-walled carbon nanotubes (SWCNT and MWCNT), 

onion-like nanostructure’s (OLNs) and carbon nanosheets [1, 2]. Their functionality and high-value is 

derived from their unique combination of chemical and physical properties (i.e., thermal and electrical 

conductivity, high mechanical strength, magnetic and optical properties) that have applications in 

structural engineering, lubrication, electronics, and the biomedical sector. The aim of this paper is two-

fold; firstly, to review how functional carbon-based nanomaterials (NMs) are selectively formed within a 

domestic microwave oven plasma reactor (DMOPR). Secondly to review the NMs formed within an 

ejected plasmoid that usually leads to the formation of a dusty plasma or ‘fireball’, which is generated by 

microwave ‘drilling’ using an open ended co-axial applicator, within a multi-mode cavity [3, 4]. 

 

To simplify the complex manufacturing processes of functional carbon-based allotropes the paper is 

divided into the following sections. Section 2 reviews 15 papers reporting the formation carbon-based 

NMs within the DMOPR. Sections 2.1 through to sections 2.5 considers the role of: microwave power, 

hydrocarbon precursors, aerial-antenna igniters, bubble formation and their transition to plasmoid at the 

electrode surfaces within microwave irradiated liquid, susceptors, chemical catalyst. Section 3 looks at 

NP formation at atmospheric pressure within microwave-excited plasmoid operating in a fireball mode. 

Section 4 provides a list of hydrogen and NM collection processes. Finally, section 5 provides an overall 

summary of this paper. 

 

 

2.0 Carbon-based NMs formed within DMOPR 

 

Batch syntheses of carbon-based NMs within converted DMOPRs have been widely reported [5 - 19]. 
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Closely aligned to these plasma processes is hydrogen (H2) generation within a DMOPR. The NMs and 

H2 process may be formed in-liquid by the plasma [5, 6, and 15 - 19], on a solid-state susceptor surface 

(placed either within, or without a glass vial) exposed to microwave irradiation [7 - 11], or simply placed 

on a glass slide and then exposed to plasma [12 - 14]. For further reading the authors of this work have 

published three review papers on the following subjects: converting domestic microwave ovens into a 

plasma reactor [20], microwave plasma processing of organic compounds and biomaterials [21] and the 

use of the DMOPR as a rapid prototyping tool [22]. Before considering the above processes it is worth 

reviewing how the domestic microwave oven heats materials and how this view may be modified for the 

DMOPR. 

 

For the domestic microwave oven it is recognized that the synthesis of organic materials is more rapid 

when compared to classic heating methods that rely on conduction and convection from the vessel wall, 

to center of the material that is being heated. In the microwave oven, the heating mechanism is through 

electromagnetic waves (microwave irradiation); causing molecular agitation and intermolecular friction 

generating heat within the material, so raising the temperature more rapidly compared conventional 

heating. This is practically true for polar liquids such as water (H2O), methanol (CH3OH) and ethanol 

(C2H5OH), whose chemical bonds are between atoms with very different electro negativities. In contrast 

microwave energy is absorbed weakly by hydrocarbons such as Toluene and Xylene, along with most 

organic polymers, all of whom exhibit low molecular polarity. These materials are said to be microwave 

transparent. To quantify molecule polarity of a material, in its ground state, the complex relative 

permittivity (εr = εr' - jεr'') is used. Where the real part (εr') is a dimensionless number and is a measure of 

a materials ability to couple with microwave energy. The relationship of ε' to the effective wavelength 

within a material at a given frequency is given in equation 1 [2, 20 - 23]. 

 

𝜆 =
𝑐

𝑓𝑜√𝜀
 (1) 

 

In this equation, c is the speed of light (3 x 108m.s-1) and fo is the magnetron frequency (2.45 x 109 Hz). 

From this relationship it becomes apparent that non-uniform heating of materials due to their size and 

geometry is an issue. The imaginary part (εr'') of the complex permittivity is also a dimensionless number 

that is used as a measure of the materials ability to be heated by absorb microwave energy (via direct 

current or Ohmic heating) and turned into heat. The ratio of εr''/εr' is called the dielectric loss tangent 

(tan) and describes the ability of the material to dissipate electromagnetic energy within a microwave 

cavity. 

 

 
 

Figure 1: A simple comparison the thermal and microwave reaction coordinates, where GS is the ground 

state, TS is the transition state and P is the product. The figure also infers that the enthalpy of the 

reactions have a negative change (H < 0). 
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Since the early 2000s, it has been postulated that transition state (TS) of a chemical reaction that is 

subjected to microwave irradiation is effected by a combination of thermal effects (thermal runaway, hot 

spots and selective heating) and dielectric volume heating, plus species mobility and diffusion [2, 23]. 

One or more of these effects may enhance reactivity by reducing the activation energy (G). In addition 

the ability to turn-on and -off dielectric volume heating enables product (P) selectivity to be controlled. 

See figure 1. 

 

In this work the plasma domain is added to microwave domain effects detailed earlier. A generic process 

for the formation of NPs from a hydrocarbon precursor in microwave plasma is represented in Equation 2. 

The transition state is represented by the subscript operator (arc or plasma depending upon the nature of 

the discharge) that contains thermal, microwave and plasma effects: any one, or more, may rate limit 

nano-compound selectivity and hence alter product yield. Under microwave plasma conditions, gas 

molecules undergo ionization and dissociation to form single charged species, the deposition of which 

becomes kinetically favorable. Microwave plasma experimental studies have also shown that the carbon 

particle size and relatively narrow particle size distribution is controlled (limited with respect to thermal 

chemical phase deposition), by the action of ion bombardment, which tends to inhibit particle coagulation 

and agglomeration [1]. 

 

 𝐻𝑦𝑟𝑜𝑑𝑐𝑎𝑟𝑏𝑜𝑛
𝑝𝑙𝑎𝑠𝑚𝑎
→      𝐶𝑎𝑟𝑏𝑜𝑛  𝑛𝑎𝑛𝑜𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 (2) 

  

Mukasa [24] and Hattori et al [25, 26] have demonstrated that for an open-end transmission-line 

microwave reactor operating at 2.45, GHz, that 300 W and 40 W of input power is required to generate a 

plasma in n-dodecane and water, respectively. In Hattori’s experiments the corresponding electric field 

breakdown was of the order of 10 - 30 kV.m-1. Furthermore, the electrification process was found to occur 

in bubbles at a dielectric heated metal surface. As the bubbles are liberated from this surface, they float 

upwards due to their buoyancy. This process it repeated many times until the microwave power is turned-

off. 

 

Table 1 provides an overview of typical microwave power and chemical parameters reported for use in 

chemical synthesis from the literature. For ease of discussion the tabulated data is grouped into four broad 

phase states: classifications: In-liquid chemistry, ice/liquid chemistry, solid-state chemistry, and gaseous 

plasma chemistry. Common to all four classifications is that a chemical catalyst is sometime used; this is 

annotated with a superscript C (C) alongside the reference number. 

 

Table 1. Typical examples from the literature microwave oven processing conditions used for chemical 

synthesis [5 - 19]. 

Reference Stated 

Power 

Hydrocarbon 

Precursor 

Electrode / 

Susceptor 

Support 

Substrate 

Product Rate or 

Process 

time 

In-liquid chemistry 

5 500 W n-dodecane Dual x 6 N/A H2 ~25 ml.s-1 

5 500 W CH3-OH  

C2H5-OH 

( 95:5) 

Dual x 7 Silicon Diamond film 10 min 

plasma 

time 

6C 750 W n-dodecane Single x 7 Silica 1 Liter H2+ 

Carbides 22 vol%  

~37.1 ml/s  

6C 750 W Cyclohexane Single x 7 Silica + 

Mo & Co 

1 Liter H2+ 

Carbides 22 vol%  

+ MWCNT 

~37.1 ml/s  
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15 750 W n-dodecane Single x 6 N/A 1 liter H2 + 

Carbides 22 vol%  
+ CNT 

~26 ml.s-1 

16 500 W n-heptane 

Isooctane 

Decane 

Hexadecane 

Single x 1 Bubble varigrained NP HC-CH 

Swan 

bands 

17 750 W n-dodecane Single x 7* Bubble H2 + carbides 

and graphite 

~10 ml.s-1 

Ice/liquid chemistry 

18 750 W Cyclopentane 

hydrate 

Single x 7 N/A 0.55 liter H2 + 

carbides 9 vol% 

~18 ml.s-1 

19 700 W Methane 

hydrate 

Single x 7 N/A 0.55 liter H2 + 

carbides 55.5 vol% 

~11 ml.s-1 

Solid-state chemistry 

7C 700 W Magnetite NP 

& 

Polystyrene 

Aluminum 

or Graphite 

N/A Fe3O4 NP ~ 90 s 

plasma 

time 

8 700 W Polystyrene Aluminum Quartz tube OLNs ~ 120s 

plasma 

time 

8 700 W Polyethylene Aluminum Quartz tube NS ~ 120s 

plasma 

time 

9C 600 W Polyethylene Aluminum 

foil 

Silicon SWCNT & 

MWCNT 

~ 1 hour 

process 

time 

10C 1.8 kW Naphthalene Graphite Glass vial OLNs 15 to 120s 

plasma 

time 

11C 600 W Rice husks 

(powder) 

Aluminum 

foil 

Quartz tube CNT 38 min 

plasma 

time 

Gaseous plasma 

12C 900 W Ethanol Zinc salts Glass slide ZnO & Zn 

NP 

60 to 120s 

plasma 

time 

13C 700 W Ethanol Zinc salts Glass slide ZnO 

NP 

60 to 120s 

plasma 

time 

14 1 kW Ethanol Single x 1 Borosilicate 

glass 

CNT Not given 

14 1 kW Xylene 

Toluene 

Single x 1 Borosilicate 

glass 

OLNs Not given 

C = chemical catalyst used. * curved multiple aerial-antenna igniters used. N/A = Not applicable. 

 

2.1  Microwave power 

Within most DMOPRs, a packaged cavity-magnetron (operating at a free-running frequency of fo = 2.45 

±0.1 GHz  ~ 12.2 cm) is rectified at AC mains frequency (50/60 Hz) to produces a negative going 

pulsed square-wave DC voltage. Thus the duty-cycle (D) = 50%, where the on-period (ton), is equal to the 
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off-period (toff). To alter the time averaged power delivered to the oven’s multi-mode cavity this rectified 

waveform is further pulse width modulated with Ton and Toff time periods of typically 30 and 30  to 60 

seconds. Thus the applied power is at a maximum when using a continuously rectified waveform and a 

lower time averaged power level, when the pulse width modulation waveform envelope is used [20 - 22, 

and 27]. 

 

Table 1 (column 2) lists the reported powers levels which were reported in the reviewed papers. Power 

levels were reported in the range 300 to 1800 W, However as with all datasets collected from different 

research sources, experimental conditions are not reported in a consistence manner. In the body of work 

referenced here it would be expected that full power conditions would correspond to continuous mode, 

and power levels below this upper limit would be in the pulse width modulated mode. For example, 

references [6, 15, 17, 18, and 19] do differentiate between the oven’s rated input power and the rated 

microwave maximum power output level, but none of the referenced papers report if continuous wave 

(CW) or pulse width modulated conditions is used. Moreover, reference [10] states a power of 1.8 kW is 

used, this power level would be expected to be the total rated AC mains input power of a microwave oven 

that includes a grill. It should be also noted that many of the reported applied powers in table 1 are 

considerably lower than those used in open-end transmission-line microwave reactors [24 - 26]. The 

authors therefore suggest that the stated power should be used as guide and further details should be 

sourced from the original reference. 

 

2.2  Hydrocarbon precursors 

 

Liquid, clathrates, solid-state and gases hydrocarbon precursors listed in column 3 of table 1 have all been 

used in DMOPR processing. This section provides an overview of carbon based nanomaterials 

synthesized from these precursors. 

 

2.2.1 Liquid hydrocarbon 

 

In 2009 Normura et al [6] reported DMOPR cracking of n-dodecane (C12H26; εr' ~2 at 2.45 GHz) for the 

simultaneous production of H2, low-grade gaseous carbides (methane, ethylene and acetylene) plus the 

deposition of graphite. Using the percentage of each gas from chromatography product analyses allows a 

representative balance stoichiometric reaction equation to be written where a quantity of atomic hydrogen 

is trapped as interstitial impurities in solid graphite or between graphene sheets and where the cracking 

process proceeds by C-C bond -scission (~408 kj.mol-1) rather than C-H bond cleavage (~418 kj.mol-1) 

[28, 29], see equation 3. 

 

4𝐶12𝐻26
𝐼𝑛−𝑙𝑖𝑞𝑢𝑖𝑑 𝑝𝑙𝑎𝑠𝑚𝑎
→              37H2 + 𝐶𝐻4 + 𝐶2𝐻4 + 10𝐶2𝐻2 +  25𝐶. 𝐻2𝑔𝑟𝑎𝑝ℎ𝑖𝑡𝑒  (3) 

 

In the same paper and [15] the authors used cyclohexane (C6H12; εr' ~2 at 2.45 GHz) resulting in SWCNT 

and MWCNT products. By 2013, Toyota et el [5] made further modifications to the method of generating 

H2 from n-dodecane, in addition to forming diamond like films from a vapor mixture (95:5 ratio) of 

CH3OH (tan = 0.659 at 2.45 GHz) and C2H5OH (tan = 0.941 at 2.45 GHz) [30]. The details of the 

metal aerial-antenna igniters used in [5, 6, 15 and 16] and the curved aerial-antenna igniter reported by 

Mochtar et al [17], is described in section 2.3. 

 

Yu. A. Lebedvi et al has used optical emission spectroscopy to study In-liquid plasma C7-C16 alkanes 

(C2Hnn2+2) [16]. They found that just after solid NP formation (typically 100 nm in size) the In-liquid 

plasma emission contained Swan band emissions that are associated with ionized diatomic carbide 

fragments (C2) that are potentially dissociated from the starting liquid alkane molecules. Using this 

information an estimated rotational and vibration temperature of 1700 ± 200 K and 7000 ± 2000 K were 
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obtained. The addition of argon was also found to decrease the rotational gas temperature to 700 ± 100 K. 

2.2.2  Hydrocarbon clathrates 

 

Hydrocarbon clathrates can form an important fuel resource for replacing petroleum and natural gas. 

Recently research into DMOPR batch processing cyclopetane hydrate [18] and methane hydrate [19] and 

have both been used to generate H2 within DMOPR. These materials are composed of host ice/liquid 

water with an ice framework that has a stoichiometric number of n within which a guest hydrocarbon 

molecule is encapsulated, and where framework size varies to accommodate the guest molecule. For the 

methane (CH4) guest molecule the water framework is a cubic structure with n = 5.8 to 6.1 H2O 

molecules and is designated as a sI or CS-I structure [19]. For the larger cyclopentane (C5H10) guest 

molecule the host water framework is enlarged to n = 17 H2O molecules and forms a sII or SC-II 

structure. 

 

It can be surmised that the microwave plasma decomposition of the hydrates has two main reaction 

pathways. The first is by rapid plasma formation within bubbles that are directly for aerial-antenna igniter 

surfaces, and second by the slow microwave dielectric volume heating of water within the hydrate 

compound, which if unchecked will ultimately melt, to release hydrocarbons to the surface without going 

through the plasma process. This second decomposition pathway may explain the increase in carbides 

byproducts (9% by vol for C5H10 and 55.5% by vol % for CH4): within these carbide byproducts diatomic 

C2H4 molecule being the most abundant. 

 

2.2.3 Solid-state hydrocarbon 

 

In this section, examples of where DMOPRs have been used for the fabrication of NMs from solid 

hydrocarbons precursors are described. For example, using aluminum foil (5 x 5 mm2) as a plasma igniter 

with the polymer polystyrene (C8H8)n: εr' = 2.5-2.6 at 2.45 GHz) has been used for synthesis of carbon 

NP, in addition to fibers with lengths of 100s of nanometers, when magnetite is added to polystyrene [7]. 

When replacing polystyrene with polyethylene beads (C2H4)n; εr' = 2.25 at 2.45 GHz) a 2-dimensional 

reduced graphene oxide (RGO) nanosheet is produced with a typical thickness of 3 nm [8]. This ability to 

select between 2-dimentional and 3-dimentional nanostructure has been attributed to the increase in the 

H/C ratio (1:1 to 2:1) per polymer unit, but these linear formula do not take into account the structural 

alteration of the polymer unit. In this case, an exchange of a phenyl group per polymer unit for a H atom. 

This structural change produces a reduction of the hydrocarbon precursor dielectric constant (2.5-2.6 to 

2.25). Therefore it’s reasonable to say that precursor structural effects need further investigation. 

 

SWCNT and MWCNT have been synthesized using a DMOPR, from polyethylene resins (100 mg), 

placed on an aluminum foil (25 x 25 mm2) in conjunction with a silicon substrate coated with the catalyst 

iron (III) nitrate nonahydrate (Fe(NO3)3·9H2O). The resulting particles had diameters of 1.03-25.00 nm 

with a length of about 0.85𝜇m. [9]. The resin chemical structure was not reported and as resins are 

commonly used for coating extruded wire, it is reasonable to assume a copolymer was present. Under 

these complex conditions (resin and catalyst) it is again reasonable to assume the tan properties of the 

mixture are high to allow rapid volume heating and therefore decomposition of the resin and catalyst. It is 

also worth noting that the final product had iron catalyst particles embedded within the tubes walls. 

 

Naphthalene (C10H8) mixed with graphite has been reported to produce OLN that range from 10s nm to a 

few microns in size within a DMOPR where the graphite is used as a microwave absorber and 

naphthalene as the hydrocarbon source [10]. To minimize arcing within the oven, 200 mg of the 1:2 

graphite-naphthalene mixture is placed within a quartz vial and then placed in the oven cavity and 

irradiated for 1 minute, where upon arcing occurs. Reaction equation (4) provides a representative 

reaction for this process. Outside the quartz vial they were able to deposit onion-like rings onto ceramic 

substrates. 
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𝐶10𝐻8
𝑎𝑟𝑐−𝑝𝑙𝑎𝑠𝑚𝑎
→          𝑂𝐿𝑁  (4) 

 

It is been estimated that over 100 million tons per year of agriculture waste rice husk (RH) is generated 

from the production of rice, the majority of which is incinerated. This agriculture waste is rich in cellulose 

and lignin which may qualify it as an economic source of hydrocarbon precursor for the manufacture of 

carbon-based NMs. Initial prototype DMOPR studies have used RH (ground to a size 20 microns) mixed 

with a catalyst (FeO4) placed on aluminum foil (25 x 25 mm2) and then placed inside a DMOPR for 

processing to form and mixture of NP (typically 0.5 nm in size), SWCNT or possibly MWCNT, and 

tubular structures (fibers) with length of 100s nm [11]. It is worth noting that raw rice husks have typical 

values of εr' = 2.982, εr'' = 0.283 and tan = 0.094 at 12.4 GHz, and increase when mixed with CNT [31]. 

  

2.2.4 Gaseous plasma 

In this section the use of gaseous precursors are described for use in chemical synthesis in conjunction 

with DMOPR. In 2010, Irzh et al reported DMOPR synthesis of Zinc oxide (ZnO) and its refinement to 

Zinc metal (Zn) NP with a size of 15 to 35 nm [12]. Their starting material is an ethanol solution of zinc 

nitrate (Zn(NO3)2) of 0.03, 0.5 and 1 M mixed with a carrier gas of  argon (Ar) which is irradiated with 

microwaves that results in the production Ar+ bombardment and volume dielectric heating the zinc 

compound. For example Zinc nitrate compound is reduced to ZnO (reaction equation 5a). Upon further 

microwave irradiation zinc metal NP are produced (reaction equation 5b). Product selectivity between 

ZnO and Zn appears to be by prolonged plasma irradiation rather than volume dielectric heating as the 

temperature at the oven walls reaches 230 - 250oC, which below that of the thermal decomposition of 

ZnO to Zn [12]. 

 

Zn(NO3)2
𝐴𝑟+𝑝𝑙𝑎𝑠𝑚𝑎
→         ZnO NP + 2NO2(𝑔𝑎𝑠) + O2 (gas) (5a) 

 

ZnO
𝐴𝑟+𝑝𝑙𝑎𝑠𝑚𝑎
→         Zn metal NP + O (gas)  (5b) 

 

In 2012, Raj et al [13] reported on the remote plasma deposition of ZnO particles within a MOPR. Using 

oxygen (O2) as the carrier gas, they found the morphology of the nano-compound can be altered by 

selecting the substrate material (glass - Si - Al2O3/Si), or by changing the Zinc salt concentration (0.03 to 

0.16 M). 

 

Singh et al [14] demonstrated that using different liquid hydrocarbon solvents: ethanol (C2H5OH; H/C = 

2.5:1), xylene (C6H4(CH3)2; H/C = 1.24:1) and toluene (C7H8; H/C = 1.14:1) mixed with H2 at low 

pressure, can selectively produce either CNT or OLN. See reaction equations 6, 7 and 8. 

  

C2H5OH (l) 
𝐻2𝑝𝑙𝑎𝑠𝑚𝑎
→        CNT (6) 

 

C6H4(CH3)2 (l) 
𝐻2𝑝𝑙𝑎𝑠𝑚𝑎
→        OLN (7) 

 

C7H8 (l)
𝐻2𝑝𝑙𝑎𝑠𝑚𝑎
→        OLN (8) 

 

 

2.3  Passive metal plasma igniters 

 

This section provides a general description as to the absorption of microwave energy within the oven’s 

cavity when empty (unloaded) and when heating water in the cavity (loaded cavity). The terms ‘unloaded’ 
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and ‘loaded’ refer to the Q-factor of the cavity [18 - 20]. Using this background information the role of 

passive metal plasma aerial-antenna igniters is expanded upon in sections 2.3.2 to 2.3.5. 

  

2.3.1  Unloaded and loaded cavity behavior 

 

First consider what happens when irradiating thin metal objects, like (aluminum foil [7 - 11] and zinc 

pellets [12, 13], in an empty microwave oven. Under these near ‘unloaded’ conditions a number of 

reactions generally occur. Firstly, a portion of the wave energy penetrates the metal (typically 2 to 4 m) 

and interacts with free elections with this surface region causing electrical currents to flow. For thin 

metals, the current that may produce sufficiently high voltage stress at sharp edges and surface 

irregularities of the metal to cause free electrons to be liberated and cause local gas breakdown, in the 

form of sparks and streamers, that produce high temperature hotspots. Secondly, the rest of the wave 

energy is reflected from the metal surface back into cavity. Thirdly, if the microwave irradiation 

continues, the reflected microwave energy can help to reinforce the microwave standing waveform within 

the cavity, to such a level that the reflected energy disrupts the operation of the magnetron, thus causing 

the oven to stop working, or in the extreme case setting fire to oven’s internal circuits. 

 

Now consider a polar organic solvent (in this case water) contained in a smooth-walled glass vessel that is 

placed in the oven’s cavity and the microwave energy turned on. Under these ‘loaded’ cavity conditions, 

the water under goes rapid dielectric volume heating, that leads to superheating in the absence of any 

stirring of the organic liquid solvents and retardation of bubble nucleation sites at the vessel surface [23]. 

[N. B. In mono-mode cavity reactors ceramic boiling chips that produce nucleation sites at their sharp 

edges and surfaces irregularities are used to prevent superheating effects (23)]. Replacing the ceramic 

boiling chips with aluminum foil alters the surface-liquid reaction dynamics by limiting the superheating 

effect due to the addition of surface hotspots that initiate bubble nucleation, within which, and at 

sufficiently high voltage stress levels, gas breakdown occurs. 

 

 
 

Figure 2a-d: Examples of aerial-antenna plasma igniters 
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2.3.2  Microwave aerial-antenna igniters 

 

To extend the pressure ignition range within both gas and liquids, aluminum foil can be replaced with 

wires that have circular or rectangular cross-sections and have a microscopically rough surface that act as 

nucleation sites for bubble formation. The length of the wire is then (m) matched to the oven’s cavity 

magnetron output free running frequency and wavelength (fo = 12.4 ± 0.1 GHz;   12.2 cm) at the 

characteristic εr' of the medium that the microwave radiation is passing through. The physical length of 

the wire becomes matched to the electrical wavelength (m) at fo, see equation 9. 

 

𝜆𝑚 ≈
𝐶

𝑓𝑜√𝜀𝑟
′    

 (9) 

 

The approximate expression in (5) is used as the cavity magnetron has a free running frequency 

bandwidth of 0.1 GHz, and C is the speed of light (2.99792 ×108 m.s−1). In general three type of metal 

aerial-antenna igniter have been reported: U-shaped electrode with two exposed tips (figure 2a) [5], a wire 

with single exposed tip constructed perpendicular to a local ground plane (figure b) [14, 16], and an array 

of wires constructed perpendicular to a local ground plane (figure 2c) [6, 15, and 17 - 19]. See also Law 

and Dowling [20] and Satio et al [32]. For single tip igniters placed within liquid n-dodecane (εr' =1.78 to 

2), λm approximates to 88.5 mm. However, it is found that a wire having a local ground plane the optimal 

wire length approximates to λm/4 (20 to 22 mm). The accepted assumption here is that a quarter 

wavelength structures generates maximum electrical stress as there is a 90 degree phase difference 

between the wire tip that forms and open circuit and the local ground. Lebedev, et al [16] have estimated 

that these resonance ¼ wavelength structures can reach voltage stress levels of 2400 V. cm-1. 

 

Within references [5 - 7, 15, 17 - 22] it is generally considered that the electrodes have three well-defined 

roles: to confine the plasma to the immediate proximity of the electrode(s) tip, to function as a source for 

bubble and then plasmoid formation in which the heterogeneous reaction can take place, and in the case 

of manufacturing carbon nanomaterials, to provide a substrate on which the carbon material can grow on. 

Regarding the first role, Toyota et al [5] has shown that the efficiency of plasma decomposition of n-

dodecane increases with the number (n) of aerial-antenna igniters that have a separation of ¼ wavelength 

spacing up to n = 6 and falls at n = 7. A number of mechanisms have been proposed for this behavior: 

electromagnetic power loss by the resonant structure [5], and a rate-limiting process due to competing 

mass transport in and out of the aerial-antenna igniter reaction zone [20] (figure 2d). Both mechanisms 

have a degree globe volume, but do not include discrete bubble formation and their electrification. This 

aspect is explored further in section 2.3.3. 

 

2.3.3 Bubble formation and its electrification at a microwave aerial-antenna igniter surface 

 

In 2007, Mukasa et al reported upon fast camera (Photron Fastcam-512PCI: 400 fps) imaging of n-

dodecane plasma bubbles at a pressure of  to 100 hPa [24]. Later in 2010 [25] and 2013 [26] Hattori el al 

used a high-speed camera (GX-1 NAC: 2000 fps) to investigate bubble formation in water at 7 and 20 

kPa. In each investigation an open-end coaxial microwave transmission-line was used to inject the 

microwave power. In reference [25 - 26] the open-end coaxial transition-line that had an inner metal 

conductor diameter of a = 0.3 to 1.1 cm and a dielectric of b = 0.9 cm to 1.5 cm diameter. Their water 

electric field stress calculations for 1 W and measured bubble radius are reconstructed in figure 3 using 

units of V.cm-1 and cm, respectively. To represent the graph data points mathematically the Microsoft 

Excel curve fitting toolkit is used, and where it was found that a polynomial function with a order of 4 - 5 

gave the best fit (R2 = 0.952 and 0.998, respectively). Using this treatment it is seen that initial phase of 

water bubble growth the electric field rapidly falls is a point where the bubble becomes electrified to a 

produce a plasmoid. This visual plasmoid inception point approximates to 0.5 cm bubble diameter with a 
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calculated electric field stress of the order of 150 V.cm-1. Beyond this point the bubble growth rate slowly 

increases with reducing electric field. A number of possible mechanism leading to this electrification have 

been put forward [6, 15, and 24 - 26] which includes the following a number development stages. Firstly, 

in the initial stage of bubble growth where it adheres to the aerial-antenna igniter via a water film (bubble 

membrane) the bubble is heated by dielectric heating, leading a second stage that involves the internal 

vapor becoming supersaturated with respect to the surrounding liquid temperature. Thirdly, upon further 

dielectric heating the bubble membrane is vaporized (figure 4a) thereby allowing the supersaturated vapor 

to directly react with the rough metal surface, at which point the electric flied is of sufficient strength to 

breakdown the gas into electrons and ions that form the plasmoid. 

 
Figure 3: Electric field stress at open-end transmission-line electrode as a dependency of bubble radius 

Hattori et al [26]. Reported here as data points corresponding the following conditions: open circles = no 

plasmoid, and black circles = plasmoid. The plasmoid visual inception point is at 0.5 cm bubble radius. 

Annotated over the data points is an Excel polynomial 5th order curve fitting where R2 = 0.988. 

 

2.3.4 carbon-based nanoparticle formation at a microwave aerial-antenna igniter surface 

 

When microwaves are used to irradiate a hydrocarbon liquid in the presence of an aerial-antenna igniter 

the production of H2 and its low carbon carbides is obtained along with the condensation of carbon-based 

NMs on the metal igniter surface [5, 6, and 15 - 17]. The formation pathway of both gas and solid may be 

broadly understood by including a heterogeneous phase to the bubble-to-plasmoid transition process as 

outlined in section 2.3.3. This multi-phase description is not intended to provide a conclusive picture, but 

rather a starting point for further experimentation. Given this caveat, it is generally acknowledged that 

within the vapor phase where rapidly changing vapor supersaturation conditions occur, particle nucleation 

is thermodynamically favorable for molecules to condense in the vapor and at solid surfaces, where on 

ongoing collisions lead to particle growth at these locations [33]. In the plasma state, the ionization and 

dissociation of the parent NM becomes kinetically favorable [23]. 

 

2.3.5 Additive or supplementary bubble use 

 

y = -19647x5 + 66579x4 - 87959x3 + 56674x2 - 17897x + 2364.5
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To improve power efficiency and stability of the targeted In-liquid reaction within a DMOPR, additive, or 

supplementary bubbles may be induced and where the buoyancy of the gas bubbles provides a means of 

gas-liquid mixing. For example, in 2014 Lebedev et al [16] injected argon gas into the liquid hydrocarbon 

precursor through the aerial-antenna igniter to produces a stream of gas bubbles (figure 4b). Another 

approach is to re-circulate the hydrocarbon precursor liquid, with an initial charge of helium carrier gas, 

into a large area porous quartz bubble control plate [17] (figure 4c). This second (bubble control plate) 

approach provides a greater degree of bubble-liquid mixing and was originally investigated for a metal 

slot-antenna at the end of TE10-mode waveguide for the production of bubbles within water [34]. 

 

 
 

Figure 4a-c: Bubble formation on aerial-antenna igniter (a), additive bubble formation on and through 

antenna (b), and additive bubble formation using the large area, porous quartz bubble control plate (c).  

 

2.4 Microwave susceptors 

The incorporation of susceptors into a microwave process is often termed ‘Hybrid heating’ [22]. This is 

because microwave susceptors have the ability to absorb electromagnetic radiation in the 2.45 GHz range 

and covert this energy into heat by re-emitting the energy in the form of conduction or infrared radiation. 

Table 1 demonstrates that the hybrid heating process is employed in the solid-state chemistry domain. 

Typically two microwave susceptor materials are used: aluminum block and foil (= 3.69 x107 ohm. m-1 

at 2.45 GHz) and graphite (~ 3.69 x106 ohm. m-1 at 2.45 GHz [35, 36]). Placing microwave transparent 

hydrocarbon precursor on aluminum block/foil or graphite provides a simple indirect thermal mechanism. 

However, the advantage of mixing the susceptor with the hydrocarbon precursor is that it enhances direct 

heating within the hydrocarbon precursor, but at the expense of chemical contamination, which may 

require post-process decontamination. To prevent susceptor contamination, separation between these 

materials by placing the precursor within a glass vial [10]. The use of a susceptor can lead to a thermal 

runaway due to the continuous increase of the microwave energy absorption with temperature rise, to 

avoid this scenario a system tailored to solid or powdered susceptor needs to be used. 

 

2.5  Chemical catalyst 

 

Table 1 reveals that chemical catalysts are commonly used in the solid-state chemistry production of 

carbon based nanostructures. The catalyst material include: Magnetite (Fe3O4) [7], (Fe(NO3)3·9H2O) [9], 

and Ferrocene (Fe(C5H5)) [10, 11]. Magnetite also strongly interacts with the microwave electromagnetic 

field and therefore is also classed as a susceptor (tan = 0.02 [32]. These materials not only provide 
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nucleation sites for carbon growth but are also incorporated into the final nanostructure product which 

may [5], or not be desirable. In addition, porous silica, coated with transition metals Mo and Co have been 

used in cyclohexane In-liquid plasma production of H2 and MWNCT [9]. 

 

 

3.0 Nanoparticles formation due to drilling within single and multi-mode cavity 

 

In this section NP formation within a fireball generated in a purpose built multi-mode cavity plasma 

reactor [3, 37 - 41] and DMOPR [4] is considered as a separate microwave technology from that used for 

the synthesis of functional carbon-based nanostructures within the DMOPR. The difference in these two 

processing approaches is that a localized hot-spot (plasma) is produced by using an open-end coaxial 

transmission line (deployed as a monopole antenna), within a mono-mode microwave cavity to drill holes 

in a concrete, glass and metal surfaces [3, 4, 37 and 39] and subsequently within a DMOPR to drill into 

bone [4]. In references [3, 4, and 40 - 41] it has been proposed that the drilling action is caused by thermal 

runway process in the hot-spot; that is the energy released in the reaction has a positive feedback (figure 

5a). It is also observed that when the drill bit is pulled out of the drilled hole [40, 41], a plasmoid is 

ejected (figure 5b) which subsequently forms a buoyant fireball as long the microwave irradiation is 

turned-on (figure 5c). 

 

 
 

Figure 5a-c. Microwave plasma drilling a), microwave reverse drilling with the ejection of plasmoid b), 

and the formation of buoyant self-sustaining fireball c). 

 

For a silicon substrate, fireballs are observed to have self-sustaining lifetimes of the order of 0.03s that 

contains NPs with a mean size of 50 nm and mass density of 10-4 mg cm-3 as measured by synchrotron X-

ray scattering. In addition these self-sustaining lifetimes are also consistent with dc generated water based 

plasmoids [42, 43], but are well beyond normal atmospheric plasma relaxation times (typically 

microseconds or less). However it is noted that that the self-sustaining lifetime are much shorter than self-

sustaining lifetimes of naturally occurring ball-lighting, typically 1 - 2s [44, 45]. 

 

To account for the microwave generated fireball self-sustaining lifetime, Mitchell et al [41] has invoked 

Abrahamson and Dinniss model of ball-lighting striking the ground in which silicon and carbon material 

are converted into an assortment of fused NP and dendrimer-like structure that contain silicon metal, 

silicon monoxide, and silicon carbide [46]. A fireball formed in this way may be considered to be classed 

as a dusty-plasma where the particles undergo an exothermic oxidation reaction (H < 0, see figure 1), 
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the heat from which sustains the fireball. In the microwave fireball case however, the self-sustaining 

lifetime arises due to the oxidation reaction starts in the microwave illumination period and hence the 

fireballs lifetime is shortened accordingly. 

 

4 Hydrogen and nanomaterials collection 

 

In 2004, Sabot and Schlabach [1] considered that for advance commercial microwave plasma reactors, 

that the collection and purification stage after NM syntheses was poorly developed and was the main 

bottle neck in achieving high NM product yields. For the DMOPR processing papers [5 - 15 and 17 - 19] 

discussed here their primary aim was to present the proof-of-principle of H2 and/or carbon-based NM 

synthesis. Thus emphasis on the collection and the purification stage was limited. For completeness this 

section provides brief overview of the collection processes reported in above papers. 

 

In the case of DMOPR generation of H2 and its low-carbon carbides, the gas was collected by 

displacement above the hydrocarbon precursor liquid [5, 6, and 15 - 19]. Chemical analyses of the gas 

was performed and reported upon, but drying and purification of the gas was not remarked upon. 

 

For the extraction of Fe3O4 NP from the microwave plasma irradiated solid-phase magnetite -polystyrene 

mixture, the collection process is more complex. In this case, the raw product was ultrasonically washed 

in acetone for 5 minutes to allow the NP to disperse in the solvent and removed by filtering [7]. 

 

Post microwave irradiation extraction of nanosheets from solid polyethylene required an ethanol 

ultrasonic bath step for 10 minutes to allow the product to disperse in the solvent and be removed [6]. The 

NM was found to be unstable and require thermal treatment under an inert atmosphere to stabilize the 

crystallinity of the final product. 

 

The DMOPR processed ZnO-Zn NP reported by Irzh et al [12] where removed from their glass substrates 

washed in a 2-propanol ultrasonic bath for 30 minutes using under an argon atmosphere to disperse the 

final product in the solvent prior to analysis. 

 

Extensive nanostructure the characterization of NMs microwave plasma treatment of naphthalene [10], 

RH [11], ZnO [13] and carbon-based NM [14], however little detail off the collection process was 

reported. It is also note that no NP collection process was reported in [36 - 39] as all particle size 

measurements were performed by Synchrotron X-Ray scattering. 

 

 

5 Summary 

 

This paper has reviewed the fundamental principles of rapid prototyping of functional carbon-based 

nanomaterials within converted DMOPRs. The nanomaterials have a grain size of < 100 nm, in at least 

one dimension, and range from single and multi-walled carbon nanotubes, onion-like nanostructures, 

fullerene, and graphene sheets. Based on reports from the technical literature; the review highlights the 

following complex heterogeneous reaction pathways: 

 

 Liquid linear chain hydrocarbons (i.e. n-dodecane) preferentially undergo C-C -scission to 

simultaneously produce H2 and low-grade carbides and solid graphite at the metal aerial-antenna 

igniters. This observation differs from thermal (850 – 1100 K) cracking of n-dodcane where CO 

products are formed [28, 29]. Altering the hydrocarbon precursor from a linear structure to cyclo-, 

or phenyl group carbon-based structures (i.e. cyclohexane) produces CNT and MWCNT at the 

surface of metal aerial-antenna igniters. Electrification of the hydrocarbon precursors originate by 

vaporization of the liquid to produce gaseous bubbles at the surface at the metal aerial-antenna and 
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then produces plasmoids cracked hydrocarbon reactive species that form gaseous and solid 

nanomaterials. Collection of the gaseous by-product is performed by displacement above the liquid 

hydrocarbon precursor. 

 

 The production of nanomaterials by microwave irradiation of solid-state hydrocarbon mixed with 

catalyst and susceptors may be performed within a glass vial where the plasma reaction takes place. 

The process is limited by the amount reactant within the sealed vial. In addition product collection 

and separation from the catalyst and susceptors requires further processing. 

 

 Direct plasma interaction with solid-state hydrocarbon precursor that is mixed with catalyst and 

susceptors may be performed within plasma. As with the sealed vial process, product collection and 

separation requires further processing. 

 

 Microwave plasma (DMOPR or single-mode waveguide) drilling and reverse drilling lead to a 

local thermal runaway and the ejection of plasmoid (fireball) with self-sustaining lifetimes of 0.03s. 
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Abstract

A relationship between the Euler characteristic of a quantum graph and its spectrum is a very new

subject of the theoretical and experimental investigations. The Euler characteristic χ = |V | − |E|,

where |V | and |E| are the numbers of vertices and edges of a graph, determines the number β

of independent cycles in it. The most important features of the graph spectrum, the number

and density of the energy eigenvalues are determined by the graph total length L according to the

Weyl’s law. In the recent paper M.  Lawniczak et al., Phys. Rev. E 101, 052320 (2020), have shown

theoretically and experimentally that to determine the Euler characteristic of a simple quantum

graph without knowing its number of vertices and edges it is enough to measure a finite sequence

of the lowest eigenenergies λ1, . . . , λN . In this article the above investigations are supported by the

new theoretical calculations of the Euler characteristic.
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I. INTRODUCTION

The very beginning of the graph theory is connected with the article [1] of Leonhard Euler,

published in 1736, in which the problem of seven bridges in Konigsberg was considered. In

1936 Linus Pauling [2] introduced the idea of graphs to physics to describe the motion of

a quantum particle in a physical network. Now this approach is known as the quantum

graph model. Quantum graphs are used to simulate e.g. mesoscopic quantum system [3, 4],

quantum wires [5] and optical wave guides [6]. 12 years latter Richard P. Feynman [7]

introduced diagrams (graphs) as pictorial representation of the mathematical expressions

describing the behavior and interaction of subatomic particles.

The theory of quantum graphs is still being developed, see, e.g., Ref. [8–12]. The metric

graph Γ = (V,E) consist of edges e ∈ E connected at the vertices v ∈ V . Each edge is an

interval on the real line R having the length le and the vertices are defined as the unions of

edge endpoints. The Laplace operator L(Γ) = − d2

dx2 acting in the Hilbert space of square

integrable functions on the metric graph Γ is uniquely determined by this graph. If the graph

has only Neumann (called also standard, natural, Kirchhoff) vertex boundary conditions:

functions are continuous at vertices and the sums of their oriented derivatives at vertices

are equal zero, then the Laplacian is self-adjoint and its spectrum is pure discrete [11]. The

operator is also non-negative and has constant as the eigenvalue zero eigenfuction.

In this article we continue the presentation of the results on topology of quantum graphs

and microwave networks, initiated in [13]. We will confirm that recovering of Euler char-

acteristic of the graph without seeing it, i.e. knowing number of its edges and vertices, is

possible on the basis of measuring a small number of the lowest eigenenergies of such a

graph. It may be also possible to determine whether the graph is planar or fully connected.

Our statements are supported by new theoretical calculations.

The measurements were done using microwave networks that simulate quantum graphs

[14–19]. This is possible because the one-dimensional Schrödinger equation describing quan-

tum graphs is formally equivalent to the telegrapher’s equation for microwave networks

[14, 17]. It should be noted that microwave networks are unique as they allow for the ex-

perimental simulation of quantum systems having, respectively, all three symmetry types

considered in random-matrix theory (RMT): systems with preserved time reversal symme-

try (TRS) represented by Gaussian orthogonal ensemble (GOE) [13–16, 18, 21]; systems
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with preserved TRS and half-spin represented by Gaussian symplectic ensemble (GSE) [22];

systems without TRS represented by Gaussian unitary ensemble (GUE) [14, 19, 20, 23–26].

Recently, in experiments with the use of microwave networks, the usefulness of missing

level statistics [25] and the existence of the graph that do not obey the standard Weyl’s law,

non-Weyl graphs, have been demonstrated [21].

II. THE SPECTRUM FORMULA FOR THE EULER CHARACTERISTIC

The total length L =
∑

e∈E le and the Euler characteristic χ = |V |− |E| are the most im-

portant features of a metric graph Γ = (V,E). The total length L determines asymptotically

eigenvalues of a graph according to Weyl’s law:

λn =
(π
L

)2

n2 + O(n) , (1)

where λn = k2
n (square of the wave vector) and O(n) is a function which in the limit n → ∞

is bounded by a constant times n.

The Euler characteristic χ allows determining another important quantity characterizing

the graph, which is the number of independent cycles β in it:

β = |E| − |V | + 1 ≡ 1 − χ , (2)

The number of independent cycles tells how much the graph differs from a tree and is

equal to the number of the edges that must be removed to turn the graph into a tree.

It might seem that determining the total length and the Euler characteristic would require

knowing of the whole spectrum, all eigenenergies of the graph. This natural mathematical

approach leads to the following precise formulas [27, 28]:

L = π lim
n→+∞

n

kn
(3)

χ = X(t)|t≥t0 := 2 + 8π2
∑
kn ̸=0

sin(kn/t)

(kn/t)[(2π)2 − (kn/t)2]
, (4)

where t0 = 1/2lmin, and lmin is the length of the shortest edge of a graph.

The knowledge of the whole spectrum allows reconstructing the metric graph if the lengths

of its edges are rationally independent [29–31] and thus ensures a positive answer to the
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question posed by Mark Kac [32] modified for quantum graphs as ”Can one hear the shape

of a graph?” [16, 29, 30].

In the real world of the physical measurements it is not possible to determine the entire

spectrum of the tested system. In the case of microwave networks, the openness and internal

absorption of the system limit the number of eigenfrequencies available in measurement to

well below a thousand. There is also generally no guarantee that edge lengths are rationally

independent, so it is very important to investigate whether the total length L and the Euler

characteristic can be reconstructed directly from the limited experimental spectrum without

precise information about the graph. This is much easier for the Euler characteristic because

it is an integer (often negative) thus to determine it accurately it is enough to know the

right-hand side of equation (4) with an accuracy better than 1/2. Therefore, in the rest of

the article we will focus on the Euler characteristic.

The explicit formulas connecting the Euler characteristic with the spectrum of a quantum

graph were derived in the articles [27, 28]. It turned out, however, that they converge very

slowly requiring too much eigenenergies from the experimental point of view. The series

in formula (4) converges much faster, what was shown together with the derivation of this

formula in [13].

To estimate a minimum number of eigenenergies of the graph (resonances in the mi-

crowave networks) ensuring that the calculated value of χ will be within the limit ±1/2 of

its true value we will analyze the following formula:

ϵ = |X(t) −XK(t)||t=t0
=

∣∣∣∣∣8π2

∞∑
n=K+1

sin(kn/t0)

(kn/t0)[(2π)2 − (kn/t0)2]

∣∣∣∣∣ , (5)

where

XK(t) = 2 + 8π2

K∑
n=1

sin(kn/t)

(kn/t)[(2π)2 − (kn/t)2]
. (6)

To avoid any problem with the denominator in (5) we need

kK+1 > 2πt0 (7)

Taking into account the obvious inequality (see (1))

k2
n ≥

(π
L
)2

(n + 1 − |V |)2, (8)
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we get that the condition (7) is fulfilled if

K > |V | − 1 +
L
ℓmin

. (9)

Now ϵ can be estimated by

ϵ = |X(t0) −XK(t0)| ≤ 8π2

∞∑
n=K+1

|sin(kn/t0)|
(kn/t0)[(kn/t0)2 − (2π)2]

≤ 8
(Lt0)3

π

∞∑
n=K+1

1

(n + 1 − |V |)[(n + 1 − |V |)2 − 4L2t20]

≤ 8
(Lt0)3

π

∫ ∞

K

dx

(x + 1 − |V |)[(x + 1 − |V |)2 − 4L2t20]

=
Lt0
π

log
(K + 1 − |V |)2

(K + 1 − |V |)2 − 4L2t20
,

(10)

and finally we get:

K > |V | − 1 + 2Lt0
[
1 − exp

(
−ϵπ

Lt0

)]−1/2

. (11)

When the total length L of the graph is much greater than its shortest edge the inequality

(11) can be approximated by

K > |V | − 1 +
2√
ϵπ

(
L

2lmin

)3/2

. (12)

III. EXPERIMENTAL SETUP AND METHODOLOGY OF MEASUREMENTS

To test the formula for the Euler characteristic (4) we carried out the one-port mea-

surements of the scattering matrices S(ν) for planar and non-planar microwave networks

simulating simple quantum graphs. A graph is simple if there is only one edge between any

two vertices.

Fig. 1 shows the pictures of the investigated microwave networks and the schemes of the

quantum graphs that they simulate. The planar graph Γ = (4, 6) with |V | = 4 and |E| = 6

(Fig. 1(a)) is simulated by the microwave network (Fig. 1(b)) of the total optical length

L = 1.494 ± 0.006 m and lmin = 0.155 ± 0.001 m. According to the definition its Euler

characteristic χ = |V | − |E| = −2, and t0 = 1
2lmin

≈ 3.23 m−1.

In the panels (c) and (d) of Fig. 1 we present a scheme of the quantum graph Γ = (5, 10)

and simulating it microwave network. The Euler characteristic χ = |V | − |E| = -5. The
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network total optical length is L = 3.949 ± 0.010 m and the length of the shortest edge is

lmin = 0.202 ± 0.001 m, so t0 = 2.48 m−1.

In Fig. 2(a) the experimental setup is shown. This is a typical setup for such mea-

surements and consists of the Agilent E8364B vector network analyzer (VNA) and the HP

85133-616 high class flexible microwave cable that connects the VNA with measured net-

work and is equivalent to attaching an infinite lead to the quantum graph [21]. Before each

measurement, the VNA was calibrated with an Agilent 4691-60004 electronic calibration

module to eliminate the cable influence on the measurement result.

Microwave networks are made of coaxial cables and junctions corresponding to edges and

vertices of simulated quantum graphs. The coaxial cables consist of an inner conductor of

a radius r1 = 0.05 cm surrounded by dielectric material (Teflon) and an outer concentric

conductor with an inner radius r2 = 0.15 cm. The measured Teflon dielectric constant is

ε = 2.06. Thus υcut = c
π(r1+r2)

√
ε

= 33 GHz is the cut-off frequency of the TE11 below

which only the fundamental TEM can propagate in the cable [33, 34]. The physical length

of the cables determine their optical length, which is also the edges length of the simulated

quantum graphs, through relationship lopt =
√
εlph.

The measurements of the scattering matrix S(ν) were performed as function of the fre-

quency (energy) in the range 0.2 − 11 GHz. However, for the investigated networks, it was

possible to identify the complete set of resonances in smaller, depending on their absorption,

different ranges. To check the completeness of resonances sets the fluctuating part of the

integrated spectral counting function Nfl(υi) = N(υi)−Nav(υi), that is the difference of the

number of eigenfrequencies N(υi) = i for ordered frequencies υ1 ≤ υ2 ≤ .... and the average

number of eigenfrequencies Nav(υi) calculated for the analyzed frequency range. The reso-

nances frequencies directly determined the real part of the wave vectors Re kn = 2π
c
νn. The

examples of the measured scattering matrix module |S(ν)| are shown in Fig. 2(b).

IV. RESULTS

In Fig. 3 we present the calculation of the Euler characteristic performed for the planar

graph Γ = (4, 6) (Fig. 1(a)) which was simulated by the microwave networks (Fig. 1(b))

as a function of t for K equals 28 (solid red line), 106 (green broken line) and 171 (orange

squares). In the calculation the formula (6) was applied. Since the identification of resonance
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positions in the experimental spectrum was possible up to the first 106 resonances (10.76

GHz) the results for K=171 are obtained using numerically calculated spectrum of the graph

Γ = (4, 6). The black full line denotes the value of the Euler characteristic χ = -2 and two

black broken lines show the limits of the expected error of χ ±1
4
. The brown vertical marker

shows t0 value. K=28 was estimated from the inequality (11) as the minimum number of

resonances needed to obtain the value of the Euler characteristic with the error within the

limits ϵ = ±1/4. It is easy to see that in fact 28 resonances are enough to get the correct

value of the Euler characteristic. The red curve for K=28 exhibits the clear plateau near

the value -2 in the range 3 m−1 < t < 6 m−1. The Euler characteristics calculated for higher

number of resonances exhibit such plateaus up to much bigger value of t, but it is irrelevant

from the point of view of obtaining a correct value of it. This result is very important

for experimental practice because it means that it possible to gain significant information

about quantum graphs topology from the measurements of a small number of theirs lowest

eigenenergies. It should be also noticed that we don’t need to know the total length L of

the graph and the length of its shortest edge lmin, which are necessary to determine the

convergence of (6), for the proper calculation of the Euler characteristic. In fact, until the

plateau of XK(t) near certain integer is not observed we know that the number of resonances

taken to calculation is insufficient and should be increased.

For comparison, in Fig. 3 we also show the Euler characteristic calculated using the

formula (3) in [13], which is converging much more slowly. The grey dot-dash line denotes the

XK(t) calculated using 28 experimental resonances and blue dot line is for 171 numerically

calculated resonances. As expected these results approach the Euler characteristic value

χ = −2 of this graph definitely slower.

Another, crucial information about the quantum graph that can be obtained by analyzing

the result of applying formula (4) concerns its planarity. According to Kuratowski’s theorem

[35] every non-planar graph contains as subgraphs K5 - the complete five-vertex graph or

K3,3 - the complete bipartite graph with 3 plus 3 vertices. Such graphs have 6 or 4 cycles.

The considered graph Γ = (4, 6) has, formula (1), β = 1 − χ = 3, so without seeing or

having information about the number of its vertices and edges we know that the graph and

the network simulating it are planar.

In Fig. 4 we demonstrate the calculation of the Euler characteristic performed for the

non-planar graph Γ = (5, 10) (Fig. 1(c)) which was simulated by the microwave network

7
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(Fig. 1(d)) as a function of t for K equals 74 (solid red line), 132 (green broken line) and

450 (orange squares). In this case we were able to determine the position of the first 132

resonances, up to about 5 GHz. A fragment of the network spectrum is shown in the lower

part of Fig. 2(b). Since the total length of this network is greater than the length of the

planar network also the resonance density is greater in this case.

As in the case of Fig. 3, the black full line indicates the value of the Euler characteristic

χ = -5, this line, and two black broken lines show the limits of the expected error of χ ±1
4
.

The brown vertical marker shows t0 value. The resonances used in the calculations for K

= 74 and 132 were taken from the measurements while for K = 450 they were obtained

numerically. The value K = 74 was estimated from the inequality (11) as the minimum

number of resonances necessary to obtain the value of the Euler characteristic with the

error ϵ = ±1/4. The examination of Fig. 4 shows that, similarly to the previous case, the

minimum number of the resonances (K=74) estimated from the inequality (11) is quite

sufficient to determine the real value of the Euler characteristic.

Again, for comparison, we also show the Euler characteristic calculated using the formula

(3) in [13]. The grey dot-dash line denotes the XK(t) calculated using 74 experimental

resonances and blue dot line is for 450 numerically calculated resonances. It can be seen

that in the case of the more complicated graph/network, it would be very difficult to obtain

the real value of the Euler characteristic from this formula on the basis of experimental

spectra. The calculation which used K = 450 eigenvalues, which barely allows this, would

mean for this network that one has to identify all resonances in the frequency range 0-17

GHz, what taking into account the openness and absorption of microwave networks, is rather

impossible. This indicates how crucial is to find a quickly converging formula.

Since the analyzed graph Γ = (5, 10) is K5 (five-vertex, fully connected) so according

to Kuratowski’s theorem it is non-planar. For both types, planar and non- planar, fully

connected quantum graphs and microwave networks simulating them, it can be shown that:

|V | =
3 +

√
9 − 8χ

2
. (13)

Applying this formula to the investigated graphs we found that both of them are fully

connected. In the case of the planar graph the Euler characteristic χ = -2 and we get

|V |=4 and for K5, χ = -5, so |V | =5. Thus knowing experimentally determined Euler

characteristic we can find out whether the graph/network is fully connected without any

8

558



additional information.

V. CONCLUSIONS

We extended our analysis of the Euler characteristic presented in Ref. [13] to higher

frequency range using numerically calculated spectra of the analyzed graphs. On the basis

of Ref. [13] and this work one can state that the Euler characteristic can be determined

using a limited sequence of the lowest resonances of the microwave networks simulating

quantum graphs. We show that from the experimental point of view the convergence of the

formula for the Euler characteristic is a critical parameter. Moreover, we demonstrate that

obtained in this way Euler characteristic may allow for identification whether a completely

unknown graph/network is planar and also whether it is fully connected. In the case of the

fully connected graphs and networks it is possible also to specify the number of their vertices

and edges. Our results clearly show that the Euler characteristic is a new powerful tool for

studying of simple quantum graphs and microwave networks.
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(2014).

[25] M. Bia lous, V. Yunko, S. Bauch, M.  Lawniczak, B. Dietz, and L. Sirko, Phys. Rev. Lett. 117,

10

560



144101 (2016).

[26] M.  Lawniczak, M. Bia lous, V. Yunko, S. Bauch, B. Dietz, and L. Sirko, Acta Phys. Pol. A

132, 1672 (2017).

[27] P. Kurasov, Arkiv för Matematik 46, 95 (2008).

[28] P. Kurasov, J. Funct. Anal. 254, 934 (2008).

[29] B. Gutkin and U. Smilansky, J. Phys. A 34, 6061 (2001).

[30] P. Kurasov and M. Nowaczyk, J. Phys. A 38, 4901 (2005).

[31] J. von Below, Can one hear the shape of a network? Partial differential equations on mul-

tistructures (Luminy, 1999); Lecture Notes in Pure and Appl. Math. 219, (Dekker,2001) p.

19

[32] M. Kac, Amer. Math. Monthly 73, 1 (1966).

[33] D. S. Jones, Theory of the Electromagnetism (Pergamon Press, Oxford, 1964) p. 254

[34] N. Savytskyy, A. Kohler, Sz. Bauch, R. Blümel, L. Sirko Phys. Rev. E 64, 036211 (2001)
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FIG. 1: Panels (a) and (b) show the schemes of a planar quantum graph Γ = (4, 6) with |V | = 4

vertices and |E| = 6 edges and a microwave network with the same topology. Panels (c) and (d)

show the schemes of a non-planar quantum graph Γ = (5, 10) with |V | = 5 vertices and |E| = 10

edges and a microwave network with the same topology. The microwave networks were connected

to the vector network analyzer with the flexible microwave cable, denoted in the figure by L∞

which is equivalent to attaching an infinite lead to a quantum graph. The shortest edges of the

graphs are also shown.
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FIG. 2: (a) The experimental setup consisting of the microwave network simulating the quantum

graph Γ = (4, 6) connected by the high class flexible cable to the VNA. Fragments of the measured

moduli of the scattering matrix |S(ν)| for the networks Γ = (4, 6) with the total length L = 1.494

m and Γ = (5, 10) with L = 3.949 m are shown in the upper and lower parts of the panel (b),

respectively. The increasing of the resonance density for the longer network is clearly seen.
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FIG. 3: The approximation function for the Euler characteristic XK(t) calculated for a planar

microwave network with |V | = 4 vertices and |E| = 6 edges. The solid red line and broken green

and red lines show the function XK(t) calculated from the formula (4) for the first K = 28 and

K = 106 experimental, and K = 171 numerical (orange squares) resonances, respectively. The

brown vertical marker shows the value of t0 = 1
2lmin

used for the evaluation of the required number

of resonances K = 28 (see the formula (11)). For the comparison we also show the functions XK(t)

(grey dot-dash and blue dot line) calculated from a much slowly converging formula (3) in [13]

using the first K = 28 experimental and K = 171 numerical resonances. The black full line shows

the expected value of the Euler characteristic χ = −2. The black broken lines show the limits of

the expected errors χ± 1/4.
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FIG. 4: The approximation function for the Euler characteristic XK(t) calculated for a non-planar

microwave network with |V | = 5 vertices and |E| = 10 edges. The solid red line and broken green

and red lines show the function XK(t) calculated from the formula (4) for the first K = 74 and

K = 132 experimental, and K = 450 numerical (orange squares) resonances. The brown vertical

marker shows the value of t0 = 1
2lmin

used for the evaluation of the required number of resonances

K = 74 (see the formula (11)) For the comparison we again show the functions XK(t) (grey dot-

dash and blue dot line) calculated from the much slowly converged formula (3) in [13] using the first

K = 28 experimental and K = 171 numerical resonances. The black full line shows the expected

value of the Euler characteristic χ = −2. The black broken lines show the limits of the expected

errors χ± 1/4.
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Abstract. Recently, new progress has been made in vortex recognition, and the definition of Liutex (Rortex) based 

on eigenvectors has established a relation between rotation axis and eigenvectors of velocity gradient tensor. Based 

on this relation, the mathematical condition of vortex boundary is given: the set of points with multiple roots in the 

characteristic equation of velocity gradient tensor in a flow field. In this way, the topological structure of critical 

point theory is applied to vortex boundary. According to whether the velocity gradient tensor can be diagonalized, 

there are shear boundary and non-shear boundary, while according to the positive, negative and zero of the double 

root, there would be stable boundary, unstable boundary and degenerate boundary. In order to define and classify 

the boundary, a mapping method is proposed, and we establish the relation between particle and fluid 

microelement. Under different decomposition modes, we can analyze the superposition of fluid deformation 

behavior more clearly by mapping image space, which can be used to compare Helmholtz decomposition with 

Liutex velocity gradient decomposition. Moreover, considering the simple shear, geometric meaning of Liutex can 

be explained through geometric relations, and it is believed that the dominant quantity rotation described by Liutex 

is circular symmetry. 

Keywords: velocity decomposition, vortex boundary, Liutex, mapping method, topology of ordinary points, 

theory of critical point 

 

1 Introduction 
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The definition vortex of vortex involves the issue of a rigorous definition of vortex, which is not united 

yet. Wu proposed that the general goal of vortex definition should reflect its tubular motion pattern[1]. 

Among commonly used vortex criterion, including the Q criterion, the Delta criterion and the 

Lambda_ci criterion, only Liutex theory[2-4] satisfies the necessary conditions not to be broken by 

criterion [5]. Liutex, however, has not concentrated on the outer boundary of the vortex. There is always 

a simple shear component in the rotation represented by the vorticity[2，6]. Liu points out that 

Lambda_ci is a measure of the absolute strength of the net rotation, in the plane perpendicular to 

eigenvector, and argues that the non-orthogonal coordinates do not describe the rotational momentum 

[12-15]. In this paper, the geometric and physical meanings of Liutex models are given, and it is believed 

that Liutex magnitude measures the symmetric rotation strength. We propose a mapping method, which 

can simulate the two-dimensional topology evolution to give the flow pattern evolution theory, and 

then give the definition and classification of vortex boundary. 

 

2 Mapping Method 

  

A mapping method is given in this paper to denote 2D fluid behaviors including rotation and 

deformations as points in a 2D space, which also holds in the plan perpendicular to eigenvector. 

Similarly, 3D behaviors as points in a 3D space. To be more specific, the method aims to map strain 

rate state onto particles behaviors. On the other hand, this method can explain directly by which Liutex 

magnitude is obtained through orthogonal rotation.  

 

Fig. 1. Deformation of fluid mass 

 

It is known that velocity tensor is decomposed into four behaviors of fluid mass, expansion, shear, 

rotation and angular deformation based on Stocks-Helmholtz decomposition (Fig. 1). However, this 

mapping is a built to reinterpret them, taking non-diagonal elements as the preimage, while the 

neighbor space of a point as the image. To achieve it, the expansion is out of consideration and we 

substitute the rest of three cases with the displacements of A and B（Fig. 1）. Then supposing that time 

deviation is close to zero, then the strain rates can be expressed by displacements. Namely, 

combination of displacements of A and B is associated with velocity gradient tensor. Also, even though 

the expansion is out of consideration, it is enough to analyse Helmholtz decomposition. 
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2D (b) 3D 

Fig. 2. Neighbor space of image D 

 

Based on parallelogram law, image D is obtained (Fig. 2 (a)). So all deformations now are combined 

and expressed. The image neighbor space of D is obtained, where the deformation is limited. It is a 

one-to-one mapping method in 2D from preimage onto image. For 3D, it’s easy to develop as the law 

holds in every direction (Fig. 2(b)). 

This method compares different decomposition and builds a connection between particles and a fluid 

mass. If points O, A, B is regarded as three typical particles of a fluid mass, it would explain how fluid 

particles represent a fluid mass, consequently to review the priority of continuum mechanics over 

particle mechanics. 

 

  

（a） （b） 

Fig. 3. Image space of the mapping with (a) and without (b) shear axles 

 

The strain rates tensor and velocity tensor under Helmoholtz decomposition are mapped onto the 

neighber space of D, in Fig. 3(a). The rotation axle and symmetry angular deformation axle divide the 

plane into four quadrants, where P get projections using Helmoholtz decomposition. However, when 

considering about other velocity decomposition, for example in some condition, deformations are 

contaminated by each other as mentioned before[2，6]. In this condition, if it regards the simple shear as 

an independent basic deformation, namely the shear axis is considered, then there would be eight parts 

in the plane (Fig. 3 (b)) where shaded region means rotation component. Here, image points like Q are 

only projected on two closest axis. Thus, every point in the shaded area is consisted of rotation and 

simple shear. 
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This image space makes the components of behaviors more clearly under different decomposition 

manners. It makes which decomposition is more natural is an artificial selection.   

 

3 Vortex boundary definition  

 

In this paper, vortex boundary definition deduced from the geometry and physical meaning of Liutex 

magnitude given by mapping method. It begins with 2D plane perpendicular to eigenvector, a direction 

defined as the vortex axle in Liutex theory.  

 

3.1 Physical meaning of Liutex magnitude 

 

Liutex magnitude is a Galilain invariant obtained from two orthogonal rotation matrix, Q and P rotation 

acting on velocity tensor. Here P rotation is an orthogonal rotation on the plane perpendicular to left 

eigenvector, acting on velocity tensor as  

1v P v P

 
    

After the orthogonal transforming, the magnitude of Liutex is defined on the plane as the extreme value 

of non-diagonal element, 

 

while the main diagonal elements are the equal, corresponding to rotation and isotropic expansion, 

respectively.  

Both linear and shear strain rate are circular symmetry from the view of circular direction. As a result, 

Liutex extracts the same character in circular direction, called circular symmetry in 2D, and cylindrical 

in 3D, the physical meaning of Liutex. The circular symmetry is a kind of typical physical character of 

vortex, emphasizing circular direction rather than the position of each flow particle. So this paper claim 

that circular symmetry is the physical meaning of Liutex. 

 

3.2 Geometry meaning of Liutex magnitude 
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From the mapping method above, it is easy to generate the physical meaning of α, deviation of circular 

symmetry. If one the axle (Fig.3(b)) is changed to α, all cases of discriminant of Liutex magnitude can 

be obtained, as shown in Fig. 4(a), where β axle is for rotation, shear axle for simple shear, and α axle 

for two cases: an isotropic expansion and asymmetry of angular deformation. While Liutex the 

magnitude of Rortex can be obtained by 

2( )R    , 

where 

2 21
( ) ( )

2

1
( )

2

v u u v

x y x y

u v

y x





   
   

   

 
 

   

  

（a） （b） 

Fig. 3. Schematic diagram of Liutex (Rortex) magnitude 

 

 The geometric meaning of Liutex magnitude in shaded area is the length of projection on β axis., 

because of geometric relation shown in Fig. 4(b), the projection of Q on β axle is β-α measuring the 

rotation. Thus, the mapping method considering about the simple shear help explain Liutex magnitude. 

 

3.3 Vortex boundary definition 

 

To consider about vortex boundary definition, the mathematical definition of vortex or rotation need to 

be given, which is not unified statement. Based on Liutex identification theory [12-31], this part will give 

the mathematical discriminant of vortex boundary. 

There are two characters of a gradient tensor, diagonalizable and undiagonalizable. For the first case, 

the gradient tensor is not diagonalizable to real diagonal matrix, when the velocity gradient tensor has 

one real eigenvalue and two complex conjugate eigenvalues. According to the eigenvector-based 

definition of Liutex, the 2x2 matrix on the plane perpendicular to the left eigenvector has the identical 

complex conjugate eigenvalues as the original velocity gradient tensor which can be expressed as 
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1 2,cr ci cr cii i        
 

Where[3]， 

2 2 2

ci   
 

Second, the gradient tensor is diagonalizable to real diagonal matrix when there are three real distinct 

eigenvalues which means three linearly independent eigenvectors, main directions of compression and 

tension. Namely, there is an orthogonal rotation that transforms the deformation to simple expansion.   

 However, when β2 − α2=0, there are two or three same eigenvalues of velocity gradient tensor, so there 

are also above two cases,. To be exact, the velocity is diagonalizable if geometric multiplicity is less 

than algebraic multiplicity, and if equal, it is not diagonalizable. The boundary of above two cases is 

the case of multiple root, including double or triple root of characteristic equation.  

Correspondingly, in the image plane of the mapping method in Fig. 3 (b), the shaded area is for one 

real and two complex eigenvalues, the unshaded area for 3 real eigenvalues, and shear axle for same 

eigenvalues. Thus, the boundary of vortex is defined as the condition of multiple roots with  β2 − 

α2=0, as a result of admitting the Liutex theory. The boundary type can be classified more specifically 

using topology type of shear axle. 

 

3.4 Vortex boundary classification of topology type  

 

Establishing coordinates on moving points in the flow field, the origin of these coordinates are singular 

points on these local coordinates, for which the critical point theory is locally suitable. This part will 

classify every points topology type through a manner of critical points theory[8], so the classification of 

topology can be used on vortex boundary. 

First, differential equations can be given as 

( , ), ( , )
dx dy

X x y Y x y
dt dt
 

 

Where 

0 2( , ), ( , ) ( ),DX x y Y x y C D R 
 

Equations has different characters on singular points and ordinary points [9]. If P0(x0,y0)is a singular 

point, the velocity is zero, otherwise, is not zero. However, every point can be transformed to a singular 

point through minus its velocity and establishing local coordinates on points. As a result of 

dv v dr   , the velocity tensor is substituted into 
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,
dx dy

ax by cx dy
dt dt
   

 

 where a, b, c and d are real numbers of velocity tensor. And the characteristic equation is  

2( ) 0D p q     
 

where 

2( ), , 4p a d q ad bc p q       
 

 

Fig. 5. Classification of critical points in two-dimensional linear systems[7] 

 

The Fig. 5 is the topology of trace line of critical points as well as a kind of stream patterns of ordinary 

points with local coordinates. The topology doesn't change with the coordinate transformation, since 

they are determined by p, q and discriminant   while the discriminant of multiple roots in the above 

image space (Fig. 6) is
2 2'    

. So axles of the image makes the different cases of eigenvalues 

clearly. 

 

Fig. 6  Stream patterns of ordinary points and singular points in local coordinates 

 

From Fig. (6), on shear axle, there is ' 0    , where the vortex boundary is classified into two cases 

in terms of topology type. According to whether diagonalization can be, there are shear and non-shear 
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boundary, for example, Fig. 6 (a) (b). And according to the positive and negative of the double root, it 

can be classified into stable boundary and unstable boundary, as shown in Fig. 6 (c) (d). In addition, if 

the multiple root is zero, the topology is degenerate; it is degenerate boundary, as shown in Fig. 6 (e) 

(f). 

 

Conclusion  

 

Firstly, a mapping method, the foundation of the paper, is given to analyze fluid behaviors, and 

compare different velocity decomposition trying to explain how Liutex conflict with Helmholtz 

decomposition and showing how a fluid particle represent a fluid mass. Secondly, circular symmetry in 

2D, and cylindrical in 3D is the physical meaning of Liutex. It is a kind of typical physical character of 

vortex, emphasizing circular direction. And it explain the geometric meaning of Liutex magnitude 

through geometric relation by the mapping method. So, which velocity decomposition is more natural 

is an artificial selection.  

We define the boundary of vortex as the condition of multiple roots of velocity gradient tensor with 

β2−α2=0, as a result of admitting the Liutex theory. The boundary type can be classified more 

specifically using topology type, by classifying every points topology type through a manner of critical 

points theory. According to whether diagonalization can be, there are shear and non-shear boundary. 

And according to the positive, negative and zero of the double root, there are stable boundary, unstable 

boundary and degenerate boundary.   
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Abstract. Turbulence in the supersonic airflows with Mach numbers up to 1.6 was 
investigated experimentally on a shock tube with a discharge chamber. The radiation of a 
distributed surface sliding discharge with a duration of 300 ns and area of 103 cm2 was 
used as a visualizing method. The distribution of the discharge radiation intensity 
indicates the instantaneous density distribution due to the strong dependence of the 
intensity on the reduced electric field E/N. Processed result of the obtained experimental 
photographic images using a mathematical numerical computational program showed 
that the spatial scales of structural elements of turbulence in the direction of the flow can 
reach 1.7-5.9 mm. 
Key words: supersonic flow, boundary layer, turbulence, surface sliding discharge 

 
 
1 Introduction 
 

Most of the flows of fluids, gases and plasma in nature and in technical 
devices are turbulent [1]. 

With the development of aviation technology in the 20th century, the study 
of turbulence became popular concerned again. Turbulence is a phenomenon 
observed in many flows of liquids and gases, and in these flows numerous 
vortices of various sizes are formed, as a result of which their hydrodynamic 
and thermodynamic characteristics (speed, temperature, pressure, density) 
experience chaotic fluctuations and therefore change from point to point and in 
time irregularly [1]. This definition implies the importance of the sizes of 
turbulent structures in determining the hydrodynamic and thermodynamic 
characteristics of the flow, which should be taken into account when solving 
problems of control and safety of aircraft. 

To improve the aerodynamic characteristics of aircraft, except changing the 
aerodynamic shape of structural elements, plasma of gas discharges (plasma 
actuators) can be used. At a short distance from the streamlined surface, the air 
velocity above the plasma actuator increases under the influence of the electric 
field. In this case, the chaotic movement of the turbulent air flow can be 
suppressed [2]. In this regard, the study of air flows with plasma is of great 
importance for the active control of turbulence. 

One of the ways to study the turbulent structure of a flow is to analyze the 
information obtained by visualizing the flow. 
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Experimental studies of turbulence in a supersonic boundary layer have 
been carried out since the middle of the last century [3, 4]. Mechanism of 
transition of a laminar boundary layer into turbulent boundary layer is still 
actively studied. Today it is generally accepted that such a transition is directly 
related to the stability of the initial laminar flow. To solve the problem of 
creating effective methods for controlling the boundary layer, it is also 
necessary to know the mechanisms of initialization of instability. In theoretical 
works, the theory of hydrodynamic stability is applied, using the wave approach 
to analyze flows, or direct numerical modeling is carried out [5-7]. In 
experimental works, the method of controlled disturbances is used and the 
efficiency of control of the characteristics of turbulent boundary layers is 
researched. [2-4, 8]. Perturbations of parameters of flow are usually monitored 
by temperature and pressure sensors. Anemometers measure velocity 
perturbations. One of the methods for studying the turbulent flow structure is 
visualization [2-4]. Investigations of various actuators for creating technology 
for controlling the characteristics of the boundary layer near surfaces have been 
actively carried out in recent decades [2, 8-10]. 

The aim of this work is to analyze the structural elements of the boundary 
layer in the boundary layer of a supersonic flow behind the front of a plane 
shock wave in a shock tube. In this work, the spatial scales of turbulent 
structures are determined on the basis of statistical computer processing of 
photographic images obtained at the facility, consisting of a shock tube and a 
discharge chamber [9, 10]. 

 
 

2 Experimental conditions 
 

In modern scientific research of turbulence, various methods of visualizing 
gas-dynamic flows in the boundary layer are used, such as the classical shadow 
method, schlieren photography, particle image velocimetry (PIV) [2, 4, 9-11]. 
The obtained spatial flow patterns, as well as continuous measurements of 
thermodynamic quantities and velocity at different points, can serve as a source 
of information about instantaneous fields of parameters. 

In this work, photographic images of the glow of a surface sliding 
discharge were obtained on a shock tube (see Fig. 1) with a discharge chamber. 

 

 
 

Figure: 1. The experimental set-up diagram. 
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The shock tube on which the experiments were carried out has a 2448 
mm2 rectangular cross section, in which it is possible to create air flows with 
velocity up to 1600 m/s behind the front of shock wave with Mach numbers up 
to 5 [9]. In the experiments, the turbulent structure of the boundary layer on the 
channel walls in a supersonic flow behind the shock wave was visualized. The 
illumination of the flow structure using a nanosecond distributed surface sliding 
discharge in the discharge chamber was used as a visualizing tool [9, 10]. 

 

 
 

Figure: 2. Flow diagram in the shock tube: 1  shock wave front, 2 - contact surface, 
3 - surface discharge region, 4 - glasses, 5 - discharge electrodes. The arrow shows the 

direction of flow. 
 

In the shock tube, the boundary layer grows from zero at the shock wave 
front towards the contact surface [10, 11] (see Fig. 3). The parameters of the 
boundary layer directly depend on the parameters of the co-current flow behind 
the shock front (velocity, density, temperature, etc.). 

 

 
 

Figure: 3. The co-current flow behind the shock wave in the shock tube channel. 
 

The Rankine-Hugoniot relations can calculate the parameters of the co-
current flow behind a plane shock wave with the known Mach number M from 
the known initial parameters ahead of the shock front [11]: 

 

     (1) 
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     (2) 

   (3) 

      (4) 

 
In the equations for pressure (1), density (2), temperature (3), and velocity 

of the co-current flow (4), the subscript 1 denotes the parameters ahead of the 
shock front, and the subscript 2  behind the shock front (Fig. 3). The  and  
are the heat capacity ratio and the speed of sound ahead of the shock front, M is 
the Mach number of the moving shock wave, which is equal to the ratio of its 
velocity V relative to the speed of medium to the speed of sound in this medium 

. The first three equations are called Rankine-Hugoniot relations. 
In experimental physics, it is usual to take the distance from the wall of the 

streamlined body as the thickness of the boundary layer at which the flow 
velocity differs by 1% from the external flow velocity. Since in the boundary 
layer the inertial forces and friction forces are of the same order of magnitude, 
equating these forces, one can obtain an estimate of the boundary layer 
thickness for a supersonic flow 

       (5) 

 

The development of the discharge is determined by the local value of the 
reduced electric field E/N (reduced electric field), where E is the electric field 
strength, N is the concentration of molecules[10, 12]. The rate of ionization and 
the concentration of electrons, which determine the discharge current, depend 
on the E/N value. Therefore, density fluctuations affect the local conductivity 
and the spatial structure of the discharge radiation. 

Pulsed sliding surface discharge (plasma sheet) in still air is a system of 
parallel diffuse and separate brighter channels sliding over the dielectric surface 
[9, 10] (Fig. 4 a). Sliding surface distributed discharges of size 30100 mm2 
were initiated on the upper and lower walls of the discharge chamber at a 
distance of 24 mm from each other in the density range from 0.05 to 0.40 kg/m3. 
The discharges were initiated when a pulse voltage of 25 kV was applied. The 
discharge duration was about 300 ns. The photographic images of the discharge 
glow were recorded Nikon D50 camera through quartz glasses with 17 cm 
length, forming the walls of the discharge chamber channel (Fig. 1). The optical 
axis of the camera was located at a small angle to the plane of the discharge, 
perpendicular to the direction of flow (Fig. 1). 
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Figure: 4. Photographs of the discharge glow in a discharge chamber in still air (a), in 
supersonic airflows in turbulent boundary layer (b, c). The arrow shows the direction of 

flow. Мflow=1,52, 2=0.11 kg/m3.   

 
3 Study of the spatial structure of the discharge glow in 
supersonic flows 
 

The photographic images of the discharge glow obtained in the 
experiments were provided for processing in the form of three series of data 
with different Mach numbers of the shock wave and the initial parameters of the 
air ahead of its front. They were obtained in different areas of the boundary 
layer, at different stages of turbulence development. The initial conditions and 
calculated flow parameters are given in Table 1): 

 
Table 1  

 
 

M0 

 

Mflow 

 

p1 (torr) 
1 

(kg/m3) 

2 

(kg/m3) 

 

Re (·105) 
X, 
cm 

1 2.38-2.44 1.17 33 0.056 0.18 2.56 12-25 

2 3.6-3.72 1.52 15 0.025 0.11 2.58 6-22 

3 4.17-4.48 1.59 7.6 0.013 0.06 1.54 29-36 
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M0  Mach number of the initial shock wave  
Mflow  the Mach number of the flow behind the shock wave  
p1, 1  pressure and density ahead of the front of the initial shock wave  
2  density in the flow behind the front of the initial shock wave  
Re  flow Reynolds number  
X distance from the shock front to the glow registration region (see Fig. 5)  

 

 
Figure: 5. Images of the discharge glow in first series of experiments at X = 12 and 21 

cm. Rectangles outline the processing areas. 
 
To study the nature of turbulence and determine the size of the structural 

elements of the boundary layer in a supersonic flow, a program was written and 
used in processing to scan the intensity of the images and convert the intensity 
to the Fourier spectrum. Before processing the photos were modified manually 
using Adobe Photoshop (Fig. 6) so that the discharge channels were parallel to 
the right and left edges of the image. 

 

a   

b   
 

Figure: 6. Original (a) and modified (b) images. The arrow shows the direction of flow. 
 

Description of the program for processing experimental images 

The program is written in the Matlab programming language. 
Theoretically, this program is based on obtaining the spatial Fourier spectrum of 
the intensity of the surface discharge glow in the flow. The modified image was 
used as input for processing to. Then the colorful image can be converted into 
two-dimensional digital matrix, by the value of which the intensity of the photo 
image can be determined at every point. Further, the matrix of the obtained 
image was averaged over the width, after which a graph of the dependence of 
the intensity on the coordinate (the length of the image along the direction of the 
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flow or in the direction transverse to the flow) was plotted (Fig. 7. a).  By using 
the mathematical instrument  Fourier transform, Fourier spectrum was 
obtained (the dependence of the intensity on the inverse coordinate 1 / x) (Fig. 7. 
b). 

 

a  b   
 
 

Figure: 7.a) Dependence of the intensity on the x coordinate and b) Fourier spectrum 
(dependence of the relative intensity from the reciprocal length in cm-1) at X= 28 cm  

 
Results of processing experimental images 

When processing photographic images, the dependences of the glow 
intensity of the discharge region in the direction of the flow and in the direction 
perpendicular to the flow were obtained. Next, the Fourier transform was 
performed for the intensity in the program (Fig. 8), and histograms of the 
frequency distribution for different regions of the flow were plotted for different 
values of the shock wave departure from the discharge gap X. Significant 
frequencies were selected from the Fourier spectra and histograms of the 
dependence of the frequency intensity on the reciprocal coordinate were 
compiled (Fig. 8). The histograms were normalized so that the same the 
frequencies for transverse and longitudinal scans were equal. 

The analysis of the results of the first series of experiments for different 
stages of turbulence development showed that the obtained Fourier spectra 
contain the same frequencies for the transverse and longitudinal scanning 
directions. They correspond to the same scale of turbulent structures in the 
boundary layer from 1.3 mm to 5 mm. At the beginning of the turbulent region 
(near the zone of the laminar-turbulent transition), a larger number of 
frequencies are observed in the Fourier spectrum, their intensities are close (Fig. 
8 a, b). With an increase in the distance of shock wave escape, the number of 
types of turbulent structures decreases and the intensity of low frequencies 
becomes higher (Fig. 8 c, d). 

 

 

 

 

R
elative intensity1 

cm-1 
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Figure: 8. Fourier spectrum obtained by scanning in the direction of the flow (a) and in 

the direction perpendicular to the flow (b). 

 

 
Figure: 9. Histograms of frequency distribution at X= 12 cm (a), 14 cm (b), 21 cm (c) 
and 25 cm (d). Blue symbols  scanning in the direction of the flow, brown symbols  

scanning in the direction perpendicular to the flow.  
 

a b 

c d 
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Conclusions 
 

The paper analyzes the distribution of the glow intensity of a pulsed 
sliding surface discharge in the boundary layer of supersonic flows in a shock 
tube. The mathematical tool Fourier transform was used to analyze the turbulent 
structure of the boundary layer. From the processing results, it can be concluded 
that the scales of turbulent structures in the boundary layer, determined by 
scanning the glow intensity of the discharge and the Fourier transform of the 
signal, reach 5.9 mm. The nature of turbulent structures in the boundary layer 
under different experimental conditions has common features reflecting the 
dynamigtfcs of the development of turbulence. 
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Abstract. We study the existence and multiplicity of positive solutions for a system
of Riemann-Liouville fractional differential equations, subject to coupled nonlocal
boundary conditions which contain Riemann-Stieltjes integrals and various fractional
derivatives, and the nonlinearities of the system are nonnegative functions and they
may be singular at some points. We use the Guo-Krasnosel’skii fixed point theorem
in the proofs of the main results.
Keywords: Systems of Riemann-Liouville fractional differential equations, nonlocal
coupled boundary conditions, singular nonlinearities, existence of solutions, multi-
plicity.

1 Introduction

We consider the nonlinear system of fractional differential equations{
Dα

0+u(t) + f(t, u(t), v(t)) = 0, t ∈ (0, 1),

Dβ
0+v(t) + g(t, u(t), v(t)) = 0, t ∈ (0, 1),

(1)

supplemented with the coupled nonlocal boundary conditions
u(j)(0) = 0, j = 0, . . . , n− 2, Dγ0

0+u(1) =

p∑
i=1

∫ 1

0

Dγi
0+v(t) dHi(t),

v(k)(0) = 0, k = 0, . . . ,m− 2, Dδ0
0+v(1) =

q∑
i=1

∫ 1

0

Dδi
0+u(t) dKi(t),

(2)

where α, β ∈ R, α ∈ (n − 1, n], β ∈ (m − 1,m], n, m ∈ N, n ≥ 3, m ≥ 3,
p, q ∈ N, γi ∈ R for all i = 0, . . . , p, δj ∈ R for all j = 0, . . . , q, 0 ≤ γ1 < γ2 <
· · · < γp ≤ δ0 < β − 1, δ0 ≥ 1, 0 ≤ δ1 < δ2 < · · · < δq ≤ γ0 < α − 1, γ0 ≥ 1,
Dk

0+ denotes the Riemann-Liouville derivative of order k (for k = α, β, γi, i =
0, . . . , p, δj , j = 0, . . . , q), the nonnegative functions f and g may be singular
at t = 0 and/or t = 1, and the integrals from the boundary conditions (2) are
Riemann-Stieltjes integrals with Hi for i = 1, . . . , p and Kj for j = 1, . . . , q
functions of bounded variation.

In this paper we present sufficient conditions for the nonlinearities f and
g such that problem (1),(2) has at least one or two positive solutions. In the
proofs of the main results we use the Guo-Krasnosel’skii fixed point theorem
of cone expansion and compression of norm type (see [13]). A positive solution
of problem (1),(2) is a pair of functions (u, v) ∈ (C([0, 1], R +))2 satisfying
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(1) and (2), and u(t) > 0 for all t ∈ (0, 1] or v(t) > 0 for all t ∈ (0, 1],
(R + = [0,∞)). The problem (1),(2) is a generalization of the problem studied
in [16]. Indeed, if p = 1, q = 1, γ0 = p1, γ1 = q1, δ0 = p2, δ1 = q2, H1 is
a step function given by H1(t) = {0, t ∈ [0, ξ1); a1, t ∈ [ξ1, ξ2); a1 + a2, t ∈
[ξ2, ξ3); . . . ;

∑N
i=1 ai, t ∈ [ξN , 1]}, and K1 is a step function given by K1(t) =

{0, t ∈ [0, η1); b1, t ∈ [η1, η2); b1 + b2, t ∈ [η2, η3); . . . ;
∑M
i=1 bi, t ∈ [ηM , 1]},

then the boundary conditions (2) become the multi-point boundary conditions
(BC) from [16]. In recent years, fractional differential equations and systems
of fractional differential equations, subject to various multi-point or Riemann-
Stieltjes integral boundary conditions have been intensively studied (see for
example, the papers [1]-[5], [14], [15], [17]-[19], [22], [23], [29], [31]-[33]. We
also mention the books [7], [8], [20], [21], [26]-[28], and the papers [6], [9]-[12],
[24], [25], [30], which present various applications of the fractional calculus in
scientific and engineering fields.

2 Auxiliary results

We consider the system of fractional differential equations{
Dα

0+u(t) + ϕ(t) = 0, t ∈ (0, 1),

Dβ
0+v(t) + ψ(t) = 0, t ∈ (0, 1),

(3)

with the boundary conditions (2), where ϕ, ψ ∈ C(0, 1) ∩ L1(0, 1). We denote

∆ =
Γ (α)Γ (β)

Γ (α− γ0)Γ (β − δ0)
−

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

sβ−γi−1 dHi(s)

)

×

(
q∑
i=1

Γ (α)

Γ (α− δi)

∫ 1

0

sα−δi−1 dKi(s)

)
.

(4)

By using similar arguments as those used in the proof of Lemma 2.2 from
[31], we obtain the following lemma.

Lemma 1. If ∆ 6= 0, then the unique solution (u, v) ∈ C[0, 1] × C[0, 1] of
problem (3),(2) is given by

u(t) =

∫ 1

0

G1(t, ϑ)ϕ(ϑ) dϑ+

∫ 1

0

G2(t, ϑ)ψ(ϑ) dϑ, ∀ t ∈ [0, 1],

v(t) =

∫ 1

0

G3(t, ϑ)ϕ(ϑ) dϑ+

∫ 1

0

G4(t, ϑ)ψ(ϑ) dϑ, ∀ t ∈ [0, 1],

(5)

where

G1(t, ϑ) = g1(t, ϑ) +
tα−1

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

sβ−γi−1 dHi(s)

)

×

(
q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ)

)
,
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G2(t, ϑ) =
tα−1Γ (β)

∆Γ (β − δ0)

p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ),

G3(t, ϑ) =
tβ−1Γ (α)

∆Γ (α− γ0)

q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ),

G4(t, ϑ) = g2(t, ϑ) +
tβ−1

∆

(
q∑
i=1

Γ (α)

Γ (α− δi)

∫ 1

0

sα−δi−1 dKi(s)

)

×

(
p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ)

)
,

(6)

for all (t, ϑ) ∈ [0, 1]× [0, 1] and

g1(t, ϑ) =
1

Γ (α)

{
tα−1(1− ϑ)α−γ0−1 − (t− ϑ)α−1, 0 ≤ ϑ ≤ t ≤ 1,
tα−1(1− ϑ)α−γ0−1, 0 ≤ t ≤ ϑ ≤ 1,

g1i(τ, ϑ) =
1

Γ (α− δi)

 τα−δi−1(1− ϑ)α−γ0−1 − (τ − ϑ)α−δi−1,
0 ≤ ϑ ≤ τ ≤ 1,

τα−δi−1(1− ϑ)α−γ0−1, 0 ≤ τ ≤ ϑ ≤ 1,

g2(t, ϑ) =
1

Γ (β)

{
tβ−1(1− ϑ)β−δ0−1 − (t− ϑ)β−1, 0 ≤ ϑ ≤ t ≤ 1,
tβ−1(1− ϑ)β−δ0−1, 0 ≤ t ≤ ϑ ≤ 1,

g2j(τ, ϑ) =
1

Γ (β − γj)

 τβ−γj−1(1− ϑ)β−δ0−1 − (τ − ϑ)β−γj−1,
0 ≤ ϑ ≤ τ ≤ 1,

τβ−γj−1(1− ϑ)β−δ0−1, 0 ≤ τ ≤ ϑ ≤ 1,

(7)

for all i = 1, . . . , q and j = 1, . . . , p.

Based on the properties of the functions g1, g2, g1i, i = 1, . . . , q, g2j , j =
1, . . . , p given by (7) (see Lemma 3 from[15], or Lemma 2.4 from [31]), we obtain
below the following properties of the functions Gi, i = 1, . . . , 4.

Lemma 2. Assume that ∆ > 0, Hi, i = 1, . . . , p, Kj , j = 1, . . . , q are nonde-
creasing functions. Then the functions Gi, i = 1, . . . , 4 given by (6) have the
properties:

a) Gi : [0, 1]× [0, 1]→ [0,∞), i = 1, . . . , 4 are continuous functions;
b) G1(t, ϑ) ≤ J1(ϑ) for all (t, ϑ) ∈ [0, 1]× [0, 1], where

J1(ϑ)=h1(ϑ)+
1

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

sβ−γi−1dHi(s)

)(
q∑
i=1

∫ 1

0

g1i(τ, ϑ)dKi(τ)

)
,

∀ϑ ∈ [0, 1],
h1(ϑ) = 1

Γ (α) (1− ϑ)α−γ0−1(1− (1− ϑ)γ0), ∀ϑ ∈ [0, 1];

c) G1(t, ϑ) ≥ tα−1J1(ϑ) for all (t, ϑ) ∈ [0, 1]× [0, 1];
d) G2(t, ϑ) ≤ J2(ϑ), for all (t, ϑ) ∈ [0, 1]× [0, 1], where

J2(ϑ) =
Γ (β)

∆Γ (β − δ0)

p∑
i=1

∫ 1

0

g2i(τ, ϑ)dHi(τ), ∀ϑ ∈ [0, 1];

e) G2(t, ϑ) = tα−1J2(ϑ) for all (t, ϑ) ∈ [0, 1]× [0, 1];
f) G3(t, ϑ) ≤ J3(ϑ) for all (t, ϑ) ∈ [0, 1]× [0, 1], where

J3(ϑ) =
Γ (α)

∆Γ (α− γ0)

q∑
i=1

∫ 1

0

g1i(τ, ϑ)dKi(τ), ∀ϑ ∈ [0, 1];
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g) G3(t, ϑ) = tβ−1J3(ϑ) for all (t, ϑ) ∈ [0, 1]× [0, 1];

h) G4(t, ϑ) ≤ J4(ϑ) for all (t, ϑ) ∈ [0, 1]× [0, 1], where

J4(ϑ)=h2(ϑ)+
1

∆

(
q∑
i=1

Γ (α)

Γ (α− δi)

∫ 1

0

sα−δi−1dKi(s)

)(
p∑
i=1

∫ 1

0

g2i(τ, ϑ)dHi(τ)

)
,

∀ϑ ∈ [0, 1],

h2(ϑ) = 1
Γ (β) (1− ϑ)β−δ0−1(1− (1− ϑ)δ0), ∀ϑ ∈ [0, 1];

i) G4(t, ϑ) ≥ tβ−1J4(ϑ), for all (t, ϑ) ∈ [0, 1]× [0, 1].

Lemma 3. Assume that ∆ > 0, Hi, i = 1, . . . , p, Kj , j = 1, . . . , q are nonde-
creasing functions, and ϕ, ψ ∈ C(0, 1) ∩ L1(0, 1) with ϕ(t) ≥ 0, ψ(t) ≥ 0 for
all t ∈ (0, 1). Then the solution (u, v) of problem (3)-(2) given by (5) satisfies
the inequalities u(t) ≥ 0, v(t) ≥ 0 for all t ∈ [0, 1]. Moreover, we have the
inequalities u(t) ≥ tα−1u(ν) and v(t) ≥ tβ−1v(ν) for all t, ν ∈ [0, 1].

Proof. Under the assumptions of this lemma, by using relations (5) and
Lemma 2, we deduce that u(t) ≥ 0 and v(t) ≥ 0 for all t ∈ [0, 1]. Besides, for
all t, ν ∈ [0, 1], we obtain the following inequalities

u(t) =

∫ 1

0

G1(t, ϑ)ϕ(ϑ) dϑ+

∫ 1

0

G2(t, ϑ)ψ(ϑ) dϑ

≥ tα−1
(∫ 1

0

J1(ϑ)ϕ(ϑ) dϑ+

∫ 1

0

J2(ϑ)ψ(ϑ) dϑ

)
≥ tα−1

(∫ 1

0

G1(ν, ϑ)ϕ(ϑ) dϑ+

∫ 1

0

G2(ν, ϑ)ψ(ϑ) dϑ

)
= tα−1u(ν),

v(t) =

∫ 1

0

G3(t, ϑ)ϕ(ϑ) dϑ+

∫ 1

0

G4(t, ϑ)ψ(ϑ) dϑ

≥ tβ−1
(∫ 1

0

J3(ϑ)ϕ(ϑ) dϑ+

∫ 1

0

J4(ϑ)ψ(ϑ) dϑ

)
≥ tβ−1

(∫ 1

0

G3(ν, ϑ)ϕ(ϑ) dϑ+

∫ 1

0

G4(ν, ϑ)ψ(ϑ) dϑ

)
= tβ−1v(ν).

�

3 Existence and multiplicity of positive solutions

In this section we investigate the existence and multiplicity of positive solutions
for problem (1),(2) under various assumptions on the nonlinearities f and g
which may be singular at t = 0 and/or t = 1. We present now the basic
assumptions that will be used in our main results:

(H1) α, β ∈ R, α ∈ (n− 1, n], β ∈ (m− 1,m], n, m ∈ N, n ≥ 3, m ≥ 3, p, q ∈ N,
γi ∈ R for all i = 0, . . . , p, δj ∈ R for all j = 0, . . . , q, 0 ≤ γ1 < γ2 <
· · · < γp ≤ δ0 < β − 1, δ0 ≥ 1, 0 ≤ δ1 < δ2 < · · · < δq ≤ γ0 < α − 1,
γ0 ≥ 1, Hi : [0, 1] → R, i = 1, . . . , p and Kj : [0, 1] → R, j = 1, . . . , q are
nondecreasing functions, and ∆ > 0 (∆ is given by (4)).
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(H2) The functions f, g ∈ C((0, 1)× R +× R +, R +) and there exist the functions
ζi ∈ C((0, 1), R +) and ϕi ∈ C([0, 1] × R + × R +, R +), i = 1, 2, with 0 <∫ 1

0
(1− τ)α−γ0−1ζ1(τ) dτ <∞, 0 <

∫ 1

0
(1− τ)β−δ0−1ζ2(τ) dτ <∞ such that

f(t, x, y) ≤ ζ1(t)ϕ1(t, x, y), g(t, x, y) ≤ ζ2(t)ϕ2(t, x, y), ∀ t ∈ (0, 1), x, y ∈
R +.

By using Lemma 1, the pair (u, v) is a solution of problem (1),(2) if and
only if (u, v) is a solution for the nonlinear system of integral equations

u(t) =

∫ 1

0

G1(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

0

G2(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ,

v(t) =

∫ 1

0

G3(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

0

G4(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ,

for all t ∈ [0, 1].
We introduce the Banach space Y = C[0, 1] with supremum norm ‖x‖ =

supt∈[0,1] |x(t)| and the Banach space Z = Y × Y with the norm ‖(x, y)‖Z =
‖x‖+ ‖y‖. We define the cone Q ⊂ Z by

Q = {(u, v) ∈ Z, u(t) ≥ 0, v(t) ≥ 0, ∀ t ∈ [0, 1]}.

We consider now the operators A1, A2 : Z → Y and A : Z → Z defined by

A1(u, v)(t) =

∫ 1

0

G1(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

0

G2(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ,

A2(u, v)(t) =

∫ 1

0

G3(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

0

G4(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ,

for all t ∈ [0, 1] and A(u, v) = (A1(u, v),A2(u, v)), (u, v) ∈ Z.
The pair (u, v) is a solution of problem (1),(2) if and only if (u, v) is a fixed

point of operator A.

Lemma 4. Assume that (H1) and (H2) hold. Then A : Q → Q is a completely
continuous operator.

Proof. We denote by M1 =
∫ 1

0
J1(s)ζ1(s)ds, M2 =

∫ 1

0
J2(s)ζ2(s)ds, M3 =∫ 1

0
J3(s)ζ1(s)ds, M4 =

∫ 1

0
J4(s)ζ2(s)ds. Using (H2) and Lemma 2, we obtain

M1 > 0, M2 ≥ 0, M3 ≥ 0, M4 > 0, and

M1 =

∫ 1

0

J1(s)ζ1(s) ds =

∫ 1

0

[
h1(s) +

1

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×

(
q∑
i=1

∫ 1

0

g1i(τ, s) dKi(τ)

)]
ζ1(s) ds

≤
∫ 1

0

[
1

Γ (α)
(1− s)α−γ0−1 +

1

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×

(
q∑
i=1

∫ 1

0

1

Γ (α− δi)
τα−δi−1(1− s)α−γ0−1 dKi(τ)

)]
ζ1(s) ds
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=

[
1

Γ (α)
+

1

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×

(
q∑
i=1

∫ 1

0

1

Γ (α− δi)
τα−δi−1 dKi(τ)

)]∫ 1

0

(1− s)α−γ0−1ζ1(s) ds <∞,

M2 =

∫ 1

0

J2(s)ζ2(s) ds =

∫ 1

0

Γ (β)

∆Γ (β − δ0)

(
p∑
i=1

∫ 1

0

g2i(τ, s) dHi(τ)

)
ζ2(s) ds

≤
∫ 1

0

Γ (β)

∆Γ (β − δ0)

(
p∑
i=1

∫ 1

0

1

Γ (β − γi)
τβ−γi−1(1− s)β−δ0−1 dHi(τ)

)
ζ2(s) ds

=
Γ (β)

∆Γ (β − δ0)

(
p∑
i=1

∫ 1

0

1

Γ (β − γi)
τβ−γi−1 dHi(τ)

)∫ 1

0

(1− s)β−δ0−1ζ2(s) ds

<∞,

M3 =

∫ 1

0

J3(s)ζ1(s) ds =

∫ 1

0

Γ (α)

∆Γ (α− γ0)

(
q∑
i=1

∫ 1

0

g1i(τ, s) dKi(τ)

)
ζ1(s) ds

≤
∫ 1

0

Γ (α)

∆Γ (α− γ0)

(
q∑
i=1

∫ 1

0

1

Γ (α− δi)
τα−δi−1(1− s)α−γ0−1 dKi(τ)

)
ζ1(s) ds

=
Γ (α)

∆Γ (α− γ0)

(
q∑
i=1

∫ 1

0

1

Γ (α− δi)
τα−δi−1 dKi(τ)

)∫ 1

0

(1− s)α−γ0−1ζ1(s) ds

<∞,

M4 =

∫ 1

0

J4(s)ζ2(s) ds =

∫ 1

0

[
h2(s) +

1

∆

(
q∑
i=1

Γ (α)

Γ (α− δi)

∫ 1

0

τα−δi−1 dKi(τ)

)

×

(
p∑
i=1

∫ 1

0

g2i(τ, s) dHi(τ)

)]
ζ2(s) ds

≤
∫ 1

0

[
1

Γ (β)
(1− s)β−δ0−1 +

1

∆

(
q∑
i=1

Γ (α)

Γ (α− δi)

∫ 1

0

τα−δi−1 dKi(τ)

)

×

(
p∑
i=1

∫ 1

0

1

Γ (β − γi)
τβ−γi−1(1− s)β−δ0−1 dHi(τ)

)]
ζ2(s) ds

=

[
1

Γ (β)
+

1

∆

(
q∑
i=1

Γ (α)

Γ (α− δi)

∫ 1

0

τα−δi−1 dKi(τ)

)

×

(
p∑
i=1

∫ 1

0

1

Γ (β − γi)
τβ−γi−1 dHi(τ)

)]∫ 1

0

(1− s)β−δ0−1ζ2(s) ds <∞.

By Lemma 2 we also deduce that A maps Q into Q.
We prove now that A maps bounded sets into relatively compact sets. We

assume S ⊂ Q is an arbitrary bounded set. Then there exists L1 > 0 such that
‖(u, v)‖Z ≤ L1 for all (u, v) ∈ S. By using the continuity of ϕ1 and ϕ2, we
find that there exists L2 > 0 such that L2 = max{supt∈[0,1], x,y∈[0,L1] ϕ1(t, x, y),
supt∈[0,1], x,y∈[0,L1] ϕ2(t, x, y)}. By Lemma 2, for any (u, v) ∈ S and t ∈ [0, 1],
we obtain

A1(u, v)(t) ≤
∫ 1

0

J1(ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

0

J2(ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ
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≤
∫ 1

0

J1(ϑ)ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

0

J2(ϑ)ζ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ

≤ L2

∫ 1

0

J1(ϑ)ζ1(ϑ) dϑ+ L2

∫ 1

0

J2(ϑ)ζ2(ϑ) dϑ = L2(M1 +M2),

A2(u, v)(t) ≤
∫ 1

0

J3(ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

0

J4(ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ

≤
∫ 1

0

J3(ϑ)ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

0

J4(ϑ)ζ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ

≤ L2

∫ 1

0

J3(ϑ)ζ1(ϑ) dϑ+ L2

∫ 1

0

J4(ϑ)ζ2(ϑ) dϑ = L2(M3 +M4).

Then ‖A1(u, v)‖ ≤ L2(M1 +M2), ‖A2(u, v)‖ ≤ L2(M3 +M4) for all (u, v) ∈ S,
and hence A1(S), A2(S) and A(S) are bounded.

We will show next that A(S) is equicontinuous. By using Lemma 1, for
(u, v) ∈ S and t ∈ [0, 1] we find

A1(u, v)(t) =

∫ 1

0

[
g1(t, ϑ) +

tα−1

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×

(
q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ)

)]
f(ϑ, u(ϑ), v(ϑ)) dϑ

+

∫ 1

0

tα−1Γ (β)

∆Γ (β − δ0)

(
p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ)

)
g(ϑ, u(ϑ), v(ϑ)) dϑ

=

∫ t

0

1

Γ (α)
[tα−1(1− ϑ)α−γ0−1 − (t− ϑ)α−1]f(ϑ, u(ϑ), v(ϑ)) dϑ

+

∫ 1

t

1

Γ (α)
tα−1(1− ϑ)α−γ0−1f(ϑ, u(ϑ), v(ϑ)) dϑ

+
tα−1

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×
∫ 1

0

(
q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ)

)
f(ϑ, u(ϑ), v(ϑ)) dϑ

+
tα−1Γ (β)

∆Γ (β − δ0)

∫ 1

0

(
p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ)

)
g(ϑ, u(ϑ), v(ϑ)) dϑ.

Then for any t ∈ (0, 1) we deduce

(A1(u, v))′(t) =

∫ t

0

1

Γ (α)
[(α− 1)tα−2(1− ϑ)α−γ0−1 − (α− 1)(t− ϑ)α−2]

×f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ 1

t

1

Γ (α)
(α− 1)tα−2(1− ϑ)α−γ0−1f(ϑ, u(ϑ), v(ϑ)) dϑ

+
(α− 1)tα−2

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×
∫ 1

0

(
q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ)

)
f(ϑ, u(ϑ), v(ϑ)) dϑ
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+
(α− 1)tα−2Γ (β)

∆Γ (β − δ0)

∫ 1

0

(
p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ)

)
g(ϑ, u(ϑ), v(ϑ)) dϑ.

Hence for any t ∈ (0, 1) we obtain

|(A1(u, v))′(t)| ≤ 1

Γ (α− 1)

∫ t

0

[tα−2(1− ϑ)α−γ0−1 + (t− ϑ)α−2]

×ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ+
1

Γ (α− 1)

∫ 1

t

tα−2(1− ϑ)α−γ0−1

×ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ

+
(α− 1)tα−2

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×
∫ 1

0

(
q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ)

)
ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ

+
(α− 1)tα−2Γ (β)

∆Γ (β − δ0)

∫ 1

0

(
p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ)

)
ζ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ.

Therefore we find

|(A1(u, v))′(t)| ≤ L2

[
1

Γ (α− 1)

∫ t

0

[tα−2(1− ϑ)α−γ0−1 + (t− ϑ)α−2]ζ1(ϑ) dϑ

+
1

Γ (α− 1)

∫ 1

t

tα−2(1− ϑ)α−γ0−1ζ1(ϑ) dϑ

+
(α− 1)tα−2Γ (β)

∆

(
p∑
i=1

1

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×
∫ 1

0

(
q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ)

)
ζ1(ϑ) dϑ

+
(α− 1)tα−2Γ (β)

∆Γ (β − δ0)

∫ 1

0

(
p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ)

)
ζ2(ϑ) dϑ

]
.

(8)

We denote

Ξ1(t) =
1

Γ (α− 1)

∫ t

0

[tα−2(1− ϑ)α−γ0−1 + (t− ϑ)α−2]ζ1(ϑ) dϑ

+
1

Γ (α− 1)

∫ 1

t

tα−2(1− ϑ)α−γ0−1ζ1(ϑ) dϑ,

Ξ2(t) = Ξ1(t) +
(α− 1)tα−2Γ (β)

∆

(
p∑
i=1

1

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×
∫ 1

0

(
q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ)

)
ζ1(ϑ) dϑ

+
(α− 1)tα−2Γ (β)

∆Γ (β − δ0)

∫ 1

0

(
p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ)

)
ζ2(ϑ) dϑ.
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We compute the integral of function Ξ1, by exchanging the order of integration,
and we deduce∫ 1

0

Ξ1(t) dt =
1

Γ (α)

∫ 1

0

(1− ϑ)α−γ0−1(1 + (1− ϑ)γ0)ζ1(ϑ) dϑ

≤ 2

Γ (α)

∫ 1

0

(1− ϑ)α−γ0−1ζ1(ϑ) dϑ <∞.

For the integral of the function Ξ2, we obtain∫ 1

0

Ξ2(t) dt =

∫ 1

0

Ξ1(t) dt+
α− 1

∆

(∫ 1

0

tα−2 dt

)
×

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×
∫ 1

0

(
q∑
i=1

∫ 1

0

g1i(τ, ϑ) dKi(τ)

)
ζ1(ϑ) dϑ

+
α− 1

∆

(∫ 1

0

tα−2 dt

)
Γ (β)

Γ (β − δ0)

∫ 1

0

(
p∑
i=1

∫ 1

0

g2i(τ, ϑ) dHi(τ)

)
ζ2(ϑ) dϑ

≤ 2

Γ (α)

∫ 1

0

(1− ϑ)α−γ0−1ζ1(ϑ) dϑ+
1

∆

(
p∑
i=1

Γ (β)

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×

(
q∑
i=1

1

Γ (α− δi)

∫ 1

0

τα−δi−1 dHi(τ)

)∫ 1

0

(1− ϑ)α−γ0−1ζ1(ϑ) dϑ

+
Γ (β)

∆Γ (β − δ0)

(
p∑
i=1

1

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)
×
∫ 1

0

(1− ϑ)β−δ0−1ζ2(ϑ) dϑ.

Then we deduce∫ 1

0

Ξ2(t) dt ≤

[
2

Γ (α)
+
Γ (β)

∆

(
p∑
i=1

1

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)

×

(
q∑
i=1

1

Γ (α− δi)

∫ 1

0

τα−δi−1 dHi(τ)

)]∫ 1

0

(1− ϑ)α−γ0−1ζ1(ϑ) dϑ

+
Γ (β)

∆Γ (β − δ0)

(
p∑
i=1

1

Γ (β − γi)

∫ 1

0

τβ−γi−1 dHi(τ)

)
×
∫ 1

0

(1− ϑ)β−δ0−1ζ2(ϑ) dϑ <∞.

(9)

We obtain that Ξ2 ∈ L1(0, 1). Thus for any τ1, τ2 ∈ [0, 1] with τ1 ≤ τ2 and
(u, v) ∈ S, by relations (8) and (9), we conclude

|A1(u, v)(τ1)−A1(u, v)(τ2)| =
∣∣∣∣∫ τ2

τ1

(A1(u, v))′(t) dt

∣∣∣∣ ≤ L2

∫ τ2

τ1

Ξ2(t) dt. (10)

By (9), (10) and the property of absolute continuity of the integral function,
we deduce that A1(S) is equicontinuous. By a similar technique, we obtain that
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A2(S) is also equicontinuous, and then A(S) is equicontinuous. We apply now
the Ascoli-Arzela theorem and we find that A1(S) and A2(S) are relatively
compact, and so A(S) is also relatively compact. Hence A is a compact oper-
ator. In addition, we can prove that A1, A2 and A are continuous on Q (see
Lemma 1.4.1 from [14]). Therefore A is a completely continuous operator on
Q. �

We define now the cone

Q0 = {(u, v) ∈ Q, min
t∈[0,1]

u(t) ≥ tα−1‖u‖, min
t∈[0,1]

v(t) ≥ tβ−1‖v‖}.

Under the assumptions (H1) and (H2), by using Lemma 3, we obtain that
A(Q) ⊂ Q0, and then A|Q0

: Q0 → Q0 (denoted again by A) is also a com-
pletely continuous operator.

Theorem 1. Assume that (H1) and (H2) hold. If the functions f and g also
satisfy the conditions

(H3) There exist τ1 ≥ 1 and τ2 ≥ 1 such that

ϕ10 = lim
x+y→0

x,y≥0

sup
t∈[0,1]

ϕ1(t, x, y)

(x+ y)τ1
= 0 and ϕ20 = lim

x+y→0

x,y≥0

sup
t∈[0,1]

ϕ2(t, x, y)

(x+ y)τ2
= 0;

(H4) There exists [θ1, θ2] ⊂ [0, 1], 0 < θ1 < θ2 < 1 such that

fi∞ = lim
x+y→∞
x,y≥0

inf
t∈[θ1,θ2]

f(t, x, y)

x+ y
=∞ or gi∞ = lim

x+y→∞
x,y≥0

inf
t∈[θ1,θ2]

g(t, x, y)

x+ y
=∞,

then problem (1),(2) has at least one positive solution (u(t), v(t)), t ∈ [0, 1].

Proof. We consider the cone Q0. By (H3), if M2 > 0 and M3 > 0, we

obtain that for ε1 = min
{

1
4M1

, 1
4M3

}
and ε2 = min

{
1

4M2
, 1
4M4

}
, there exists

R1 ∈ (0, 1) such that

ϕi(t, x, y) ≤ εi(x+ y)τi , ∀ t ∈ [0, 1], x, y ≥ 0, x+ y ≤ R1, i = 1, 2. (11)

For r > 0 we denote by Br = {(u, v) ∈ Z, ‖(u, v)‖Z < r}, and by ∂Br and Br
its boundary and its closure, respectively.

Then by (11) and Lemma 2, for any (u, v) ∈ ∂BR1
∩ Q0 and t ∈ [0, 1], we

find

A1(u, v)(t) ≤
∫ 1

0

J1(ϑ)ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ

+

∫ 1

0

J2(ϑ)ζ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ

≤ ε1
∫ 1

0

J1(ϑ)ζ1(ϑ)(u(ϑ) + v(ϑ))τ1 dϑ+ ε2

∫ 1

0

J2(ϑ)ζ2(ϑ)(u(ϑ) + v(ϑ))τ2 dϑ

≤ ε1M1‖(u, v)‖τ1Z + ε2M2‖(u, v)‖τ2Z ≤ ε1M1‖(u, v)‖Z + ε2M2‖(u, v)‖Z
≤ 1

4‖(u, v)‖Z + 1
4‖(u, v)‖Z = 1

2‖(u, v)‖Z ,
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A2(u, v)(t) ≤
∫ 1

0

J3(ϑ)ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ

+

∫ 1

0

J4(ϑ)ϕ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ

≤ ε1
∫ 1

0

J3(ϑ)ζ1(ϑ)(u(ϑ) + v(ϑ))τ1 dϑ+ ε2

∫ 1

0

J4(ϑ)ζ2(ϑ)(u(ϑ) + v(ϑ))τ2 dϑ

≤ ε1M3‖(u, v)‖τ1Z + ε2M4‖(u, v)‖τ2Z ≤ ε1M3‖(u, v)‖Z + ε2M4‖(u, v)‖Z
≤ 1

4‖(u, v)‖Z + 1
4‖(u, v)‖Z = 1

2‖(u, v)‖Z .

So, we deduce ‖A1(u, v)‖ ≤ 1
2‖(u, v)‖Z , ‖A2(u, v)‖ ≤ 1

2‖(u, v)‖Z for all (u, v) ∈
∂BR1 ∩Q0, and then

‖A(u, v)‖Z ≤ ‖(u, v)‖Z , ∀ (u, v) ∈ ∂BR1
∩Q0. (12)

If M2 = 0 and M3 6= 0, then we choose ε1 = min{ 1
4M1

, 1
4M3
} and ε2 = 1

2M4
;

if M2 6= 0 and M3 = 0, then we choose ε1 = 1
2M1

and ε2 = min{ 1
4M2

, 1
4M4

; if

M2 = M3 = 0, then we choose ε1 = 1
2M1

and ε2 = 1
2M4

. In all these cases we
obtain as above the inequality (12).

Next, in (H4), we suppose that fi∞ =∞. Then for ε3 = 2(θα−11 m1 min{θα−11 ,

θβ−11 })−1 > 0, where m1 =
∫ θ2
θ1
J1(s) ds > 0, there exists C1 > 0 such that

f(t, x, y) ≥ ε3(x+ y)− C1, ∀ t ∈ [θ1, θ2], x, y ≥ 0. (13)

Then by (13), for any (u, v) ∈ Q0 and t ∈ [θ1, θ2], we find

A1(u, v)(t) ≥
∫ θ2

θ1

G1(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ θ2

θ1

G2(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ

≥
∫ θ2

θ1

G1(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ ≥ θα−11

∫ θ2

θ1

J1(ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ

≥ θα−11

∫ θ2

θ1

J1(ϑ)[ε3(u(ϑ) + v(ϑ))− C1] dϑ

≥ θα−11 ε3m1 minϑ∈[θ1,θ2](u(ϑ) + v(ϑ))− θα−11 m1C1

≥ θα−11 ε3m1(minϑ∈[θ1,θ2] u(ϑ) + minϑ∈[θ1,θ2] v(ϑ))− θα−11 m1C1

≥ θα−11 ε3m1(θα−11 ‖u‖+ θβ−11 ‖v‖)− θα−11 m1C1

≥ θα−11 ε3m1 min{θα−11 , θβ−11 }‖(u, v)‖Z − C2

= 2‖(u, v)‖Z − C2, C2 = θα−11 m1C1.

Then we deduce ‖A1(u, v)‖ ≥ 2‖(u, v)‖Z − C2 for all (u, v) ∈ Q0. We can
choose R2 ≥ max{C2, 1} and then we obtain

‖A(u, v)‖Z ≥ ‖A1(u, v)‖ ≥ ‖(u, v)‖Z , ∀ (u, v) ∈ ∂BR2
∩Q0. (14)

We consider now in (H4) that gi∞ =∞. Then for ε̃3 = 2(θβ−11 m4 min{θα−11 ,

θβ−11 })−1 > 0, where m4 =
∫ θ2
θ1
J4(s) ds > 0, there exists C̃1 > 0 such that

g(t, x, y) ≥ ε̃3(x+ y)− C̃1, ∀ t ∈ [θ1, θ2], x, y ≥ 0. (15)
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Then by (15), for any (u, v) ∈ Q0 and t ∈ [θ1, θ2], we obtain

A2(u, v)(t) ≥
∫ θ2

θ1

G3(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ θ2

θ1

G4(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ

≥
∫ θ2

θ1

G4(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ ≥ θβ−11

∫ θ2

θ1

J4(ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ

≥ θβ−11

∫ θ2

θ1

J4(ϑ)[ε̃3(u(ϑ) + v(ϑ))− C̃1] dϑ

≥ θβ−11 ε̃3m4 minϑ∈[θ1,θ2](u(ϑ) + v(ϑ))− θβ−11 m4C̃1

≥ θβ−11 ε̃3m4(minϑ∈[θ1,θ2] u(ϑ) + minϑ∈[θ1,θ2] v(ϑ))− θβ−11 m4C̃1

≥ θβ−11 ε̃3m4(θα−11 ‖u‖+ θβ−11 ‖v‖)− θβ−11 m4C̃1

≥ θβ−11 ε̃3m4 min{θα−11 , θβ−11 }‖(u, v)‖Z − C̃2

= 2‖(u, v)‖Z − C̃2, C̃2 = θβ−11 m4C̃1.

Then we conclude ‖A2(u, v)‖ ≥ 2‖(u, v)‖Z − C̃2 for all (u, v) ∈ Q0. We can

choose R2 ≥ max{C̃2, 1} and we obtain

‖A(u, v)‖Z ≥ ‖A2(u, v)‖ ≥ ‖(u, v)‖Z , ∀ (u, v) ∈ ∂BR2
∩Q0. (16)

By Lemma 4, (12), (14) (or (16) and the Guo-Krasnosel’skii fixed point
theorem, we deduce that A has a fixed point (u, v) ∈ (BR2

\BR1
)∩Q0, that is

R1 ≤ ‖(u, v)‖Z ≤ R2 and u(t) ≥ tα−1‖u‖ and v(t) ≥ tβ−1‖v‖ for all t ∈ [0, 1].
Then ‖u‖ > 0 or ‖v‖ > 0, that is u(t) > 0 for all t ∈ (0, 1] or v(t) > 0 for all
t ∈ (0, 1]. Hence (u(t), v(t)), t ∈ [0, 1] is a positive solution of problem (1),(2).
�

Theorem 2. Assume that (H1) and (H2) hold. If the functions f and g also
satisfy the conditions

(H5) ϕ1∞= lim
x+y→∞
x,y≥0

sup
t∈[0,1]

ϕ1(t, x, y)

x+ y
= 0 and ϕ2∞= lim

x+y→∞
x,y≥0

sup
t∈[0,1]

ϕ2(t, x, y)

x+ y
= 0;

(H6) There exist [θ1, θ2] ⊂ [0, 1], 0 < θ1 < θ2 < 1, ς1 ∈ (0, 1] and ς2 ∈ (0, 1] such
that

fi0 = lim
x+y→0

x,y≥0

inf
t∈[θ1,θ2]

f(t, x, y)

(x+ y)ς1
=∞ or gi0 = lim

x+y→0

x,y≥0

inf
t∈[θ1,θ2]

g(t, x, y)

(x+ y)ς2
=∞,

then problem (1),(2) has at least one positive solution (u(t), v(t)), t ∈ [0, 1].

Proof. We consider again the cone Q0. By (H5) we deduce that for ε4 ∈(
0, 1

2(M1+M3)

)
and ε5 ∈

(
0, 1

2(M2+M4)

)
, there exist C3 > 0 and C4 > 0 such

that

ϕ1(t, x, y) ≤ ε4(x+ y) +C3, ϕ2(t, x, y) ≤ ε5(x+ y) +C4, ∀ t ∈ [0, 1], x, y ≥ 0.
(17)
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By using (17) and (H2), for any (u, v) ∈ Q0, we find

A1(u, v)(t) ≤
∫ 1

0

J1(ϑ)ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ

+

∫ 1

0

J2(ϑ)ζ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ

≤
∫ 1

0

J1(ϑ)ζ1(ϑ)(ε4(u(ϑ) + v(ϑ)) + C3) dϑ

+

∫ 1

0

J2(ϑ)ζ2(ϑ)(ε5(u(ϑ) + v(ϑ)) + C4) dϑ

≤ (ε4‖(u, v)‖Z + C3)M1 + (ε5‖(u, v)‖Z + C4)M2

= (ε4M1 + ε5M2)‖(u, v)‖Z + C3M1 + C4M2, ∀ t ∈ [0, 1],

A2(u, v)(t) ≤
∫ 1

0

J3(ϑ)ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ

+

∫ 1

0

J4(ϑ)ζ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ

≤
∫ 1

0

J3(ϑ)ζ1(ϑ)(ε4(u(ϑ) + v(ϑ)) + C3) dϑ

+

∫ 1

0

J4(ϑ)ζ2(ϑ)(ε5(u(ϑ) + v(ϑ)) + C4) dϑ

≤ (ε4‖(u, v)‖Z + C3)M3 + (ε5‖(u, v)‖Z + C4)M4

= (ε4M3 + ε5M4)‖(u, v)‖Z + C3M3 + C4M4, ∀ t ∈ [0, 1].

Then we deduce

‖A1(u, v)‖ ≤ (ε4M1 + ε5M2)‖(u, v)‖Z + C3M1 + C4M2,
‖A2(u, v)‖ ≤ (ε4M3 + ε5M4)‖(u, v)‖Z + C3M3 + C4M4,

and so

‖A(u, v)‖Z ≤ [ε4(M1 +M3) + ε5(M2 +M4)]‖(u, v)‖Z
+C3(M1 +M3) + C4(M2 +M4)

< ‖(u, v)‖Z + C5, C5 = C3(M1 +M3) + C4(M2 +M4).

We can choose R3 > 1 such that

‖A(u, v)‖Z ≤ ‖(u, v)‖Z , ∀ (u, v) ∈ ∂BR3
∩Q0. (18)

In (H6), let us first consider fi0 = ∞. We deduce that for ε6 = (θα−11 m1

×min{θα−11 , θβ−11 )−1 > 0, wherem1 =
∫ θ2
θ1
J1(s) ds > 0, there exists R4 ∈ (0, 1]

such that

f(t, x, y) ≥ ε6(x+ y)ς1 , ∀ t ∈ [θ1, θ2], x, y ≥ 0, x+ y ≤ R4. (19)

Then by using (19), for any (u, v) ∈ ∂BR4
∩Q0 and t ∈ [θ1, θ2] we obtain

A1(u, v)(t) ≥
∫ θ2

θ1

G1(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ θ2

θ1

G2(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ

≥ tα−1
∫ θ2

θ1

J1(ϑ)ε6(u(ϑ) + v(ϑ))ς1 dϑ ≥ θα−11

∫ θ2

θ1

J1(ϑ)ε6(u(ϑ) + v(ϑ)) dϑ
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≥ θα−11 ε6

∫ θ2

θ1

J1(ϑ)

(
min

s∈[θ1,θ2]
(u(s) + v(s))

)
dϑ

≥ θα−11 ε6 min
s∈[θ1,θ2]

(u(s) + v(s))

∫ θ2

θ1

J1(ϑ) dϑ

≥ θα−11 ε6m1

(
min

s∈[θ1,θ2]
u(s) + min

s∈[θ1,θ2]
v(s)

)
≥ θα−11 ε6m1(θα−11 ‖u‖+ θβ−11 ‖v‖)
≥ θα−11 ε6m1 min{θα−11 , θβ−11 }(‖u‖+ ‖v‖) = ‖(u, v)‖Z .

Therefore ‖A1(u, v)‖ ≥ ‖(u, v)‖Z for all (u, v) ∈ ∂BR4 ∩Q0, and then

‖A(u, v)‖Z ≥ ‖A1(u, v)‖ ≥ ‖(u, v)‖Z , ∀ (u, v) ∈ ∂BR4 ∩Q0. (20)

In the case in which gi0 = ∞ in (H6), we deduce that for ε̃6 = (θβ−11 m4

×min{θα−11 , θβ−11 })−1 > 0, where m4 =
∫ θ2
θ1
J4(s) ds > 0, there exists R4 ∈

(0, 1] such that

g(t, x, y) ≥ ε̃6(x+ y)ς2 , ∀ t ∈ [θ1, θ2], x, y ≥ 0, x+ y ≤ R4. (21)

Then by using (21), for any (u, v) ∈ ∂BR4 ∩Q0 and t ∈ [θ1, θ2] we obtain

A2(u, v)(t) ≥
∫ θ2

θ1

G3(t, ϑ)f(ϑ, u(ϑ), v(ϑ)) dϑ+

∫ θ2

θ1

G4(t, ϑ)g(ϑ, u(ϑ), v(ϑ)) dϑ

≥ tβ−1
∫ θ2

θ1

J4(ϑ)ε̃6(u(ϑ) + v(ϑ))ς2 dϑ ≥ θβ−11

∫ θ2

θ1

J4(ϑ)ε̃6(u(ϑ) + v(ϑ)) dϑ

≥ θβ−11 ε̃6

∫ θ2

θ1

J4(ϑ)

(
min

s∈[θ1,θ2]
(u(s) + v(s))

)
dϑ

≥ θβ−11 ε̃6 min
s∈[θ1,θ2]

(u(s) + v(s))

∫ θ2

θ1

J4(ϑ) dϑ

≥ θβ−11 ε̃6m4

(
min

s∈[θ1,θ2]
u(s) + min

s∈[θ1,θ2]
v(s)

)
≥ θβ−11 ε̃6m4(θα−11 ‖u‖+ θβ−11 ‖v‖)
≥ θβ−11 ε̃6m4 min{θα−11 , θβ−11 }(‖u‖+ ‖v‖) = ‖(u, v)‖Z .

Hence ‖A2(u, v)‖ ≥ ‖(u, v)‖Z for all (u, v) ∈ ∂BR4
∩Q0, and then

‖A(u, v)‖Z ≥ ‖A2(u, v)‖ ≥ ‖(u, v)‖Z , ∀ (u, v) ∈ ∂BR4
∩Q0. (22)

By Lemma 4, (18), (20) (or (22)) and the Guo-Krasnosel’skii fixed point
theorem, we conclude that A has at least one fixed point (u, v) ∈ (BR3

\BR4
)∩

Q0, that is R4 ≤ ‖(u, v)‖Z ≤ R3, which is a positive solution of problem (1),(2).
�

Theorem 3. Assume that (H1), (H2), (H4) and (H6) hold. If the functions
f and g also satisfy the condition

(H7) D0

(
max
i=1,...,4

Mi

)
< 1

4 , where M1 =
∫ 1

0
J1(s)ζ1(s) ds, M2 =

∫ 1

0
J2(s)ζ2(s) ds,

M3 =
∫ 1

0
J3(s)ζ1(s) ds, M4 =

∫ 1

0
J4(s)ζ2(s) ds, and

D0 = max

{
max

t,x,y∈[0,1]
ϕ1(t, x, y), max

t,x,y∈[0,1]
ϕ2(t, x, y)

}
,
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then problem (1),(2) has at least two positive solutions (u1(t), v1(t)),
(u2(t), v2(t)), t ∈ [0, 1].

Proof. If (H1), (H2) and (H4) hold, then by the proof of Theorem 1, we
deduce that there exists R2 > 1 such that

‖A(u, v)‖Z ≥ ‖(u, v)‖Z , ∀ (u, v) ∈ ∂BR2
∩Q0. (23)

If (H1), (H2) and (H6) hold, then by the proof of Theorem 2, we find that
there exists R4 < 1 (we can choose R4 < 1) such that

‖A(u, v)‖Z ≥ ‖(u, v)‖Z , ∀ (u, v) ∈ ∂BR4
∩Q0. (24)

We consider now the set B1 = {(u, v) ∈ Z, ‖(u, v)‖Z < 1}. By (H8), for
any (u, v) ∈ ∂B1 ∩Q0 and t ∈ [0, 1], we obtain

A1(u, v)(t) ≤
∫ 1

0

J1(ϑ)ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ

+

∫ 1

0

J2(ϑ)ζ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ

≤ D0

∫ 1

0

J1(ϑ)ζ1(ϑ) dϑ+D0

∫ 1

0

J2(ϑ)ζ2(ϑ) dϑ = D0M1 +D0M2 <
1

2
,

A2(u, v)(t) ≤
∫ 1

0

J3(ϑ)ζ1(ϑ)ϕ1(ϑ, u(ϑ), v(ϑ)) dϑ

+

∫ 1

0

J4(ϑ)ζ2(ϑ)ϕ2(ϑ, u(ϑ), v(ϑ)) dϑ

≤ D0

∫ 1

0

J3(ϑ)ζ1(ϑ) dϑ+D0

∫ 1

0

J4(ϑ)ζ2(ϑ) dϑ = D0M3 +D0M4 <
1

2
,

and so ‖A1(u, v)‖ < 1
2 and ‖A2(u, v)‖ < 1

2 for all (u, v) ∈ ∂B1 ∩Q0. Then

‖A(u, v)‖Z = ‖A1(u, v)‖+ ‖A2(u, v)‖ < 1 = ‖(u, v)‖Z , ∀ (u, v) ∈ ∂B1 ∩Q0.
(25)

Therefore, by (23) and (25) and the Guo-Krasnosel’skii fixed point theorem,
we deduce that problem (1),(2) has one positive solution (u1, v1) ∈ Q0 with
1 < ‖(u1, v1)‖Z ≤ R2. By (24) and (25) and the Guo-Krasnosel’skii fixed
point theorem, we conclude that problem (1),(2) has another positive solution
(u2, v2) ∈ Q0 with R4 ≤ ‖(u2, v2)‖Z < 1. So problem (1),(2) has at least two
positive solutions (u1(t), v1(t)), (u2(t), v2(t)), t ∈ [0, 1]. �

4 Examples

Let α = 10
3 (n = 4), β = 9

2 (m = 5), p = 1, q = 2, γ1 = 1
2 , δ0 = 5

4 , δ1 = 1
3 ,

δ2 = 6
5 , γ0 = 9

4 , H1(t) = {1, t ∈ [0, 1/3); 3, t ∈ [1/3, 1]}, K1(t) = 4t, t ∈ [0, 1],
and K2(t) = {1/5, t ∈ [0, 1/2); 8/15, t ∈ [1/2, 1]}.

We consider the system of fractional differential equations{
D

10/3
0+ u(t) + f(t, u(t), v(t)) = 0, t ∈ (0, 1),

D
9/2
0+ v(t) + g(t, u(t), v(t)) = 0, t ∈ (0, 1),

(26)
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with the coupled nonlocal boundary conditions
u(0) = u′(0) = u′′(0) = 0, D

9/4
0+ u(1) = 2D

1/2
0+ v

(
1
3

)
,

v(0) = v′(0) = v′′(0) = v′′′(0) = 0,

D
5/4
0+ v(1) = 4

∫ 1

0
D

1/3
0+ u(t) dt+ 1

3D
6/5
0+ u

(
1
2

)
.

(27)

We obtain here ∆ ≈ 12.905008 > 0, so assumption (H1) is satisfied. In addi-
tion, we find

g1(t, s) =
1

Γ (10/3)

{
t7/3(1− s)1/12 − (t− s)7/3, 0 ≤ s ≤ t ≤ 1,
t7/3(1− s)1/12, 0 ≤ t ≤ s ≤ 1,

g11(τ, s) =
1

2

{
τ2(1− s)1/12 − (τ − s)2, 0 ≤ s ≤ τ ≤ 1,
τ2(1− s)1/12, 0 ≤ τ ≤ s ≤ 1,

g12(τ, s) =
1

Γ (32/15)

{
τ17/15(1− s)1/12 − (τ − s)17/15, 0 ≤ s ≤ τ ≤ 1,
τ17/15(1− s)1/12, 0 ≤ τ ≤ s ≤ 1,

g2(t, s) =
1

Γ (9/2)

{
t7/2(1− s)9/4 − (t− s)7/2, 0 ≤ s ≤ t ≤ 1,
t7/2(1− s)9/4, 0 ≤ t ≤ s ≤ 1,

g21(τ, s) =
1

6

{
τ3(1− s)9/4 − (τ − s)3, 0 ≤ s ≤ τ ≤ 1,
τ3(1− s)9/4, 0 ≤ τ ≤ s ≤ 1,

h1(ν) = 1
Γ (10/3) [(1− ν)1/12 − (1− ν)7/3], ν ∈ [0, 1],

h2(ν) = 1
Γ (9/2) [(1− ν)9/4 − (1− ν)7/2], ν ∈ [0, 1],

G1(t, s) = g1(t, s) + t7/3Γ (9/2)
81∆

[
4
∫ 1

0
g11(τ, s) dτ + 1

3g12
(
1
2 , s
)]
,

G2(t, s) = 2t7/3Γ (9/2)
∆Γ (13/4) g21

(
1
3 , s
)
,

G3(t, s) = t7/2Γ (10/3)
∆Γ (13/12)

[
4
∫ 1

0
g11(τ, s) dτ + 1

3g12
(
1
2 , s
)]
,

G4(t, s) = g2(t, s) + 2t7/2

∆

[
2Γ (10/3)

3 + Γ (10/3)
3Γ (32/15)217/15

]
g21
(
1
3 , s
)
,

for all (t, s) ∈ [0, 1]× [0, 1].

In addition we have

J1(ν) =



h1(ν) + Γ (9/2)
81∆

{
2
3 (1− ν)1/12 − 2

3 (1− ν)3 + 1
3Γ (32/15)

×
[(

1
2

)17/15
(1− ν)1/12 −

(
1
2 − ν

)17/15]}
, 0 ≤ ν < 1

2 ,

h1(ν) + Γ (9/2)
81∆

[
2
3 (1− ν)1/12 − 2

3 (1− ν)3 + 1
3Γ (32/15)

×
(
1
2

)17/15
(1− ν)1/12

]
, 1

2 ≤ ν ≤ 1,

J2(ν) = Γ (9/2)
81∆Γ (13/4)

{
(1− ν)9/4 − (1− 3ν)3, 0 ≤ ν < 1

3 ,
(1− ν)9/4, 1

3 ≤ ν ≤ 1,

J3(ν) =



Γ (10/3)
∆Γ (13/12)

{
2
3 (1− ν)1/12 − 2

3 (1− ν)3 + 1
3Γ (32/15)

×
[(

1
2

)17/15
(1− ν)1/12 −

(
1
2 − ν

)17/15]}
, 0 ≤ ν < 1

2 ,

Γ (10/3)
∆Γ (13/12)

[
2
3 (1− ν)1/12 − 2

3 (1− ν)3 + 1
3Γ (32/15)

×
(
1
2

)17/15
(1− ν)1/12

]
, 1

2 ≤ ν ≤ 1,
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J4(ν) =


h2(ν) + 1

∆

[
2
3Γ (10/3) + Γ (10/3)

3Γ (32/15)

(
1
2

)17/15]
× 1

81

[
(1− ν)9/4 − (1− 3ν)3

]
, 0 ≤ ν < 1

3 ,

h2(ν) + 1
∆

[
2
3Γ (10/3) + Γ (10/3)

3Γ (32/15)

(
1
2

)17/15]
× 1

81 (1− ν)9/4, 1
3 ≤ ν ≤ 1.

Example 1. We consider the functions

f(t, x, y) =
(x+ y)c

t%1(1− t)%2
, g(t, x, y) =

(x+ y)d

t%3(1− t)%4
, t ∈ (0, 1), x, y ≥ 0, (28)

with c, d > 1 and %i ∈ (0, 1), i = 1, . . . , 4. We have f(t, x, y) = ζ1(t)ϕ1(t, x, y),
g(t, x, y) = ζ2(t)ϕ2(t, x, y), where ζ1(t) = 1

t%1 (1−t)%2 , ζ2(t) = 1
t%3 (1−t)%4 for all

t ∈ (0, 1), and ϕ1(t, x, y) = (x + y)c, ϕ2(t, x, y) = (x + y)d for all t ∈ [0, 1],
x, y ≥ 0. Besides we have

0 <

∫ 1

0

(1− τ)α−γ0−1ζ1(τ) dτ =

∫ 1

0

(1− τ)1/12
1

τ%1(1− τ)%2
dτ

= B
(
1− %1, 1312 − %2

)
<∞,

0 <

∫ 1

0

(1− τ)β−δ0−1ζ2(τ) dτ =

∫ 1

0

(1− τ)9/4
1

τ%3(1− τ)%4
dτ

= B
(
1− %3, 134 − %4

)
<∞.

Therefore assumption (H2) is satisfied. In addition, in (H3), for τ1 = τ2 = 1,
we obtain ϕ10 = ϕ20 = 0, and in (H4) for [θ1, θ2] ⊂ (0, 1), we have f i∞ = ∞
(and gi∞ =∞). Then by Theorem 1, we deduce that problem (26),(27) with the
singular nonlinearities (28) has at least one positive solution (u(t), v(t)), t ∈
[0, 1].

Example 2. We consider the functions

f(t, x, y) =
c0(t+ 2)

(t2 + 9)
√
t

[(x+ y)α1 + (x+ y)α2 ] , t ∈ (0, 1], x, y ≥ 0,

g(t, x, y) =
d0(3 + cos t)

(t+ 2)4 3
√

1− t
(
xβ1 + yβ2

)
, t ∈ [0, 1), x, y ≥ 0,

(29)

where c0 > 0, d0 > 0, α1 > 1, 0 < α2 < 1, β1 > 0, β2 > 0. Here we have

ζ1(t) = 1√
t
, t ∈ (0, 1]; ϕ1(t, x, y) = c0(t+2)

t2+9 [(x+ y)α1 + (x+ y)α2 ];

ζ2(t) = 1
3
√
1−t , t ∈ [0, 1); ϕ2(t, x, y) = d0(3+cos t)

(t+2)4 (xβ1 + yβ2),

for all t ∈ [0, 1], x, y ≥ 0, and∫ 1

0

(1− τ)α−γ0−1ζ1(τ) dτ=

∫ 1

0

(1− τ)1/12
1

τ1/2
dτ = B

(
1

2
,

13

12

)
≈ 1.905 <∞,∫ 1

0

(1− τ)β−δ0−1ζ2(τ) dτ=

∫ 1

0

(1− τ)9/4
1

(1− τ)1/3
dτ =

12

35
<∞.

Then assumption (H2) is satisfied. For θ1 = 1
5 and θ2 = 4

5 , we find f i∞ = ∞,
and if we consider ς1 > α2, ς1 ≤ 1, we have f i0 =∞, and then assumptions (H4)
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and (H6) are satisfied. By some computations we obtain M1 ≈ 0.33178183,
M2 ≈ 0.00112407, M3 ≈ 0.18026609, M4 ≈ 0.00939684; in addition we have
D0 = max

{
3c0
10 (2α1 + 2α2), d02

}
. If c0 < 5

6Mi(2α1+2α2 ) for all i = 1, . . . , 4,

and d0 < 1
2Mi

for all i = 1, . . . , 4, then the inequalities D0Mi < 1 for all
i = 1, . . . , 4 are satisfied (that is, assumption (H7) is satisfied). For ex-
ample, if α1 = 4

3 and α2 = 3
4 , and c0 ≤ 0.59 and d0 ≤ 1.5, then the

above inequalities are satisfied. By Theorem 3, we conclude that problem
(26),(27) with the singular nonlinearities (29) has at least two positive solu-
tions (u1(t), v1(t)), (u2(t), v2(t)), t ∈ [0, 1].
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Abstract. The brain is a complex system that generates human intelligence, whose 
information processing is remarkably energy consuming. The human brain accounts for 

merely 2% of body weight, yet consumes about 20% of metabolic energy. The issue of 

energy efficiency is therefore vital and worth studying, as abnormal energy metabolism 

of the brain will seriously impair physical health. Here we use the method of numerical 
simulation to quantitatively describe the energy consumption of the nervous system, 

especially that of cortical action potential generation. We add impacts of White Gaussian 

Noise and external stimulation current to the Hodgkin-Huxley-Style cortical neuronal 

model in order to simulate the noisy internal environment and synaptic transmission, 
derive formulas for measuring energy efficiency, and finally discuss three indicators 

including Information Rate (IR), Energy Consumption (EC) and Energy Efficiency (EE) 

affected by different factors. Our results indicate that the optimal temperatures at which 

cortical neurons’ IR and EE reach a maximum both occur from 36.5 to 36.7℃. The 
consistency between this temperature and the normal temperature of the human brain 

provides a strong theoretical support for the idea of optimization of the brain mechanism 

during human evolution. 

Keywords: cortical neuronal model, energy efficiency, entropy of information, energy 
consumption. 
 

1  Introduction 
 

Mechanism of central nervous system diseases has always been a global hot 

issue ever since the beginning of the American BRAIN Project in 2013. These 

diseases are usually accompanied by abnormal energy expenditure and brain 

metabolic disorders, for example, epilepsy often happens with higher energy 

consumption[1], while lack of energy supply might cause the stroke[2]. 

Describing the energy consumption of neurons theoratically can not only reveal 

the mechanism of electrophysiological activities, but also provide a deeper 

understanding of the abnormal situations of the brain and nervous system. 

Factors on the excitation of  nervous system also attract lots of researchers. 

Noises from the internal environment as well as the internal environmental 

features such as temperature influences the ion channels directly[3-5]. It is 

believed that quantitative measurements and numerical simulations of a single 

cortical neuron can lay the foundation for further researches. 

 

2  Method 
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2.1 Neuronal Model 
 

According to Yu’s Hodgkin-Huxley-Style Cortical Neuronal model[6], the 

following equations describes the excitation of the cortical axon: 
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(1) 

 

where 

V=the membrane voltage (mV); 

Ie=the external membrane current density (μA/cm2); 

m,n,h=the sodium activation, the potassium activation, the sodium 

inactivation (dimensionless)[varying between 0 and 1]; 

Cm=0.75 (μF/cm2); 

gNa=1500,gK=400,gL=3.3 (pS/μm2); 

VNa=60,VK=-90,VL=-70 (mV). 

As the opening and closing of ion channel are affected by temperature, here is Φ 

to describe the effect: 
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(2) 

 

where 

Q10=2.3; 

Tbase=23℃. 
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In the actual living environment of neurons, internal noises from different 

sources are prevalent, including random opening and closing of ion channels, 

impacts of neighboring neurons and changes of internal environment etc. 

Therefore, we choose White Gaussian Noise (WGN) to simulate the internal 

noises.  

Also, in order to simulate the synaptic input of the neuron, we consider a 

pulse-type stimulus current whose spiking follows a Poisson distribution, that is  

  j

stim syn

j

I I t  
(3) 

 

inside which a single nerve impulse has the following form: 

    0 ,

0,  or 

j
st t

j j j
j s s c

syn

j j

s c

I t t e t t tI t

t t t t






    
    

(4) 

 

where j represents the jth impulse, I0 is the stimulus current intensity 

( )/( 2 mscmA  ),  and  represent the beginning and ending of the single 

impulse respectively, each impulse lasts for 8ms, and  =2ms. 

So the external current is the sum of WGN )(t and the pulse-type stimulus 

current. 

When there is no synaptic input,  

 

By integrating the model mentioned using Euler’s Method, we simulate the 

excitation of cortical neurons successfully and obtain the spike trains(see in 3.1). 

 

2.2 Indicators 
 

Next, we design a series of indicators similar to Wang et al.[7] to measure the 

energy efficiency of cortical neurons. 

 

1)Information Rate (IR) 

According to Strong[8], after getting a neural spike train, we can first 

discretize it into time bins in the size of  (=2ms). If the part of membrane 

potential is higher than the set threshold potential, we indicate that part of spike 

trains as a letter 1;if not, we name it letter 0. Here we get a binary letter train 

consisting of only 0 and 1. 

Then we separate the letter train into words, for example, every 7 letters as a 

word, and calculate the probability of occurrence of each different word. We 

assume that the number of letters each word contains is k, so each word has a 

 ( ) ( ) ( )e stimI t t I t   (5) 

 ( ) ( )eI t t  (6) 

609



length of  kTs . For a spike train of T ms, there are  STT /  complete 

words in total. 

Finally we try to use this formula below to get the entropy of information H.  

 

2

1

1
log

n

total i i

is

H P P
T 

    (7) 

It describes all the information encoded into the train, including that from 

noise and useful information from other neurons. 

If the adjacent words are irrelevant, we can use the formula (7) directly. 

However, there still exists information among the relativity of adjacent words, 

thus making the calculated entropy lower than the actual entropy. In order to 

weaken the relativity, we should lengthen the words as much as possible. Yet as 

the overall experiment time is limited, too long word length will decrease the 

number of words sharply, thus making the statistics of the data meaningless. 

According to the knowledge of statistics, the entropy is proportional to sT1/  in 

the case of a large sT .Consequently, we choose to  draw a sT1/-H  diagram 

and use the method of linear extrapolation to obtain the actual entropy. 

 

2

1
lim log
s

total i i
T

is

H P P
T

    (8) 

 

To measure useful information amount, we repeat the experiment twice and 

get two neural spike trains. One with both noise and synaptic input, and one 

with only noise. The difference between the two is IR. 

 
total noiseI H H   (9) 

 

2)Energy Consumption (EC) 

It is now generally granted that a Hodgkin-Huxley-Style neuron has an 

equivalent circuit as shown in Fig.1. 

 
Fig.1. The equivalent circuit of a Hodgkin-Huxley-Style neuron 

 

Moujahid et al.[9] put forward a method using this equivalent circuit to 

calculate the consumed energy. In the circuit, the total energy can be divided 

into two parts: energy stored in the battery and stored in the capacitor. 
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( )
2

Na K LE t CV E E E     (10) 

Considering the change caused by ion currents and external stimulus current, 

we have 

 
3 2 4 2 2( )

( ) g ( ) g ( ) g ( )e Na Na K K L L

dE t
VI t m h V V n V V V V

dt
        (11) 

where the minus signs represent the energy consumption, and Ie is assumed to 

provide energy for the neuron. After integrating the above formula over t, and 

then calculating its mean value, we can get the energy consumption rate 

Etotal.When there is WGN only, we can get Enoise using the same method. Finally, 

the total energy consumption rate is 

 
total noiseE E E   (12) 

 

3)Energy Efficiency (EE) 

Here we define EE as the information encoded by the consumption of unit 

energy per unit time during the excitation of a single cortical neuron, that is, the 

ratio of the information rate and the energy consumption. This indicator can 

effectively measure the neuron’s working efficiency. 

 I

E
   (13) 

 

3  Results and Discussion 

 

3.1 Spike Trains 
 

The spike trains of cortical neurons obtained by numerical simulation are 

shown as follows: 

  
Fig. 2(a). A spike train obtained with both 

the synaptic input and WGN 
Fig. 2(b).A spike train obtained with only 

WGN 

 
When regular external stimulus current and noise simultaneously occur, the 

cortical neuron acts in a orderly manner(Fig.2(a)), but the frequency of 
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excitation is different from the frequency of the regular synaptic input. This is 

because cortical neurons require a certain recovery time for each 

correspondence, which is called a refractory period, and as the synaptic input  

follows a Poisson distribution, the actual intervals between stimulus are not 

rigorously equal as well. 

When there is noise only(Fig.2(b)), the excitation of the neuron will become 

very irregular, and there might even be cases when no action potential is 

generated during the experiment at all. This is because WGN is irregular and is 

not strong enough to make the neuron generate action potentials frequently. 

 

3.2 IR, EC and EE 

 
After thousands of experiments, we summarize nine results as below, 

showing the effects of three factors on the indicators: IR, EC and EE. 

 
Fig.3. The structure of results derived from experiments and the conditions of 

experiments 
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1)IR 

 

1))Effect of Noise Intensity 
Standard deviation of WGN can represent the magnitude of noise intensity. 

And WGN makes the results of each repeated experiment vary. Therefore, we 

choose two sets of digital features to reflect the dispersion of data, in which the 

standard deviation can be used to compare the degree of dispersion between the 

same indicators, while the coefficient of variation eliminates the influence of the 

measurement scale and dimension, and is suitable for the comparison of the 

degree of dispersion between different indicators. The coefficient of variation is 

defined as the ratio of the standard deviation of the original data to the average 

value of them, and is a normalized measure of the degree of dispersion. 

 

Table.1. Effect of noise intensity on IR in ten repeated experiments 

Noise intensity 0.1 1 10 100 

Standard Deviation of IR 18.97 26.77 15.94 26.95 

Coefficient of Variation of 

IR 
7.68% 9.86% 7.58% 22.42% 

CTmscmAIConditions o

0

2

0 37),(/600:*    

 

From Table.1, it is easy to conclude that in general, the dispersion of IR 

increases as the noise intensity goes higher, yet it reaches the minimal value at 

the noise intensity of 10, which indicates the existence of a suitable noise 

intensity range makes the indicator most stable. The phenomenon coincides with 

the mainstream stochastic resonance theory: noise with appropriate intensity has 

a positive effect on the information processing of neurons. 

 

2))Effect of Stimulus Current Intensity 
The stimulus current intensity I0 can represent the magnitude of the external 

stimulus current. As can be seen in Fig.4, I0 has a significant effect on the 

information rate. IR at different temperatures is significantly layered with the 

change in the external stimulus current. The stronger the external stimulus, the 

higher the information rate at different temperatures. As the intensity of external 

stimulation current increases by 200μA/(cm2·ms), the overall information rate 

will increase by 30bits/ms or so. This is because as the external stimulus current 

increases, the amount of information encoded also increases. 
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Fig.4. Effect of stimulus current intensity on IR 

 

3))Effect of Temperature 
As is shown in Table.2, we sort the temperature by the order of information 

rate, and define the three temperature which is corresponding to the top three 

IR(the three highest IR) as the Best Temperature. In this table, the range of 

36.5-36.7℃ is most frequently seen. Therefore by this measure, the optimal 

temperature in the normal range of the human body is 36.5-36.7℃. 

 

Table.2. Best Temperatures of IR in ten repeated experiments 

IR 
Current 

Intensity 
Best Temperatures 

 

X=10 

600 36.5 36.7 36.6 

800 36.6 43.0 36.1 

1000 36.6 36.5 36.4 

 

X=100 

600 36.5 36.6 36.0 

800 36.5 36.9 36.1 

1000 36.5 30.0 36.1 

 

2)EC 

 

1))Effect of Noise Intensity 
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Table.3. Effect of noise intensity on EC in ten repeated experiments 

Noise intensity 0.1 1 10 100 

Standard Deviation of EC 49.22 58.51 45.75 128.98 

Coefficient of Variation of 

EC 
1.31% 1.56% 1.23% 3.50% 

CTmscmAIConditions o

0

2

0 37),(/600:*    

 

From Table.3, it is easy to conclude that in general, the dispersion of EC 

increases as the noise intensity goes higher, yet it reaches the minimal value at 

the noise intensity of 10, which indicates the existence of a suitable noise 

intensity range makes the indicator most stable. The phenomenon coincides with 

the mainstream stochastic resonance theory: noise with appropriate intensity has 

a positive effect on the information processing of neurons. 

 

2))Effect of Stimulus Current Intensity 
As can be seen in Fig.5, I0 has a significant effect on the energy consumption. 

EC at different temperatures is significantly layered with the change in the 

external stimulus current. The stronger the external stimulus, the higher the 

Energy Consumption at different temperatures. As the intensity of external 

stimulation current increases 200 μA/(cm2·ms), the overall information rate will 

increase by about 600
2/ cmAmV  . The increased external stimulus current 

will consume more energy ,which is unfavorable to the information processing. 
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Fig.5. Effect of stimulus current intensity on EC 

 

3))Effect of Temperature 
As is shown in Table.4, we sort the temperature by the order of energy 

consumption, and define the three temperature which is corresponding to the top 

three EC(the three lowest EC) as the Best Temperature. In this table, the 

frequency of temperature does not have an obvious tendency, which can also be 

proved by Fig.5. As the temperature changes, the energy consumption rate 

always fluctuates around a certain value.  

 

Table.4. Best Temperatures of EC in ten repeated experiments 

EC 
Current 

Intensity 
Best Temperatures 

X=10 

600 30.0 34.0 36.0 

800 36.6 36.7 37.0 

1000 36.4 36.1 36.9 

X=100 

600 36.8 36.3 40.0 

800 35.5 36.3 36.6 

1000 36.7 43.0 34.0 

 

3)EE 
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1))Effect of Noise Intensity 
 

Table.5. Effect of noise intensity on EE in ten repeated experiments 

Noise intensity 0.1 1 10 100 

Standard Deviation of 

EE(x10-2) 
0.52 0.69 0.38 0.77 

Coefficient of Variation of 

EE 
7.28% 9.46% 5.03% 23.47% 

CTmscmAIConditions o

0

2

0 37),(/600:*  
 

 

From Table.5, it is easy to conclude that in general, the dispersion of EE 

increases as the noise intensity goes higher, yet it reaches the minimal value at 

the noise intensity of 10, which indicates the existence of a suitable noise 

intensity range makes the indicator most stable. The phenomenon coincides with 

the mainstream stochastic resonance theory: noise with appropriate intensity has 

a positive effect on the information processing of neurons. 

 

2))Effect of Stimulus Current Intensity 
We define the highest stimulus current intensity at different temperatures as 

the optimal EE. As can be seen in Fig.6, the stronger the external stimulus, the 

lower the optimal EE. As the intensity of external stimulation current increases 

200 μA/(cm2·ms), the overall energy efficiency will increase by about 

0.002 )/(2 msAmVcmbits   . The increased external stimulus current is 

unfavorable to the efficiency of the information processing. 

 

 
Fig.6. Effect of stimulus current intensity on EE 
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10:* Conditions  

 

3))Effect of Temperature  
As is shown in Table.6, we sort the temperature by the order of EE, and 

define the three temperature which is corresponding to the top three EE(the 

three highest EE) as the Best Temperature. In this table, the range of 36.5-

36.7℃ is most frequently seen. Therefore by this measure, the optimal 

temperature in the normal range of the human body is 36.5-36.7℃. 

 

Table.6. Best Temperature EE in ten repeated experiments 

EE 
Current 

Intensity 
Best Temperatures 

 

X=10 

 

600 36.5 36.7 36.6 

800 36.6 36.5 43.0 

1000 36.6 36.5 36.3 

 

X=100 

 

600 36.5 36.6 36.0 

800 36.5 36.1 36.7 

1000 36.7 36.5 30.0 

 

Conclusions 
 

Based on the Hodgkin-Huxley-Style Cortical Neuronal model with WGN and 

pulse-type stimulus current, we deduce the formula of measuring Energy 

Efficiency (EE), study the impacts of internal noises and the synaptic input of 

nervous system, and discuss the variation of different indicators. The results  

well reflects the actual situation of the electrophysiological activity of cortical 

neurons. 

Via numerical simulation, we find that the best temperature range for 

Information Rate (IR) and Energy Efficiency (EE) is 36.5-36.7℃,which is 

consistent with the normal temperature of the brain. The results gives a strong 

theoretical support for the optimization of the brain mechanism during human 

evolution. In general, the dispersion of data increases as the noise intensity goes 

higher, yet they all reach the minimal value at the noise intensity of 10, which 

indicates a result that coincides with stochastic resonance theory: the existence 

of a suitable noise intensity range which makes the indicators most stable. 

Meanwhile, the impact of stimulus current intensity is apparent: the larger 

stimulus current intensity is, the higher IR, the higher EC and the lower optimal-

EE is. 

Central nervous system diseases are usually accompanied by abnormal energy 

expenditure and brain metabolic disorders. We can effectively study a variety of 

dynamic processes of abnormal nervous system and try to reveal the mechanism 

of the onset or treatment of neurological diseases using the model given. For 

example, abnormal expression levels of Voltage-gated sodium channel (VGSC) 
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is believed to be the cause of various kinds of primary epilepsy, and sodium ion 

channel inhibitors account for a large proportion of clinical antiepileptic drugs 

[10]. By adjusting the parameters including sodium ion channel conductance gNa 

in the model, it is possible to realize phenomena such as excessive 

depolarization of the membrane potential and thus trying to explain the 

mechanism behind. Also, clinical experiments have shown that electrical 

stimulation has a significent effect on the rehabilitation of stroke patients. By 

changing the external stimulus current in this model and adjusting the neuronal 

membrane potential, it is also feasible to do further researches over the 

particular therapy[11]. 

 

References 
 

1.Nersesyan H, Hyder F, Rothman DL, et al. Dynamic fMRI and EEG recordings during 
spike-wave seizures and generalized tonic-clonic seizures in WAG/Rij rats[J]. Journal 

of Cerebral Blood Flow and Metabolism, 2004, 24 (6): 589-599. 

2.Chen M., Guo D., Wang T., Jing W., et al., Bidirectional control of absence seizures by 

the basal ganglia: a computational evidence. PLoS Comput Biol, 2014. 
10(3):e1003495 

3.Willim J.H., and Donald H.E. Effect of temperature on a voltage-sensitive electrical 

synapse in crayfish. J. Exp. Biol., 1998, 201, 503-513  

4.Hodgkin A.L., Huxley A.F., A quantitative description of membrane current and its 
application to conduction and excitation in nerve. J.Physiol., 1952, 117,500-544  

5.Heitler J.W., and Edwards H.D.(1998) Effect of temperature on a voltage –sensitive 

eletrical synapse in crayfish. J. Exp. Biol. 201, 503-513 

6.Yu Y, Hill A P , Mccormick D A , et al. Warm Body emperature Facilitates Energy 
Efficient Cortical Action Potentials[J]. PLoS Computational Biology, 2012, 

8(4):e1002456. 

7.Longfei Wang. Spike-Threshold and Energy Efficiency in Model Neurons(in 

Chinese)[D]. 2016. 
8.S. P. Strong,Roland Koberle,Rob R. de Ruyter van Steveninck,William Bialek. Entropy 

and Information in Neural Spike Trains[J]. American Physical Society,1998,80(1). 

9.Moujahid A, d’Anjou, A, Torrealdea F J , et al. Energy and information in Hodgkin-

Huxley neurons[J]. Physical Review E, 2011, 83(3):031912. 
10.Zhang Huimin, Tian Huan,Zhang Jingyu. Research Progress of Sodium Channel in 

the Pathogenesis of Neurological Diseases (in Chinese)[J/OL]Genomics and Applied 

Biology:1-13[2020-05-

28].http://kns.cnki.net/kcms/detail/45.1369.Q.20200519.1315.002.html. 
11.LI Xiao-jie, LI Xin-hui, YUAN Li-he,WANG Jin, LIN Li-rong,CAO Sheng-

jun.Effect of Neurophysiological Stimulation on Spinal Motor Neurons in Stroke 

Patients (in Chinese)[J].Progress in Modern Biomedicine,2020,20(08):1493-

1496+1505. 

 

 

619



 

620



_________________ 

13th CHAOS Conference Proceedings, 9 -12 June 2020, Florence, Italy 
 

© 2020 ISAST                               
 

Traveling waves and spatio-temporal chaos in 
nonlinear partial differential equations  

 
Nikolai Magnitskii 

 

Federal Research Center Center “Computer Science and Control” of RAS, 
Lomonosov Moscow State University, Moscow, Russia  
E-mail: nikmagn@gmail.com  
 
Abstract. It is considered some nonlinear partial differential equations having physical, 
chemical or biological turbulence regimes, such as the Ginzburg-Landau, Kuramoto-
Sivashinsky, Schrödinger, FitzHugh-Nagumo equations. It is shown, that all such 
systems of partial differential equations can have an infinite number of different stable 
wave solutions, travelling along the space axis with arbitrary speeds, and also an infinite 
number of different states of spatio-temporal chaos. These chaotic (turbulent) solutions 
are generated by cascades of bifurcations of cycles or tori and singular attractors 
according to the universal bifurcation Feigenbaum-Sharkovsky-Magnitskii (FShM) 
theory in the three-dimensional or four-dimensional systems of ordinary differential 
equations, to which the systems of partial differential  equations can be reduced by self-
similar change of variables. Examples of application of the theory to the description of 
processes of physical, chemical and biological turbulence are considered  
Keywords: Nonlinear PDE, Traveling waves, Spatio-temporal chaos, Turbulence, 
FShM-theory.  

 
 
1  Introduction 

 

Wide class of physical, chemical, biological, ecological and economic processes 
and phenomena  is described by reaction-diffusion systems of partial differential 
equations 

      𝑢 =  𝐷 𝑢 + 𝑓(𝑢, 𝑣, 𝜇),   𝑣 = 𝐷 𝑣 + 𝑔(𝑢, 𝑣, 𝜇), 0 ≤ 𝑥 ≤ 𝑙,              (1)                                                                                                     

depending on scalar or vector parameter  .  Such system is very complex 

system. Behavior of its solutions depends on coefficients of diffusion and their 
ratio, length of space area and edge conditions. A special case of systems of the 
reaction-diffusion equations is the FitzHugh-Nagumo type system of equations 

 
               𝑢 = 𝐷𝑢 + 𝑓(𝑢, 𝑣, 𝜇),   𝑣 = 𝑔(𝑢, 𝑣, 𝜇),                                      (2)                                                   
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describing the processes of chemical and biological turbulence. To the system of 
equations of the form (1) can also be reduced  the well-known Kuramoto-
Tsuzuki (or Time Dependent Ginzburg- Landau) equation 
  

                                𝑊 = 𝑊 + (1 + 𝑖𝑐 )𝑊 − (1 + 𝑖𝑐 )|𝑊| 𝑊                     (3) 
 

with complex-valued function 𝑊(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) + 𝑖𝑣(𝑥, 𝑡).  
It is well-known, that systems (1)-(3) can have periodic solutions, switching 
waves, traveling waves and traveling impulses, dissipative spatially 
nongomogeneous stationary structures, and also spatio-temporal chaos - 
irregular nonperiodic nonstationary nongomogeneous structures. The analysis of 
traveling waves and spatio-temporal chaos in systems (1)-(3) can be carried out 
by replacement 𝜉 = 𝑥 − 𝑐𝑡 and transition to three-dimensional or four 
dimensional systems of ordinary differential equations with respect to the 
variable 𝜉. Thus the switching waves in the systems (1)-(3) are described by 
separatrixes  of systems of ordinary differential equations going from their one 
singular point into another singular point,  traveling waves and traveling 
impulses of the systems (1)-(3)  are described  by  limit cycles and  separatrix 
loops of  singular points of  systems of ordinary differential equations. And 
spatio-temporal  chaos in the systems (1)-(3)  is described by singular attractors 
of systems of ordinary differential equations in full accordance with the 
universal bifurcation Feigenbaum-Sharkovsky-Magnitskii (FShM) theory  
(Magnitskii [1-3]), (Evstigneev and Magnitskii [4-5]). The greatest interest 
represents the fact that 𝑐 is a bifurcation parameter, describing a speed of wave 
distribution along an axis 𝑥, which is not included obviously into initial system. 
This means, that system of a kind (1)-(3)  with the fixed parameters can have 
infinitely number of various autowave solutions of  any period traveling along a 
spatial axis with various speeds, and infinite number of modes of spatio-
temporal chaos. Some of such systems including Kuramoto-Tsuzuki equation 
(3), a system describing chemical turbulence in autocatalytic chemical reaction  

𝑢 = 𝑢 −
1

𝜀
𝑢(1 − 𝑢) 𝑢 −

𝑏 + 𝑣

𝑎
,      𝑣 = 𝑓(𝑢)𝑣, 

𝑓(𝑢) =

  0,                                           0 ≤ 𝑢 < 1/3,

1 − 6.75𝑢(1 − 𝑢) ,       1/3 ≤ 𝑢 ≤ 1 ,
1,                                                   1 < 𝑢,   

 

 
and a system describing distribution of nervous impulses in a cardiac muscle  

                           

𝑢 = 𝑢 +
1

𝜀
𝑢(1 − 𝑢) 𝑢 −

0.06 + 𝑣

0.75
,      𝑣 = 𝑢 − 𝑣, 

    
are studied in (Magnitskii [2,3]) and ( Karamysheva and Magnitskii [6]). In this 
paper, we apply the described above approach to the analysis of traveling waves 
and space-time chaos in the Kuramoto-Sivashinsky equation and in the 
generalized nonlinear Schrödinger equation.  
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2  Traveling waves and spatio-temporal chaos in the Kuramoto-Sivashinsky 
equation  
 
The one-dimensional Kuramoto–Sivashinsky equation can be written in 
the differential form 

  
                                              𝑢 + 𝑢𝑢 + 𝑢 + 𝑢 = 0                                 (4)   
                                            
or in more general form 
  
                                     𝑢 + 𝑢𝑢 + 𝛼𝑢 + 𝛽𝑢 + 𝑢 = 0                        (5)   
 
Equation (4) is widely used in many papers to describe wave processes 
in active and dissipative media when modeling the simplest turbulence 
processes, studying waves on the interface between two viscous liquids, 
describing wave phenomena in plasma in toroidal devices, analyzing the 
flame front behavior, etc.  
 
2.1 Reduction to an ODE system by a self-similar change of variables 
 
Consider  (5) on the entire real line 𝑢(𝑥, 𝑡): 𝑅 × 𝑅 → 𝑅. We analyze its 
regular solutions by using the self-similar change of variables 𝜉 = 𝑥 − 𝑐𝑡  
reducing the equation (5) to the nonlinear ordinary differential equation 
 
                                  −𝑐𝑢 + (𝑢 ) /2 + 𝛼𝑢 + 𝛽𝑢 + 𝑢 = 0,                   (6) 
 
where the derivatives are taken with respect to the variable 𝜉. Integrate 
(6) we obtain the equation 
 
                                    𝑢 + 𝛽𝑢 + 𝛼𝑢 − 𝑐𝑢 + (𝑢 )/2 + 𝛿 = 0,                   (7) 
 
where  𝛿 is an arbitrary constant. We reduce (7) to the nonlinear system 
of three ordinary differential equations 
 
           𝑢 = 𝑣,   𝑣 = −𝛼𝑢 − 𝑤,      𝑤 = (−𝑐 − 𝛽𝛼)𝑢 + 𝑢 /2 − 𝛽𝑤 + 𝛿.     (8)  
 
2.2. Dissipativity domain and singular points 
 
If  𝐹  is the right-hand side of the 𝑖th equation of system (8), then 
 

𝑑𝑖𝑣 𝐹(𝑢, 𝑣, 𝑤) = 𝜕𝐹 /𝜕𝑢 + 𝜕𝐹 /𝜕𝑣 + 𝜕𝐹 /𝜕𝑤 = −𝛽.  
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Consequently, system (8) is everywhere dissipative for 𝛽 > 0. Equating the 
right-hand side of system (8) to zero, we find that for 𝛿 ≥ 0  and  с > √2𝛿, 
system (8) has two singular points 
   

                             𝑂±(𝑐 ± √𝑐 − 2𝛿, 0, −𝛼(𝑐 ± √𝑐 − 2𝛿))     
 
2.3. Analysis of stability and of the type of singular points 
 
Matrix of the linearized right-hand side of the system (8) has the form 
 

𝐴 =
0 1 0

−𝛼 0 −1
−𝑐 − 𝛼𝛽 + 𝑢∗ 0 −𝛽

, 

 

where  𝑢∗ = 𝑐 ± 𝑐2 − 2𝛿,    and its characteristic equation is                                            
 

                         𝑑𝑒 𝑡(𝐴 − 𝜆𝐼) = − 𝜆 + 𝛽𝜆 + 𝛼𝜆 ± 𝑐2 − 2𝛿 = 0. 

 
For 𝑐 − 2𝛿 = 0  the characteristic equation becomes 𝜆(𝜆 + 𝛽𝜆 + 𝛼) =

0  and has the roots 𝜆 = 0,   𝜆 = −𝛽/2 ± 𝛽 /4 − 𝛼.  The latter two 
roots are either real negative (for 𝛽 /4 ≥ 𝛼) or complex conjugate with 
negative real part (for 𝛽 /4 < 𝛼), and one has 
 

𝜆 𝜆 = (−𝛽/2 − 𝛽 /4 − 𝛼) (−𝛽/2 + 𝛽 /4 − 𝛼) = 𝛼 > 0. 
 
Since the product of roots of the characteristic equation is 𝜆 𝜆 𝜆 =

−(±√𝑐 − 2𝛿 ) by the Vieta theorem, we see that for small 𝑐 − 2𝛿 > 0 
the root 𝜆  at the singular point 𝑂 , where the product of roots 𝜆 𝜆 𝜆 =

−√𝑐 − 2𝛿 is negative, is real negative as well, and hence 𝑂  is a stable 
node or a stable focus depending on which of the inequalities 𝛽 /4 ≥ 𝛼 
or 𝛽 /4 < 𝛼 holds. In a similar way, the root 𝜆  at the singular point 𝑂 , 
where the product of roots 𝜆 𝜆 𝜆 = √𝑐 − 2𝛿  is positive, is real 
positive, and hence the point 𝑂   is a saddle-node or a saddle-focus with 
a two-dimensional stable manifold and a one-dimensional unstable 
manifold.  
It follows from this that it is most interesting to study possible cascades 
of bifurcations of the stable singular point 𝑂   for the case in which it is a 
stable focus and its first bifurcation is an Andronov–Hopf bifurcation of 
birth of a stable limit cycle. It is in this case that in system (8) there may 
exist all three cascades of bifurcations of stable limit cycles and 
infinitely many chaotic singular attractors in accordance with the 
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Feigenbaum–Sharkovsky–Magnitskii universal bifurcation theory. And 
the Kuramoto–Sivashinsky equation (5) may have an infinite family of 
most complicated periodic and nonperiodic (chaotic) traveling waves or 
even traveling pulses.  
Theorem 1. Let the parameters α and β be positive and satisfy 𝛽 /4 < 𝛼. Then 
the Andronov–Hopf bifurcation of a stable limit cycle from the stable focus 𝑂  

occurs for 𝑐 > 𝑐∗ = 𝛽 𝛼 + 2𝛿.  
Proof. A sufficient condition for the Andronov–Hopf bifurcation of a stable 
limit cycle from the stable singular focus  𝑂   is the passage of two complex 
conjugate roots of the characteristic equation at the singular point  𝑂   through 
the imaginary axis of the complex plane from left to right. At the transition point 
(bifurcation point), the real parts of the two complex conjugate roots of the 
characteristic equation are zero, and the third root remains real and negative. 
Therefore,  𝜆 < 0,   𝜆 = 𝑖𝜔,   𝜆 = −𝑖𝜔  at the bifurcation point. Then 
 
      𝜆 (𝑖𝜔)(−𝑖𝜔) = −√𝑐 − 2𝛿,   𝜆 (𝑖𝜔) + 𝜆 (−𝑖𝜔) + 𝜔 = 𝛼,   𝜆 = −𝛽  
 

by the Vieta theorem, and  we obtain 𝜔 = √𝛼 , 𝑐∗ = 𝛽 𝛼 + 2𝛿. The proof  is 
complete. 
It follows from Theorem 1 that the bifurcation parameter in system (8) is the 
parameter 𝑐 which characterizes the perturbation propagation velocity along the 
x-axis in the Kuramoto–Sivashinsky equation and does not explicitly occur in 
the original equation (5). It is an extremely difficult problem to study the 
subsequent bifurcations occurring for large  𝑐 by analytical methods, starting 
from the period doubling bifurcation of the limit cycle birned by the Andronov–
Hopf bifurcation. To this end, one needs to determine the cycle multipliers 
analytically, which is possible in very rare cases, and determine the value of the 
parameter 𝑐  at which all three multipliers are real numbers, two of them being 
+1 and −1 and the third one lying in the interval (−1, 0). Therefore, the 
subsequent complication of the dynamics of solutions of system (8) and 
equation (5) will be investigated by numerical methods. 
 
2.4. Scenario of transition to space-time chaos 
  
We study system (8) numerically for the fixed parameter values 𝛼 = 1.6, 𝛽 =

0.57, 𝛿 = 0  and for increasing values of the bifurcation parameter с > √2𝛿 =
0.  For 𝑐 ∈ (0, 𝑐∗),  𝑐∗ = 𝛼𝛽 = 0.912, the singular point  𝑂   of system (8) is a 
stable focus; at 𝑐 = 0.912, a stable (asymptotically orbitally stable) limit cycle 
is created from this point as a result of an Andronov–Hopf bifurcation. This 
cycle exists until 𝑐 ≈ 1.567, at which a stable limit cycle of double period is 
created from it. As the parameter 𝑐 increases, one observes a Feigenbaum 
cascade of cycle period doubling bifurcations in system (8).  A cycle of period 4 
is created at 𝑐 ≈ 1.6786, a cycle of period 8 is created at 𝑐 ≈ 1.7025, etc. For 
𝑐 ≈ 1.71, system (8) has the simplest singular (chaotic) attractor, the 
Feigenbaum attractor, i.e., a nonperiodic trajectory that is the limit of cycles in 
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the Feigenbaum cascade. As the parameter 𝑐 increases further, one can see a 
sequence of stable cycles in accordance with the Sharkovskii order and then in 
accordance with the Magnitskii homoclinic order. For example, a cycle of 
period 6 of the subharmonic cascade is discovered for 𝑐 = 1.7235; a cycle of 
period 7 for 𝑐 ≈ 1.7405; and a cycle of period 5 for 𝑐 = 1.75 (Fig. 1a). The 
stable cycle 𝐶  of the homoclinic cascade, which makes four conditional 
revolutions about the saddle-focus, is discovered for 𝑐 = 1.7953; the cycle 𝐶  
for 𝑐 = 1.8189  (Fig. 1b). It is well known (see Magnitskii [1-2]) that the 
sequence of cycles of a complete homoclinic cascade must converge to the 
separatrix loop of the saddle-focus, but for this particular set of system 
parameter values there apparently exists no separatrix loop. To discover it in the 
space of four system parameters (𝛼, 𝛽, 𝛿, 𝑐) is a complicated problem, because 
the manifold on which the loop exists has codimension two or even three.  

 
(a)                                            (b)                                              (c) 

Fig.1. Cycles of period 5 of the subharmonic (a) and homoclinic (b) cascades; 
singular attractors near the saddle-focus separatrix loop of ODE system (8) (c) . 
 
To the cycles thus discovered in system (8), there correspond traveling waves in 
the Kuramoto–Sivashinsky equation (5). Figure 2 illustrates such waves 
corresponding to the cycles and the singular attractor shown in Fig. 1. 
 

 
 
Fig. 2. Traveling periodic and chaotic waves in the Kuramoto–Sivashinsky 
equation (5) corresponding to the cycles and attractor of system (8) from Fig.1. 
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3.  Traveling waves and spatio-temporal chaos in generalized nonlinear 
Schrödinger, equation  
 
 
 
 
 
 
 

Consider the generalized nonlinear Schrödinger equation  
 

                                        𝑖 + 𝑐 + 𝑐 𝜓 + 𝑐 |𝜓| 𝜓 = 0                            (9) 

 
with complex, in general case, parameters 𝑐 , 𝑐 , 𝑐 .  Equation (9) describes, in 
particular, the propagation dynamics of surface plasmon polaritons on a metal- 
dielectric surface (Burov et. all [8]). In this paper, we consider equation (9) in 
the case 𝑐 = 𝑐 .  It is shown that, at certain values of parameters, equation (9) 
has an infinite number of different stable wave solutions running along the 
spatial axis with arbitrary velocities, and an infinite number of different modes 
of space-time chaos in full accordance with the universal Feigenbaum-
Sharkovsky-Magnitskii theory. Moreover the bifurcation parameter is the value 
of the speed of propagation of traveling waves along the spatial axis, which is 
not explicitly included in the original equation. 
 
3.1 Reduction to an ODE system using self-similar variable substitution.  
 
We present 𝜓(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) + 𝑖𝑣(𝑥, 𝑡), 𝑐 = 𝑎 + 𝑖𝑏, 𝑐 = 𝑑 + 𝑖𝑒, 𝑐 = −𝑐  
and consider equation (9) on the whole number axes: 𝑢(𝑥, 𝑡): 𝑅 × 𝑅 → 𝑅,  
𝑣(𝑥, 𝑡): 𝑅 × 𝑅 → 𝑅. The analysis of regular and chaotic solutions of equation 
(9) will be carried out using a self-similar change of independent variables 
𝜉 = 𝑥 − 𝑐𝑡, thereby reducing the original equation (9) with partial derivatives to 
a system of nonlinear ordinary differential equations 
 

                       
𝑐𝑣 + 𝑎𝑢 − 𝑏𝑣 + (𝑑𝑢 − 𝑒𝑣) 1 − (𝑢 + 𝑣 ) = 0,

−𝑐𝑢 + 𝑎𝑣 + 𝑏𝑢 + (𝑒𝑢 + 𝑑𝑣) 1 − (𝑢 + 𝑣 ) = 0,
      (10) 

 
where the derivative is taken over 𝜉. Solving system (10) with respect to the 
second derivatives 𝑢 , 𝑣 ,  we obtain the system of equations  
       

𝑢 = (𝑏𝑐𝑢 − 𝑎𝑐𝑣 + (𝑎𝑑 + 𝑏𝑒)𝑢 − (𝑎𝑒 − 𝑏𝑑)𝑣 (𝑢 + 𝑣 − 1))/(𝑎 + 𝑏 ),

𝑣 = (𝑏𝑐𝑣 + 𝑎𝑐𝑢 − (𝑏𝑑 − 𝑎𝑒)𝑢 − (𝑎𝑑 + 𝑏𝑒)𝑣 (𝑢 + 𝑣 − 1))/(𝑎 + 𝑏 ),
 

 
which we reduce to a nonlinear system of four ordinary differential equations  
 

⎩
⎪
⎨

⎪
⎧ 𝑢 = 𝑧,

𝑧 = (𝑏𝑐𝑧 − 𝑎𝑐𝑤 + (𝑎𝑑 + 𝑏𝑒)𝑢 − (𝑎𝑒 − 𝑏𝑑)𝑣 (𝑢 + 𝑣 − 1))/(𝑎 + 𝑏 ),

                                                                 𝑣 = 𝑤,                                                       (11)

𝑤 = (𝑏𝑐𝑤 + 𝑎𝑐𝑧 − (𝑏𝑑 − 𝑎𝑒)𝑢 − (𝑎𝑑 + 𝑏𝑒)𝑣 (𝑢 + 𝑣 − 1))/(𝑎 + 𝑏 ).
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3.2. Dissipativity domain and singular points 
 
If  𝐹  is the right-hand side of the 𝑖th equation of system (11), then 
 
𝑑𝑖𝑣 𝐹(𝑢, 𝑧, 𝑣, 𝑤) = 𝜕𝐹 /𝜕𝑢 + 𝜕𝐹 /𝜕𝑧 + 𝜕𝐹 /𝜕𝑣 + 𝜕𝐹 /𝜕𝑤 = 2𝑏𝑐/(𝑎 + 𝑏 ).  
 
Consequently, as 𝑐 > 0, then system (11) is everywhere dissipative for 𝑏 < 0. 
Equating the right-hand side of system (11) to zero, we find that for 𝑏𝑑 ≠ 𝑎𝑒  
system (11) has a unique zero singular point 𝑂(0,0,0,0). To find the stability 
region of the singular point 𝑂, it is necessary to calculate the linearization 
matrix of system (11) at this point: 
 

                    𝐴 =

⎝

⎜
⎛

 
−

0 1                           0 0
( )

        −
( )

−

0 0                              0 1
( )

                 −
( )

         
⎠

⎟
⎞

. 

 
The characteristic equation corresponding to matrix  𝐴  has the form:  
 

     𝑑𝑒 𝑡(𝐴 − 𝜆𝐼) = 𝜆 − 𝜆 +
( )

𝜆 − 𝜆 + = 0.  (12)   

 
The necessity of the condition 𝑏 < 0, 𝑒 < 0 of stability of the singular point 𝑂  
follows from the necessary condition for the positivity of all the coefficients of 
the characteristic polynomial (12). If this condition is satisfied, then, by virtue of 
the Routh-Hurwitz criterion, a necessary and sufficient condition for the 
stability of the singular point 𝑂  is the fulfillment of two inequalities:  
 

         ∆ = −
2𝑏𝑐

𝑎 + 𝑏

2(𝑎𝑑 + 𝑏𝑒) + 𝑐

𝑎 + 𝑏
+

2𝑒𝑐

𝑎 + 𝑏
> 0,   

  ∆ = −
2𝑒𝑐

𝑎 + 𝑏
∆ −

2𝑏𝑐

𝑎 + 𝑏

𝑑 + 𝑒

𝑎 + 𝑏
> 0. 

 
It follows from the first inequality that 𝑐 > ((𝑏 − 𝑎 )𝑒 + 2𝑎𝑏𝑑)/(−𝑏),  and 
from the second inequality that 𝑐 > (𝑏𝑑 − 𝑎𝑒) /(𝑏𝑒).   And since  (𝑏𝑑 −

𝑎𝑒) > −𝑒 (𝑏 − 𝑎 )𝑒 + 2𝑎𝑏𝑑 , the necessary and sufficient condition for the 
stability of the singular point 𝑂 is  
                    

                                       𝑏 < 0, 𝑒 < 0, 𝑐 > (𝑏𝑑 − 𝑎𝑒) /(𝑏𝑒).                      (13)   
 
Of greatest interest is the study of possible cascades of bifurcations of the 
singular point 𝑂 in the case when the stability condition (13) is violated and the 
first bifurcation is the Andronov-Hopf bifurcation of the birth of a stable limit 
cycle. Exactly at this case, the second Andronov-Hopf bifurcation of birth of a 

628



stable two-dimensional torus, a cascade of two-dimensional torus bifurcations 
and the existence of an infinite number of chaotic singular toroidal attractors in 
accordance with the universal Feigenbaum-Sharkovsky-Magnitskii bifurcation 
theory are possible in system (11). In this case, the generalized nonlinear 
Schrödinger equation (9) can have an infinite family of the most complex 
periodic and non-periodic (chaotic) traveling waves up to traveling pulses. 
 
3.3. Andronov-Hopf bifurcation 
 
Let us prove that if condition (13) is violated in system (11), the Andronov-
Hopf bifurcation actually occurs, that is, the soft birth of a stable limit cycle 
from the singular point  𝑂.  
Theorem 2. For 𝑏𝑑 ≠ 𝑎𝑒 and fixed negative values of the parameters 𝑏 <
0, 𝑒 < 0, the birth of a stable limit cycle from a stable focus 𝑂  as a result of the 

Andronov-Hopf bifurcation occurs for 𝑐 < (𝑏𝑑 − 𝑎𝑒) /(𝑏𝑒). 
Proof. We will search a periodic solution to system (11) in the form  
 
                                                𝑢 = 𝑟𝑐𝑜𝑠(𝜔𝑡), 𝑣 = 𝑟𝑠𝑖𝑛(𝜔𝑡), 𝑟 = 𝑐𝑜𝑛𝑠𝑡.           (14) 
 
Substituting the expected form of the solution in the system of equations (10), 
we obtain  
 

⎩
⎪
⎨

⎪
⎧ −𝑟𝜔 𝑐𝑜𝑠(𝜔𝑡)  = (−𝑏𝑐𝑟𝜔𝑠𝑖𝑛(𝜔𝑡) − 𝑎𝑐𝑟𝜔 𝑐𝑜𝑠(𝜔𝑡)  +

((𝑎𝑑 + 𝑏𝑒)𝑟𝑐𝑜𝑠(𝜔𝑡) + (𝑏𝑑 − 𝑎𝑒)𝑟𝑠𝑖𝑛(𝜔𝑡))(𝑟 − 1))/(𝑎 + 𝑏 ),

−𝑟𝜔 𝑠𝑖𝑛(𝜔𝑡) = (−𝑎𝑐𝑟𝜔𝑠𝑖𝑛(𝜔𝑡) + 𝑏𝑐𝑟𝜔𝑐𝑜𝑠(𝜔𝑡) +

((𝑎𝑑 + 𝑏𝑒)𝑟𝑠𝑖𝑛(𝜔𝑡) + (𝑏𝑑 − 𝑎𝑒)𝑟𝑐𝑜𝑠(𝜔𝑡))(𝑟 − 1))/(𝑎 + 𝑏 ).

 

 
Equating the coefficients for 𝑐𝑜𝑠(𝜔𝑡) and 𝑠𝑖𝑛(𝜔𝑡) , we obtain a system of 
equations for 𝑟 and 𝜔 
 
                 −𝑟𝜔 = (−𝑎𝑐𝑟𝜔 + (𝑎𝑑 + 𝑏𝑒)𝑟(𝑟 − 1))/(𝑎 + 𝑏 ),                     

−𝑏𝑐𝑟𝜔 + (𝑏𝑑 − 𝑎𝑒)𝑟(𝑟 − 1) = 0.   
 
Expressing  𝑟 − 1 = 𝑏𝑐𝜔/(𝑏𝑑 − 𝑎𝑒)  from the second equation, we obtain 
from the first equation 𝜔 − 𝑐𝑒𝜔/(𝑏𝑑 − 𝑎𝑒), which implies  
 

𝜔 = −𝑐𝑒/(𝑏𝑑 − 𝑎𝑒), 𝑟 = 1 − 𝑏𝑒𝑐 /(𝑏𝑑 − 𝑎𝑒) . 
 

Thus, for  𝑐 < (𝑏𝑑 − 𝑎𝑒) /(𝑏𝑒) , system of equations (11) has as its solution 
a stable limit cycle (14), softly generated from the zero singular point, stable for 

𝑐 > (𝑏𝑑 − 𝑎𝑒) /(𝑏𝑒). The theorem is proved 
It follows from Theorem 2 that the bifurcation parameter in the system of 
equations (11) is parameter 𝑐 , which characterizes the magnitude of the velocity 
of propagation of perturbations along the 𝑥 axis in the generalized nonlinear 
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Schrödinger equation. The parameter 𝑐  is not explicitly included in the original 
equation (9). The study of the following bifurcations in equation (11) with 
decreasing parameter values using analytical methods, starting with the 
bifurcation of the birth of a two-dimensional torus, doubling of its period and 
further bifurcations of the two-dimensional torus of a doubled period in 
accordance with the Feigenbaum-Sharkovsky-Magnitskii theory, is an 
extremely difficult task. To do this, it is necessary to find analytically the cycle 
multipliers, which is possible in very rare cases, and determine the value of the 
parameter 𝑐 at which one of the multipliers is +1, two complex conjugate 
multipliers lie on the unit circle, and the fourth real multiplier lies in the interval 
(-1 , + 1). Therefore, a further study of the complication of the dynamics of 
solutions of system (11) and equation (9) will be carried out by numerical 
methods. 
  
3.4. Scenario of transition to space-time chaos 
 
We carry out a numerical study of system (11) for fixed values of the 
parameters 𝑎 = 2, 𝑏 = −1, 𝑒 = −1, 𝑑 = 0  and a decrease in the values of the 

bifurcation parameter 𝑐. For 𝑐 > (𝑏𝑑 − 𝑎𝑒) /(𝑏𝑒) = 2, the singular point 𝑂  
of system (11) is a stable focus; for 𝑐 = 2, a stable (asymptotically orbitally 
stable) limit cycle is generated as a result of Andronov-Hopf  bifurcation, which 
exists up to the value  𝑐 ≈ 1.367, at which a stable two-dimensional torus is 
born from it as a result of the second Andronov-Hopf bifurcation. With a further 
decrease in the values of the parameter 𝑐  in system (11), a Feigenbaum cascade 
of period doubling bifurcations of  stable two-dimensional tori is observed. A 
stable two-dimensional torus of period two is born at 𝑐 ≈ 1.243, a two-
dimensional torus of period 4 is born at 𝑐 ≈ 1.223, a two-dimensional torus of 
period 8 is born at 𝑐 ≈ 1.218 etc. At  𝑐 ≈ 1.215, in system (11) there is the first 
simplest singular (chaotic) attractor - the Feigenbaum toroidal attractor - a 
nonperiodic trajectory lying on the manifold that is the Cartesian product of the 
limit cycle and the Feigenbaum cyclic attractor. With a further decrease in the 
values of the parameter 𝑐, a sequence of stable two-dimensional tori is revealed 
in accordance with the Sharkovsky subharmonic order and then in accordance 
with Magnitskii  homoclinic order. For example, a stable two-dimensional torus 
of period 6 of a subharmonic cascade is found at 𝑐 = 1.2141, a two-
dimensional torus of period 5 - at 𝑐 = 1.2094 (Fig. 3a), a two-dimensional torus 
of period 3 - at 𝑐 = 1.2046 (Fig. 3b). A stable two-dimensional torus 𝑇  of the 
homoclinic cascade is detected at 𝑐 = 1.1883 (Fig. 3c). As is known (see 
Magnitskii [1-3]), a sequence of two-dimensional tori of a complete homoclinic 
cascade of bifurcations must converge to a toroidal separatrix manifold, which 
is the Cartesian product of the limit cycle and the saddle-focus separatrix loop. 
However, for a given set of system parameter values, this separatrix manifold 
does not seem to exist. Its detection in the space of five system parameters 
(𝑎, 𝑏, 𝑐, 𝑑, 𝑒) of the system is a separate difficult task, since this separatrix 
manifold has a codimension greater than unity. Figure 3 shows the projections 
of the Poincaré sections 𝑣 = 0 onto the (𝑧, 𝑢) plane: two-dimensional tori of 
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periods five (a) and three (b) of a subharmonic bifurcation cascade, a two-
dimensional torus of period four (c) of a homoclinic bifurcation cascade, and a 
complex toroidal singular attractor (d) of ODE system (11) lying in a 
neighborhood of a toroidal separatrix manifold. 

 
a)                          b)                            c)                          d) 

Fig. 3. Projections of Poincare sections: two-dimensional tori of periods five (a) 
and three (b) of a subharmonic cascade, a two-dimensional torus of period four 
of a homoclinic cascade (c) and a complex toroidal singular attractor (d) of the 
ODE system (11). 
 
Thus, it has been numerically established that, as the parameter 𝑐 decreases after 
two Andronov-Hopf bifurcations in system (11),  there realized a cascade of the 
Feigenbaum  period doubling bifurcations of stable two-dimensional tori, a 
complete subharmonic cascade of bifurcations of stable two-dimensional tori in 
accordance with the Sharkovsky order and then incomplete homoclinic cascade 
of bifurcations of stable  two-dimensional tori. The found two-dimensional tori 
of system (11) correspond to traveling waves in the generalized nonlinear 
Schrödinger equation (9). Figure 4 shows such waves corresponding to two-
dimensional tori of period two at 𝑐 = 1.225 and period three at 𝑐 = 1.2046 of a 
subharmonic cascade of bifurcations.   
 

 
                           a)                                                          b)  
Fig. 4. Traveling periodic waves in the generalized nonlinear Schrödinger 
equation (9), corresponding to two-dimensional tori of periods two (a) and three 
(b) of a subharmonic cascade of bifurcations.  
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Conclusions 
 
An analytical and numerical analysis of the dynamics of wave solutions in the 
Kuramoto-Sivashinsky equation and the generalized nonlinear Schrödinger 
equation is performed in the paper. The birth conditions are found and solutions 
of the equations in the form of periodic and chaotic traveling waves are 
obtained. It is shown that the transition to space-time chaos in all cases is carried 
out in full accordance with the Feigenbaum-Sharkovsky-Magnitskii universal 
bifurcation theory through the subharmonic and homoclinic cascades of 
bifurcations of stable cycles and two-dimensional tori of systems of ordinary 
differential equations obtained from the original equations by self-similar 
change of variables. It is proved that the bifurcation parameter is the magnitude 
of the speed of propagation of traveling waves along the spatial axis, which is 
clearly not included in the original equations.   
 
Paper is supported by Russian Foundation for Basic Research (grants 18-29-
10008мк, 20-07-00066a). 
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Abstract. Test particle E × B transport due to a discrete spectrum of drift waves
in two dimensions is studied using a Hamiltonian approach, which can be reduced to
a 2D mapping. Finite Larmor radius (FLR) effects are included taking an average
over the gyroperiod. The presence of poloidal flows is included in order to have the
possibility of transport barrier formation. For large wave amplitudes regular particle
orbits become chaotic which represents a type of Lagrangian turbulence leading to
loss of particle confinement. Poloidal flows tend to decrease the chaos in some regions
thus forming transport barriers. FLR effects also reduce chaos facilitating the forma-
tion of a barrier. This implies that fast particles are better confined. It is shown that
when the particles have a thermal distribution, FLR effects lead to a non-Gaussian
particle spatial distribution function, indicating an influence of non-locality. How-
ever, the transport preserves its diffusive scaling when there is no flow but including
flow there can be a ballistic scaling of transport in poloidal direction if the flow is
strong enough. When the background flow varies linearly with radius, the transport
can be studied with a symplectic single-step map and the transport properties are
given by the KAM theory. For non-monotonic flows a two-step map should be used
and this leads to the appearance of transport barriers. The threshold of transport
barrier formation is explored for different types of flow.
Keywords: Symplectic maps, Chaotic Transport, Transition to Chaos, Fusion Plas-
mas.

1 Introduction

Transport in magnetically confined plasmas is due mainly to turbulence pro-
duced by some type of drift waves. Unstable waves grow until saturation
thus creating a distribution of frequencies characterized by a spectrum. Wave-
particle interactions affect the dynamics of plasma particles producing cross-
field transport. This turbulent or anomalous transport is the cause of the
limited confinement observed in toroidal magnetic devices. The self-consistent
study of transport and turbulence is a complicated process and it is usually
done using gyro-kinetic equations. However the main properties of the trans-
port can be deduced by assuming a given state of turbulence and following
the particle dynamics in the turbulence fields. The wave-particle interaction
for a test particle, which does not affect the background fields, can be used as
indicator of what a plasma particle will experience in this turbulent field. For
electrostatic turbulence, the most important effect on charged particles is the
E × B drift and thus, the lowest order approximation is to follow the guiding
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center under the action of the E fields produced by the electrostatic turbulence.
Given the spectrum of drift this study can be performed using a Hamiltonian
approach [1,2].

In addition to turbulence, nearly constant, larger scale electric fields may
be present which usually are associated with macroscopic plasma flows. A
radial electric field produces poloidal flows and if they have a radial shear
they are known to have an effect on the level of turbulence. Then, under the
E × B approach the combined effect of waves and flows can be studied. The
type of wave spectrum is determinant for the resulting particle trajectories. A
simple case that already retains the basic nonlinear interactions considers just
two waves with different phase velocities. This has been studied previously in
presence of a poloidal zonal flow, where the conditions for the establishment of
global chaos, identified with turbulent transport, were analyzed [3].

The guiding center approximation can be improved by including finite Lar-
mor radius effects (FLR) which is important to take into account the actual
fields that the particles feel. This can be done by taking an average over the
gyro-orbit and it has been shown that the principal effect is to produce chaos
reduction [3]. This implies that the high energy particles, which have larger
Larmor radius, have a slower transport than thermal particles.

While the turbulence problem has been studied widely using different ap-
proaches with various levels of complexity, the test particle model followed here
is simple enough to understand the actual physics behind and captures the es-
sential phenomena involved in the transport. This model has been used for a
long time in plasmas and fluids [1,4]. The main feature is that wave-particle
interactions give rise to deterministic chaos in the particle orbits which can
be interpreted as Lagrangian turbulence. This approach is suitable to study
sheared flows which, in geosptrophic fluids, has been used to study zonal flows
[4]. These flows are concentrated in latitude and are known to reduce cross-flow
transport leading to transport barrier formation. In the Hamiltonian descrip-
tion the transport barrier is identified with a surface in phase-space that is
resilient to chaos and occurs around the maximum of the velocity profile where
the shear vanishes [2]. This robust surface keeps its integrity until the tur-
bulence level is large enough. In fusion plasmas, the concept of zonal flow is
analogous in the sense that is refers to radially localized poloidal flows of zero
frequency and independent of poloidal and toroidal angles. They usually allude
to self-generated flows by the turbulence. However, in our not self- consistent
study we will consider that a zonal flow is simply a poloidal velocity with a
radial variation that is non-monotonic.

In this work we adopt the Hamiltonian test particle model, considering a
special type of wave spectrum that has not been studied in this context. It
contains an infinite number of waves with a uniform distribution of discrete
frequencies. In addition it depends on the two dimensions across the magnetic
field direction. This makes it more general than the two-wave spectrum studied
previously [2]. This particular choice reduces the equations for the particle time
evolution to a symplectic mapping when there are no macroscopic plasma flows
[1]. In this conditions, it is quite convenient to study the statistical properties
of transport by following an ensembe of particles for a period of time. Under
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certain conditions the transport can become non-diffusive as a result of FLR
effects. When macroscopic flows are included the maps are modified in a way
that in general they are no longer symplectic. Only for linear shear the map can
be symplectic. For shear flows that have non-monotonic radial variation, we
show here that the description has to be made in terms of two-step mappings.
In the nomenclature of mapping theory, monotonic flows produce twist maps
while non-monotonic flows give rise to non-twist maps. With this approach,
the study of the appearance and destruction of transport barriers associated to
sheared poloidal flows can be performed quite naturally, following the methods
of nonlinear maps. For twist maps it is related with the stability of KAM
tori in Hamiltonian systems. However, for non-twist flows KAM theory does
not apply and they have to be studied with a different approach [5]. Since the
presence of transport barriers is of uttermost importance in fusion these studies
are most relevant.

The paper is organized as follows. In Section 2 the test particle model used
is described in the E×B approximation and the corrections due to FLR are in-
troduced. The representation for the waves is described leading to the iterative
mapping for the particle evolution. The properties of the map without macro-
scopic flow are studied in Sec. 3 showing that the effect of FLR is to reduce
the chaotic regions in the particle trajectories. Then, in Sec. 4 a macroscopic
poloidal flow that is linearly increasing in the radial direction is introduced;
it turns out that the transport parallel to the flow can become super-ballistic
and it is shown that this is because the flow keeps increasing radially; for a
radially limited flow the transport is only super-diffusive. Sec. 5 analyzes the
effect of non-monotonic flows that can have a maximum at some radial posi-
tion. It is shown that the transport can be strongly affected by the flow which
can produce transport barriers that would lead to better plasma confinement.
The properties of the barriers are studied in Sec. 6 both for monotonic and
non-monotonic flows. Finally, the conclusions and a discussion of further work
is presented in Sec. 7.

2 Test Particle Model

The guiding center velocity for a particle in a magnetized plasma in presence of
an electric field is vE = E×B/B2 for which the equation of motion produces
the following time evolution equation for the particle position

dr

dt
=

E×B

B2

Taking a uniform magnetic field as an approximation, B = B0ẑ, we can focus on
the perpendicular motion since the velocity along the field is constant. Then,
r = (x, y) is the test particle position in 2D. For an electrostatic field E =
−∇φ(x, y, t) the equation has the structure of a Hamiltonian dynamical system
with H = φ

dx

dt
= −∂φ

∂y
,

dy

dt
=
∂φ

∂x
,
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The approximation of zero Larmor radius is not good for energetic particles.
FLR effects are included by taking the average over the gyro-orbit

dx

dt
= −

〈
∂φ

∂y

〉
θ

,
dy

dt
=

〈
∂φ

∂x

〉
θ

where the average, for the Larmor radius ρ, is defined as

〈Ψ〉θ ≡
1

2π

∫ 2π

0

Ψ (x+ ρ cos θ, y + ρ sin θ) dθ .

For the wave spectrum we assume a distribution with an infinite number of
waves having the same wavenumber and amplitude A, given by

φ = A
∞∑

n=−∞
cos(x+ θn) cos(y + θn − nt) . (1)

Using the identity for the Fourier representation of the delta function,
∑∞
n=−∞ cos(nt) =

2π
∑∞
m=−∞ δ(t− 2πm), the equations of motion in terms of the new variables

x± = x± y reduce to [1]

dx+
dt

= 2πA
∞∑

m=−∞
sin(x−)δ(t− 2πm) .

dx−
dt

= −2πA

∞∑
m=−∞

sin(x+)δ(t− (2m+ 1)π).

This can be expressed as a two-step map

x+(t+2m) = x+(t−2m) + 2πA sin(x−(t−2m))

x−(t+2m) = x−(t−2m)

x+(t+2m+1) = x+(t−2m+1)

x−(t+2m+1) = x−(t−2m+1)− 2πA sin(x−(t+2m+1)) (2)

This map first produces a displacement along the line x− y = cons and in
the second step it displaces along the line x + y = cons. Identifying t+2m with
t−2m+1 it can be reduced to a one-step map

xn+1
+ = xn+ + 2πA sin(xn−)

xn+1
− = xn− − 2πA sin(xn+1

+ )

Notice that this iterative map is exact and totally equivalent to solving the
differential equations, since no discretization has been applied.

After gyro-averaging it takes the form

xn+1
+ = xn+ + 2πAJ0(

√
2ρ) sin(xn−)

xn+1
− = xn− − 2πAJ0(

√
2ρ) sin(xn+1

+ ) (3)

where J0(x) is Bessel function of zero order.
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3 Orbit topology and transport properties without flow.

The map 3 has been studied in [2] where it was shown that the phase space
structure of the particle orbits is formed by periodic closed orbits as presented
in Fig. 1 for a low amplitude A = 0.01 and zero Larmor radius zero. In this
case most orbits are closed but actually there is always some level of chaos for
any finite A near hyperbolic points, even though it may be unnoticed for very
small wave amplitudes.

Fig. 1. Phase space diagram for the particle orbits with A = 0.01, ρ = 0.

3.1 Topology of phase-space

The main results regarding the topological properties found in [2] are sum-
marized here. When A increases, chaotic regions around X-points get larger.
Eventually, the chaotic orbits dominate the whole phase space and only few
closed orbits might remain around elliptic points. Fig. 2(left) shows a case
with A = 0.55, ρ = 0 where chaos permeates everywhere although some regions
with closed orbits remain. This corresponds to large transport losses since the
central part of the confined plasma (left side) is chaotically connected to the
edge (right side).

Now, the effect of FLR can be seen in Fig. 2(right) in which the Larmor
radius ρ is increased (A = 0.55, ρ = 0.9). It is apparent that some closed
orbits are reestablished. Then, FLR has the effect of reducing chaos and thus
the transport, implying that particles with larger Larmor radius are better
confined.

Another feature is that, as chaos increases there is O-point bifurcation which

occurs for A = Ac = Ac0

J0(
√
2ρ)
≈ Ac0(1 + ρ2

2 ), where Ac0 = 0.318. It means that

an orbit around the elliptic point becomes doubly periodic, jumping between
two new O-points. This can be appreciated comparing Figs. 1 and 2.
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Fig. 2. Phase space diagrams for the particle orbits showing the effect of finite Larmor
radius (left) with A = 0.55, ρ = 0 (right) with A = 0.55, ρ = 0.9.

3.2 Distribution functions (PDF)

For A � Ac there is global chaos in phase space and the particles experience
random walk-like trajectories. In this conditions the collective transport can be
described with statistical tools, following an ensemble of particles with random
initial positions around a starting point. Recording the positions of all particles
after a given time (i.e number of iterations) one can construct histograms of the
spatial particle distributions which represent the particle distribution function
(PDF) in the 2D space. As for any random process the transport is diffusive,

characterized by a Gaussian PDF along each coordinate: e−x
2/σx for x coordi-

nate, where the variance scales with time as σx ∼ t. Similarly, the variance for
the y coordinate σy ∼ t. This result is obtained when all the particles have the
same Larmor radius, which is shown in Fig. 3. The diffusion coefficient can be
calculated from the map as

S ≡
n∑
j=1

〈(xj+1 − xj)2〉p = (A(ρ)2/4)n.

with A(ρ) = 2πAJ0(
√

2ρ). Therefore, taking the iteration number n as proxy
for time, the diffusion coefficent for a given ρ is D(ρ) = 1

2 (πAJ0(
√

2ρ))2, the
quasilinear value. To next order of approximation, D(ρ) shows oscillations [6,7]
which in our case can be represented by D = π2A(ρ)2(1 + 2J0(2πA(ρ))).

Now, in a plasma the particles have different velocities an therefore different
Larmor radii. Thus, if the initial conditions for the Larmor radius are taken
from a 2D Maxwellian distribution of the form

f(ρ) = (2ρ/ρ2th) exp[−(ρ/ρth)2]. (4)

the PDF is no longer Gaussian; it is found to be characterized by a kurtosis
of about 5-7 (quite larger than 3 for a Gaussian). But the scaling σy ∼ t still
holds. This means that the thermal distribution of FLR produces a non-local
transport, but still with diffusive scaling. The underlying reason for the non-
Gaussian PDF is that the superposition of two Gaussian functions of different
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width is no longer a Gaussian. Composing the ρ-dependent Gaussian with
Eq. 4 one can find an analytical form for the non-Gaussian PDF. This can
be compared with the numerically obtained PDF and the agreement is almost
perfect as seen in Fig. 4(a) for A = 1 (see [2] for details). It is found that the
PDF has the property of self-similarity;

P (y, t) = (〈D〉t)−1/2Gρth(y/(〈D〉t)1/2) (5)

where the self-similar function G depends on the thermal radius ρth. The self-
similar behavior can be seen in Fig. 4(b) for ρth = 1 which displays that the
PDF at different times all have the same shape.

- 300 - 200 - 100 0 100 200 300

10 - 6

10 - 5

10 - 4

10 - 3

10 - 2

10 - 1

y

PD
F

(a)
log(time)

log variance)

log s) = 0.65 + 0.99 log(t)

3.0 3.1 3.2 3.3 3.4 3.5 3.6

3.7

3.8

3.9

4.0

4.1

4.2

(b)

Fig. 3. (a) PDF of the poloidal (y) propagation in log scale showing the non-Gaussian
distribution. (b) Time scaling of the variance displaying a diffusive scaling σ ∼ t
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Fig. 4. (a) Numerical (continuous) and analytical (dotted) PDFs for A = 1 in linear
scale. (b) Self-similar curves for y propagation PDF at various times for ρth = 0.1 in
log scale.

4 Presence of poloidal flows.

A macroscopic poloidal flow along y is now included by adding a function of x
to φ representing a radial electric field (i.e replace φ(x, y) → φ0(x) + φ(x, y).
It turns out that for the map to be symplectic it has to be kept as a two-step
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map as in Eq. 2. Adding the flow function φ0(x) to φ the resulting two-step
map is

x′+ = xn+ + πΩ(xn)

x′− = xn− + 2πAJ0(
√

2ρ) sin(x′+)− πΩ(xn)

xn+1
− = x′− − πΩ(x′)

xn+1
+ = x′+ − 2πAJ0(

√
2ρ) sin(xn+1

− ) + πΩ(x′) (6)

where Ω(x) = φ′0(x) is the flow velocity profile.

Depending on the form of function φ0(x) the flow can be monotonic or
non-monotonic. When Ω(x) is linear the map (6) has a non-zero Jacobian
everywhere which implies that this is a twist map. If the variation of Ω(x) is
non-monotonic, it has maxima or minima, where the derivative is zero. Thus
the Jacobian is zero there and therefore the map is non-twist.

4.1 Linear shear flow

The simplest sheared flow is for a linear velocity profile, Ω(x) = Cx (obtained
from φ0(x) = Cx2/2). The phase-space structure includes invariant tori which
have the effect of transport barriers when chaos starts developing. The tori
depicted in Fig. 5 are actually the streamlines produced by the flow combined
with the waves. The presence of flow destroys the symmetry in x and y; now
the transport along the poloidal direction, y, is expected to be faster. The
radial transport is hindered by the KAM tori. Only when they are destroyed,
as global chaos is established, transport can be effective in taking particles to
the plasma edge. This of course happens as A increases, as shown in Fig 5.

The fixed points, x∗±, can be obtained by solving the equations when xn+1
± =

(xn± which gives that they are located at x∗ = 0, y∗ = kπ. It can also be seen
that hyperbolic points become elliptic when C3/8 < A(ρ)[A(ρ) − C + C2/4].
Now, O-point bifurcation occurs at smaller values of A than before.

The streamlines that cross from top to bottom in Fig. 5 are the invariant
KAM tori which are identified by a rotation number. Accoring to KAM theory
the torii with rational rotation numbers are destroyed first and the most robust
are those with irrational rotation number. A transport barrier will subsist until
the last KAM torus is destroyed. In the next section we address this problem.

The PDF of an ensamble of particles with an initial Maxwellian distribution
of Larmor radii can be obtained as before. To proceed, one has to consider
the regime where chaos has already destroyed the transport barriers, i.e when
global chaos is established. For the x propagation the results are the same as
when there is no flow, for both the type of PDF and the transport scaling with
time. Regarding the transport parallel to the flow, there are some differences.
On the one hand, the thermal PDF is also non-Gaussian and has a self-similar
property, according to the scaling [2]

P (y, t) = (〈D〉t)−3/2Gρth(y/(〈D〉t)3/2). (7)
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Fig. 5. Phase space of particle orbits with linear flow with c = 0.5 for ρ = 0.03 and
A = 0.02 (left), A = 0.1 (right).

On the other hand, the scaling of the variance of the particle distribution is
not diffusive. It scales as σ ∼ t3 in the direction of the flow. This may be sur-
prising because it is super-ballistic which would imply some kind of acceleration.
This cubic scaling is the reason for the different scaling in the self-similarity
relation in 7 as compared with that in 5. The apparent acceleration is due to
the fact that there is a cooperative effect between diffusive transport along x
which takes particles to larger “radial” distances and y transport which gets
faster at large x. Thus, the particles increase the velocity (“accelerate”) as
they move away from x = 0 and these dominate the statistics.

This is not physical since the velocity tends to infinity as |x| → ∞. But
this problem can be corrected when the shear is terminated at a given distance
like in the flow depicted in Fig. 6. For this velocity profile the resulting scaling
is intermediate between ballistic and diffusive (but still super-diffusive) σ ∼ tα
with 1 < α < 2. The actual value of α depends on the width of the shear region.
When the width gets narrower the transport is more diffusive-like (α = 1) but
wider velocity profiles produce ballistic-like transport.

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

Fig. 6. Velocity profile for a truncated linear shear flow.
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5 Non-monotonic shear flow

In order to deal with non-monotonic flows one can either combine linear flows
or use a single function with maxima or minima. In the following we consider
both choices.

(a) Piecewise linear map. A non-monotonic flow can be constructed with
piecewise linear functions.This is a direct extension of the linear flow although
the problem is that at the border points there is a jump in the derivative. The
type of profile that can model a zonal flow has a maximum at x = 0 and has
a triangular shape. This is non-zero just in a region −M < x < M and is
defined by Ω(x) = C(M − |xn|) when x < M and zero otherwise. The velocity
profile and the resulting phase space orbits are given in Fig. 7. It is seen that
streamlines are now in the central region and these can act as transport barriers.
They cannot be dealt with as KAM tori since now the map is non-twist and
KAM theory does not apply. As usual, increasing A increments the chaotic
region area and eventually the whole space is chaotic.
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Fig. 7. (a) Triangular velocity profile. (b) Phase space diagram for this nonlinear
shear flow.

(b) Gaussian profile. A “zonal flow” can be represented by a Gaussian
function Ω(x) = C exp(−x2) which is now continuous everywhere as well as its
derivative. It is non-twist since J = 0 at x = 0. The velocity profile and the
resulting phase space orbits are given in Fig. 8 which is similar to the triangular
flow, as expected.

6 Transport barriers.

The presence of a sheared flow naturally introduces KAM surfaces which are
the particle orbits that are carried by the flow and are seen as the lines in phase
space diagrams crossing from the upper to the lower boundary. These act as
transport barriers since no orbits can go radially (x direction) traveling across
the KAM surfaces. In the chaotic regime some of the KAM surfaces remain
stable usually separating chaotic regions completely. Only when an increase of
A produces a large enough chaos level, the most robust surfaces can break down
and the transport barriers cease to exist. In the case of the linear shear flows
of Sec. 4 KAM theory can be used to determine the conditions for transport
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Fig. 8. (a) Gaussian velocity profile. (b) Phase space diagram for the two-step map
with this shear flow.

barrier break up. Criteria like Chirikov resonance overlap or Greene residue
theorem allow to find the parameter threshold values for the establishment of
global chaos and hence barrier destruction [7]. For the non-twist maps of non-
monotonic flows, KAM theory does not apply; the relevant theory for this case
tell us that the most robust surface is located by the velocity maximum, where
the shear vanishes [5]. Then the destruction of this shearless surface is what
determines establishment of global chaos, when transport barriers disappear.
The level of chaos needed for its destruction can be determined using some
established method such as the indicator points [8].

A more straightforward procedure (although less formal) to determine the
existence and stability of a barrier is to evolve two initial points on both sides
of the “barrier” (blue, red in Fig. 9). They are iterated for 105 steps. When
the barrier is present and chaotic motion dominates, they fill the space on
each side of barrier but they do not interpenetrate. As A is raised a value is
reached where the two colors mix meaning that the barrier is broken. In this
way one can determine the threshold values of the parameters A, ρ and C. The
procedure can be used for twist ans non-twist maps.

For the case of twist map the destruction of KAM tori has to be considered.
The most robust one is usually the one with a rotation number equal to the
golden ratio. Fig. 10 shows an example of central chaotic orbits, having the
barriers on the sides. In the twist map there can be resurgences i.e. when the
barrier disappears for a critical value of A = Ath it can appear again for some
A > Ath. The method we used has some weaknesses since sometimes it seems
that the barrier is present but when the number of iterations is increased there
is an apparent barrier penetration. This is due to the Aubry- Mather theorem
which says that KAM surfaces become Cantori allowing a very small number
of point to cross. Therefore, once a possible threshold value has been found we
have to increase the number of iterations to make sure it still holds.

For non-monotonic flows the criterion is related to the robustness of the
shearless curve. These barriers are more robust than in twist maps. Fig. 9
shows different situations that can arise in these maps. The first panel displays
the case of a central barrier, while in the second panel the barrier has disap-
peared. There is also an additional pair of barriers that was not anticipated to
occur; they appear as side barriers. This is seen in the lower panel of Fig. 9
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Fig. 9. Some cases for local chaos separated by transport barriers and their disap-
pearance. (a) presence of a central barrier, (b) no barrier present, (c) central and side
barriers (banded chaos) and (d) only side barriers. This is for Gaussian flow.

Fig. 10. Transport barriers for a monotonic flow are present on both sides of the
central trapped orbits. These prevent particles from crossing radially to the plasma
edge.

where there is a coexistence of a central barrier and the two side barriers. This
has been termed banded chaos in [5]. In the last panel the side barriers are
preserved but not the central one.

(a) (b)

Fig. 11. Phase-space plots for a Gaussian velocity profile when ρ = 0, A = 0.2. The
chaotic central region does not hold a barrier in panel (a) for C = 0.3, while in panel
(b), where C = 0.8, the barrier is present, identified by the white gap.
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Even though the physical behavior is expected to be the same for a Gaussian
and a triangular velocity profile, it has been found that the behavior of the for
the Gaussian flow is more regular because it does not have singular derivatives.
The presence of a barrier can be more apparent in phase space plots for the
Gaussian profile, like the one in Fig. 11 which shows the chaotic central region
for two flow parameters (C). For C = 0.3, the flow is slow and the barrier
is not present, while a barrier is clearly seen for a stronger flow (C = 0.8).
A more formal analysis of the transport like the method of indicator points
as applied to non-twist Hamiltonians [3,8,9] could be applied for the present
case in order to obtain the exact threshold values of C for which the barrier is
destroyed, for fixed A and ρ. It would be possible to build threshold diagrams
plotting two map parameters, taken from (A, ρ,C) in this case, that display
the regions with an without transport barriers. These diagrams usually have a
fractal boundary between the two regions (bird wing diagrams) [8]. In order to
do that one should apply the formal methods for a systematic study. We deter
that study for a future work.

7 Conclusions.

The study of anomalous transport in plasmas due to a discrete spectrum of
drift waves in two dimensions has been performed including sheared flows by
means of a test particle model. The description is reduced to a symplectic
iterative map which can be efficiently used to simulate the evolution of an en-
samble of particles in relatively short times. The wave spectrum chosen (Eq.1)
has been used previously in [1] to predict the scaling D ∼ A2 of the diffusion
coefficient with wave amplitude. Then, in [2] we studied the statistical prop-
erties of transport predicted by this spectrum including FLR effects, showing
that these effects lead to non-local behavior indicated by non-Gaussian PDF.
In the present study we extended the analysis for the cases where a shear flow
is also present, analyzing the appearance of transport barriers.

Background flows modify the particle dynamics changing in turn the chaotic
properties that produce the transport. A large poloidal shear flow drags the
particles along the poloidal direction hindering the chaotic motion produced by
the waves. The chaos reduction decreases the transport through a given surface
and this is what is identified with a transport barrier. This is different from the
usual concept of barrier formation based on shear flow turbulence reduction due
to stretching and fragmentation of vortices. We have found that, although one
would expect from the above argumentation to have stronger barriers for larger
flows, in reality they are almost not affected by a velocity increment because
the chaos level is also sensible to this parameter, tending to lessen the change.
In addition, the type of transport can be modified by the flow; we show that the
radial transport is still diffusive, alas non-local, as in the case without flow, but
the poloidal transport becomes ballistic (for low chaos) or super-diffusive (for
large chaos). However, the poloidal transport has no effect on the confinement
and therefore it has no direct relevance on fusion experiments.

To study the transport barriers, which are extremely important for fusion
plasmas, we considered two types of shear flows: (1) those for which the velocity
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increases linearly with radius (monotonic) and (2) those localized around some
radial position where the velocity has a maximum (non-monotonic). We iden-
tify the later with zonal flows, although the full concept of a zonal flow is more
extensive. In general, presence of flow requires the process to be described by
a two-step mapping. For the twist maps (monotonic flow), feeble barriers can
appear corresponding to the KAM surfaces that are more resilient. We showed
qualitatively the presence of such barriers, showing themselves as boundaries
separating chaotic regions, disappearing for large enough wave amplitude A.
On the other hand, non-twist maps (non-monotonic flow) have a robust barrier
near the shearless curve of the velocity. We have analyzed the behavior of this
barrier as function of the relevant parameters (A,C, ρ) showing that it can ap-
pear when the velocity C is larger than a threshold value. We also found that
there are two other barriers which were not expected a priori that can appear
as side bands. This is related to the so-called banded chaos found in [4]. The
next step is to study the threshold for transport barriers appearance in terms
of the parameters of the flow and the waves using formal methods of nonlinear
dynamics. For twist maps there are several criteria that can be used such as the
Chirikov resonance overlap or the Greene’s residue criterion [7]. For non-twist
maps other methods like the indicator points which is based on symmetries of
the map written as involutions [8] will be studied in a future work.
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